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This book is dedicated to our dear friend and 
colleague Johann Andreas Makowsky on 
occasion of his 75th birthday.



Preface 

Johann (János) Andreas Makowsky was born on March 12, 1948, in Budapest, 
Hungary. In 1949 his family moved to Zurich in Switzerland, where he got his 
education, and in 1966 his citizenship. He majored in mathematics and physics at the 
Federal Institute of Technology (ETH) in Zurich, graduating with a master’s degree 
in both fields in 1971. His MSc thesis was in Model Theory. He then spent part of 
1972 and 1973 in Warsaw, first as an exchange student working under A. Mostowski, 
then as a participant in the Logic Year held at the Banach Center in 1973. Still 
enrolled at ETH, he completed his Ph.D. thesis under the supervision of H. Läuchli 
and E.P. Specker. Following the invitation by G. Kreisel, János worked as a visiting 
assistant professor at the philosophy department of Stanford University from fall 
1973 to spring 1974. He returned to Zurich in spring 1974 and received the doctoral 
degree (Dr. math.sc.) for his thesis “ �.-Logics and Generalized Quantifiers.” After a 
short post-doctoral research appointment at Simon Fraser University in Vancouver 
under A. Lachlan, in 1975 he was appointed a visiting professor at the mathematics 
department “Ulisse Dini” of Florence University. János held two regular positions: 
from 1976 to 1980 at FU Berlin as a junior faculty (H1), where he also got his 
Habilitation degree in 1980. Also in 1980 he joined the Faculty of Computer Science 
at the Technion in Haifa (Israel) as a senior research associate. He was given tenure 
in 1984 as associate professor, and became full professor in 2001 and professor 
emeritus in 2016. He still occasionally teaches advanced courses and supervises 
graduate students. 

János held many visiting positions at various academic institutions: the Hebrew 
University and at Bar Ilan University in Israel; at the Simons Institute in Berkeley 
and at MIT in Cambridge, USA; at the Fields Institute in Toronto, Canada; at 
Lausanne University, Bern University, and ETH Zurich in Switzerland; at LaBRI 
of the University of Bordeaux and at Paris Diderot University in France; at Vienna 
Technical University in Austria; at Charles University in Prague, Czech Republic; 
the Stekhlov Institute in Moscow, Russian Federation; the Monash University, 
Melbourne, Australia; and at the Institute of Mathematical Sciences in Chennai, 
India.
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viii Preface

János’ research shows both an impressive broadness and scientific depth. The 
common thread of his research is Model Theory. Over the years János contributed 
significantly to areas ranging from Model Theory, Database Theory, Theory of 
Programming Languages and their Verification, to Data Modeling and Software 
Engineering, and more recently, to Algorithmic Graph Theory and Knot Theory, 
and a General Theory of Graph Polynomials. 

János (co-)authored and edited 9 Books and Lecture Notes and published over 
175 scientific papers. He gives a complete list and detailed comments in his 
contribution “My writing” in this volume. Without going more into detail here, the 
various contributions in the present volume convincingly testify to the diversity of 
his scientific interests and the breadth of the topics he has worked on. 

Needless to say that his scientific career was flanked by numerous services to the 
community, such as long periods of being on the editorial board of various journals 
and a guest editor of special issues. He has also regularly served as a member of 
program and steering committees of scientific conferences worldwide. Among these 
multiple engagements let us highlight that he was one of the founding members 
of the European Association of Computer Science Logic (EACSL). During his 
presidency of the EACSL, in 2004 he initiated the now well-known “Ackermann 
Award” for outstanding dissertations in the field of Logic in Computer Science. As 
a teacher he developed numerous advanced courses and supervised 12 Ph.D. and 22 
master’s theses. 

The present Festschrift gathers 24 research articles authored by scientific com-
panions, friends, and colleagues. They cover a broad variety of areas to which János 
made significant contributions himself. This reflects impressively the significant 
impact of his work. 

The volume is enriched by four essays shedding light on János as a personality, 
and with two contributions by the celebrant. 

Last but not least, everyone who knows János as a private person or communi-
cated with him during free time at conferences can affirm his formidable knowledge 
in so many areas besides science, whether it is literature, history, art, music, or other 
fields. For an impression of János’ non-mathematical activities, especially creative 
and essay writing, one can access his homepage https://janos.cs.technion.ac.il/ and 
also read Claudia Gehrke’s contribution in this volume. His own comments on his 
non-technical writing are also discussed in his contribution “My writing” in this 
volume. It is always a joy but also a challenge to discuss with János topics of his 
diverse interests. 

We are happy to have you and your wife Masha as friends. We wish you many 
fruitful and healthy years full of activities! 

Cottbus, Germany Klaus Meer 
Tel Aviv, Israel Alexander Rabinovich 
Haifa, Israel Elena Ravve 
Bogotá, Colombia Andrés Villaveces 
October 2024
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My Writing 

Johann A. Makowsky 

Abstract I first describe how I became a mathematician, discussing other possi-
bilities and paths not taken. Next I discuss my scientific publications. Finally, I 
describe my non-scientific publications, essays and literary miniatures. All this is 
arranged by topics rather than chronologically. Finally there is a complete list of my 
publications, scientific and otherwise. 

1 Mathematics as a Literary Genre 

I knew very early that I wanted to be an academic, creative but rooted in some kind 
of reality. Writing would be part of it, but what kind of writing was not clear yet. 

1.1 Paths Not Taken 

1.1.1 Path Not Taken: Chemistry 

My maternal grandfather was an industrialist. In Hungary he was the CEO of a 
big chemical and mining company. After emigration to Switzerland he founded 
a small chemical firm and traded in commodities, mostly mining products and 
chemical components. Before the war he had talked his son, my uncle, into studying 
chemistry. He was groomed to be the “crown prince” of the chemical empire, but it 
did not work out as planned. Grandfather was sure I should follow suit, as a future 
heir of his enterprises. When I was eleven, he passed away and his enterprise was 
acquired by his silent partner who bought our shares cheaply due to our lack of 
funds for badly needed further investments. In a way I was lucky: I was now free to 

J. A. Makowsky (�) 
Faculty of Computer Science, Israel Institute of Technology, Haifa, Israel 
e-mail: jmakowsky@bluewin.ch 
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4 J. A. Makowsky

realize my own career choices. A path not taken not as a choice but by force majeur, 
hence path not taken number zero. 

1.1.2 Path Not Taken: Atomic Physics 

In 1960, when I was twelve, I wanted to become an atomic physicist. It was the 
time when passionate discussions about the effect of the atomic bomb on the future 
of mankind were reaching the peak. In 1962 the play “The Physicists” by Friedrich 
Dürrenmatt had its premiere, and my mother took me to the memorable performance 
of the Schauspielhaus in Zurich. In 1964, I saw a performance of “In the Matter of 
J. Robert Oppenheimer”, a play by Heinar Kipphardt, based on the transcripts of 
the Oppenheimer security hearings. I became aware of the ambiguity of the role of 
science in technical progress. Eager to learn more about this ambiguity I got hold 
of Karl Jaspers’ “The future of mankind” published in 1958.1 It became clear to me 
that my wish to become an atomic physicist would confront me with questions of 
ethics and personal responsibilities which I was not willing to face at the time. This 
was the first time a path was not taken consciously. 

1.1.3 Path Not Taken: Politics and Feuilleton 

It was also the time of the Eichmann trial.2 Mother was watching excerpts of 
the publicly broadcasted trial every evening. Due to my insistent questions, she 
started telling me about her own and her family’s dramatic war-time experiences. 
I read Sartre’s “Réflexions sur la question juive”.3 Jaspers and Sartre led to my 
early interest in existentialist philosophy and to my general interest in literature. 
During the six and a half years of gymnasium I developed a passion for writing and 
languages. I was reading the classics in the original Latin and Greek, and philosophy 
and literature in German and French. My school essays became ambitious writing 
projects and ambitious literary experiments. I wrote plays and excelled in translating 
Greek and Latin poetry. I was curious to understand the “behind-the-scenes”

1 Karls Jaspers, “Die Atombombe und die Zukunft des Menschen: Politisches Bewusstsein in 
unserer Zeit”, Piper, München, 1958. 
2 “The Eichmann trial was the 1961 trial in Israel of major Holocaust perpetrator Adolf Eichmann 
who was kidnapped in Argentina by Israeli agents and brought to Israel to stand trial. Eichmann 
was a senior Nazi party member and served at the rank of Obersturmbannführer (Lieutenant-
Colonel) in the SS, and was one of the people primarily responsible for the implementation of 
the Final Solution. He was responsible for the Nazis’ train shipments from across Europe to the 
concentration camps, even managing the shipment from Hungary directly, where 564,000 Jews 
died”. (Cited from https://en.wikipedia.org/wiki/Eichmann_trial). 
3 “Reflections on the Jewish Question” is an essay about antisemitism written by Jean-Paul Sartre 
shortly after the Liberation of Paris from the German occupation in 1944. The first part of the 
essay, “The Portrait of the Antisemite”, was published in December 1945 in Les Temps modernes. 
The full text was then published in 1946. 
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My Writing 5

and wrote term papers based on interviews I conducted with the brewmaster of 
“Wädenswiler Bier”, with the stage master of the Zurich Opera, and with the head 
of the typesetting department of Die Tat, a now defunct but then important evening 
paper, for which I also worked as a delivery boy to earn some pocket money. When 
I was 14 I started writing essays about theater and music which were published in 
the quarterly magazine Die Mittelschulzeitung edited by students of the Zurich’s 
gymnasia, the Zürcher Mittelschulzeitung (ZMZ). Later I joined the magazine as an 
editor. Once at the university, I continued to write for the bimonthly Zürcher Student 
and in 1969 became one of its editors. I had learned newspaper making in all its 
aspects: writing, editing, designing page layout, and acquisition of advertisements. 
I could have started a journalistic career. I even had my moment of investigative 
journalism and political activism: One was when ZMZ defended the freedom of 
cinematic expression and exposed an obstinate enemy of the avant-guardish movie 
club. Another one was when in 1968 I suggested to the Swiss Student Union to 
initiate a referendum against a misconceived university reform, which took place in 
1969, and we won. The Zürcher Student played an importan role in the campaign 
while I was one of its editors. 

Many of my fellow students involved over the years with the Zürcher Student 
became journalists, writers, public servants in cultural institutions, or politicians. 
One became a professor of philosophy at Zurich University, and one even served as 
a Federal Council. I retained my wish to write essays and prose and I did publish 
about theater, music, politics and society during all my career, see Sect. 2.5, but not 
for a living. Second path not taken. 

1.1.4 Path Not Taken: The World as a Stage 

In 1966 my mother was diagnosed cancer just before starting a new job. She 
remained unemployed and I earned my money working in the newly founded 
Theater am Neumarkt as an all-purpose hand: selling programs, controlling tickets 
and managing the cloakroom. I also fulfilled tasks backstage for special effects 
involving sound and lightening. I attended rehearsals and occasionally offered my 
comments. I did have a rather solid background in drama, as a theatergoer and as 
a reader of plays, and I was familiar with some of the theoretical literature, see 
again Sect. 2.5. Soon the actors and the director began to pay attention to my sharp 
comments and constructive suggestions. I started flirting with the idea of making a 
career as a director. At the time there was only one way to learn the trade: One had 
to become a director’s assistant and apprentice. I kept working in the theater part-
time from 1966 to 1970 while Felix Rellstab4 was its artistic director and Reinhardt

4 Felix Rellstab 1966–1971 first head and director at the Theaters am Neumarkt in Zürich. 1960– 
1991 head and director of the Bühnenstudio, Switzerland’s prestigeous acting school. Under his 
leadership the Bühnenstudio was renamed Schauspiel-Akademie Zürich. in 1972/1973. 
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Spörri5 was its dramaturg who was also directing. Two years into my studies at ETH, 
Spörri was desperately looking for an assistant for his newest production planned 
at a very short notice. There it was, my dream had come true. I was offered the 
job. However, it came too late. I had already started to work on my diploma thesis, 
an equivalent to an MSc thesis. I did ponder over the offer seriously, but I finally 
rejected it. Mathematics and logic had captured me and did not let go. Third path 
not taken. 

1.2 From Philosophy and Epistemology to Logic and 
Mathematics 

Shortly before my matriculation exams in 1966 I decided to study mathematics 
and philosophy. Originally I wanted to go to Paris and study mathematics and 
philosophy. Paris for me was Sartre and Foucault on the one hand, and Bourbaki 
on the other. My father, who lived in Paris at the time, bought me the first 6 
volumes of Bourbaki as a gift for my matriculation diploma. One could enroll at the 
École Normal Supérieure (ENS) as a foreign student without passing the concours. 
However, my Greek teacher introduced me to a friend of his who was a philosophy 
professor well versed in mathematics and exact sciences. He convinced me that 
for undergraduate studies I would fare better in Zurich, because in Paris I was 
unlikely to even get close to my admired intellectual superstars. In 1967, I enrolled 
at the Swiss Institute of Technology (ETH) in the Department of Mathematics and 
Physics. 

I got interested in mathematics through the philosophy of Plato and Leibniz. In 
the last years of the gymnasium I discovered the early work of Ernst Cassirer.6 

His monograph on Leibniz and his two volumes on epistemology in modern 
times left a deep impact on me. The latter is a “magisterial and deeply original 
contribution to both the history of philosophy and the history of science. It is 
the first work, in fact, to develop a detailed reading of the scientific revolution 
as a whole in terms of the ‘Platonic’ idea that the thoroughgoing application of 
mathematics to nature (the so-called mathematization of nature) is the central and 
overarching achievement of this revolution.”7 Through Cassirer I was naturally led 
to the Vienna Circle and to Wittgenstein as well as to Russel and Frege. I was

5 Reinhart Spörri was 1968–1971 dramaturg and first director at the Theater am Neumarkt Zurich 
under Felix Rellstab. 
6 My first readings of Cassirer’s work: Leibniz’ System in seinen wissenschaftlichen Grundlagen. 
Marburg, 1902; (1906) Das Erkenntnisproblem in der Philosophie und Wissenschaft der neueren 
Zeit. Band 1 und 2. Berlin: Bruno Cassirer Verlag 1906/7. Kant und die moderne Mathematik. 
Kant-Studien 12, 1–40. 1907. 
7 Quoted from: Michael Friedman, “Ernst Cassirer”, The Stanford Encyclopedia of Philosophy 
(Fall 2023 Edition), Edward N. Zalta & Uri Nodelman (eds.), URL = https://plato.stanford.edu/ 
entries/cassirer. 
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intrigued by epistemological questions of mathematics. Was mathematics a branch 
of logic? Or was it a language to describe abstract configurations? Are the basic 
elements of the mathematical language innate, hardwired in the human brain? I 
read Hadamard’s booklet “Psychology of Invention in the Mathematical Field”, 
Poincaré’s philosophical works, especially “Science and Method”, and Piaget’s 
“The Child’s Conception of Number”. 

In the first semester of my university studies I also enrolled in the philosophy 
seminar of ETH dedicated to Wittgenstein’s early masterpiece, the“Tractatus logico-
philosophicus” given by E. Specker and G. Huber. I had read the “Tractatus” while 
still in the gymnasium. In my precocious but innocent enthusiam I volunteered to 
give the first talk in this seminar, unaware that among the over eighty participants 
of the seminar all the philosophical elite of Zurich and beyond would be present. 
Among them Paul Bernays, the eminent logician and the author of an important 
critique of Wittgenstein’s later work8 Had I known more about the audience of the 
seminar, I might have shied away from volunteering to prepare a talk at such a short 
notice. Surprisingly, my talk, given freely and only based on some scribelled notes, 
was a stunning success. Later, both E. Specker and P. Bernays played decisive roles 
in my further mathematical development and career. From the first semester and 
until after my PhD I attended regularly the logic seminar, founded by Bernays and 
Gonseth in the 1930s. In my time it was run by Ernst Specker and my future MSc 
advisor Hans Läuchli. Other logic-related seminars I attended whenever I was in 
Zurich were organized by Ernst Specker and Volker Strassen on the complexity of 
computations, and by Erwin Engeler on logic and its role in computer science. 

1.3 Epilogue 

The paths not taken were many. I did not become an atomic phycisist, I did not 
choose to make literary criticism as my career, nor did I become a scholar of Latin 
and Greek literature and culture. I did realize that classical philology had passed its 
zenith and was on the way of becoming marginal. My dabbling in journalism and 
politics did not satisfy my intellectual ambitions. Besides my interest in mathematics 
in all its aspects, my passion for writing remained strong. I was 28 when my father 
passed away and I resolved to write a historical novel based on his life. But whenever 
I tried to dedicate time to this (or similar) projects I stumbled over a mathematical 
discovery which gently forced me to write mathematics. Even after my formal 
retirement, mathematics did not let go. Although I did spend more time on my 
literary projects and progressed well, mathematics kept intruding and interrupting. 

For me mathematics is a literary genre.

8 Paul Bernays, “Comments on Ludwig Wittgenstein’s Remarks on the Foundations of Mathemat-
ics”, Ratio 2: 1–22. 1959. 
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2 Comments on Selected Papers 

My mathematical research interests still include Model Theory (Classical Model 
Theory, Abstract Model Theory, Finite Model Theory), Semantics of Programming 
Languages (Database Theory, Program Verification, Logic Programming), Logic 
and Complexity. However, since 1995 my work has concentrated more but not 
exclusively on Applications of Logic to Graph Theory, Knot Theory and Combi-
natorics. Since 2005 my work concentrates on a model theoretic view of Graph 
Polynomials and Combinatorial Counting Functions. 

I have written two mathematical papers which have an autobiographical touch: 
[135] recounts how Model Theory is a recurrent theme in most of my work, and 
[75] recounts how graph polynomials became a dominant theme in my more recent 
research. My recollections of my encounters with A. Mostowski were published as 
[162]. For Yuri Gurevich’s 80th birthday I wrote about our 40 years of friendship 
in [171]. I also co-edited and contributed to the memorial volume for my most 
influential teacher E. Specker (1920–2012) [55]. 

In the following subsections I comment on my publications grouped by topic. A 
complete list of my papers follows in Sects. 3 and 4. 

2.1 Model Theory 

2.1.1 Classical Model Theory 

Already in my first semester I attended the Läuchli-Specker logic seminar and 
remained a faithful regular. Although the seminar was meant also for undergrad-
uates, we also studied very advanced topics like Matyasevich’s work on Hilbert’s 
10th problem, Morley’s landmark paper on categoricity, and Tseitlin’s work on the 
complexity of the resolution algorithm for satisfiability of propositional logic. In 
summer 1969, I spent 4 months as a recruit in the Swiss Army. During my service I 
had a copy of Morley’s paper with me and used much of my free time in the army 
to prepare myself for the seminar, where I was to lecture about it. I also tried to 
attack some of the open problems listed in the paper. In summer 1970, I attended 
W. Hodges’ logic conference at Bedford College, London. There I met not only W. 
Hodges, but also G. Müller, A. MacIntyre and A. Lachlan. All of them decisively 
influenced my future career as a logician. A. Lachlan gave a preprint of his and J. 
Baldwin’s paper on categoricity after I told him what I was working on. The paper 
became the basis of my early research. 

My work of 1971–1974 in classical Model Theory is based on my diploma 
thesis from 1971. The results were published as [1] and [3]. Two of the famous 
problems from M. Morley’s papers9 were (partially) solved in [3]: There is no

9 Michael Morley, “Categoricity in power”. Trans. Amer. Math. Soc. 114 (2): 514–538. 1965. 
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finitely axiomatizable complete almost strongly minimal ω.-categorical (hence ω1 .-
categorical) theory, and there is a finitely axiomatizable complete superstable theory 
such that all of its types are non-principal. 

Paper [3] is referenced in the two major monographs, one by C.C. Chang and J. 
Keisler10 and one W. Hodges11 and the more specialized monograph by B. Zil’ber12 

The book by M. G. Peretyat’kin13 develops a rich theory of work done by its author 
between 1982 and 1993 which was influenced by my diploma thesis of 1971. In P. 
Rothmaler’s Monograph14 a whole chapter is devoted to my results of 1971. 

Paper [3] also asks whether there is a finitely presented infinite group which has 
only finitely many conjugacy classes. This is still open and attributed to [3] in  Open 
problems in combinatorial group theory.15 

After my early success in classical Model Theory, I spent two periods of 6 months 
in Warsaw. I had realized that with the tools available to me at the time, I could 
not make any further progress in categoricity theory. Under the guidance of W. 
Marek and A. Mostowski, I turned to generalized quantifiers and Abstract Model 
Theory. I was fascinated by Lindström’s characterization of First Order Logic using 
generalized quantifiers.16 

2.1.2 Abstract Model Theory and Abstract Elementary Classes 

My PhD thesis marked the beginning of my own work in Abstract Model Theory. It 
also marked the beginning of an intensive collaboration with S. Shelah. 

The results of my PhD Thesis are published as [2, 4, 78]. When I lectured in S. 
Feferman’s logic seminar at Stanford about my PhD, J. Stavi found a mistake in one 
of the theorems of PhD thesis. Jonathan had studied together with Saharon before 
joining Stanford’s math department. He helped me to correct the mistake and we 
planned to publish the journal version together. However, J. Stavi insisted to add 
Saharon as a third author, although he was not personally involved in working on 
this paper at all. Stavi explained that all he needed to fix my mistake he had learned 
from Saharon while they both were in Jerusalem. Although I met Saharon already in 
1971 at the European ASL Meeting in Cambridge, UK, personal collaboration with

10 C.C. Chang and Jerome Keisler, “Model Theory”, 2nd edition and later, North Holland, 1973. 
11 Wilfrid Hodges, “Model Theory”, Cambridge University Press, 1993. 
12 iBoris Zil’ber. “Uncountably categorical theories”. Mathematical Monographs Vol. 117. Amer-
ican Mathematical Soc., 1993. 
13 Mikhail G. Peretyat’kin, Finitely Axiomatizable Theories. 1997. English translation by V. 
Morley, J. Symbolic Logic 64.1 (1999): 1828–1830. 
14 Philipp Rothmaler. “Introduction to Model Theory”. Vol. 15. CRC Press, 2000. 
15 Alexei G. Myasnikov, Gilbert Baumslag and Vladimir Shpilrain. “Open problems in com-
binatorial group theory.” Combinatorial and Geometric Group Theory: AMS Special Session, 
Combinatorial Group Theory, November 4–5, 2000, New York: AMS Special Session, Compu-
tational Group Theory, April 28–29, 2001, Hoboken, New Jersey 296 (2002): 1. 
16 Lindström, P. (1969) “On Extensions of Elementary Logic.” Theoria, 35: 1–11. 
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him started only when I met him again in 1974 in Vancouver. After that he offered 
me a 1 year Lady Davis post-doc position at the Hebrew University 1976. However, 
on his suggestion, this was cut short to a 2 month visit during a semester break due 
to my accepting a 5 year position in West-Berlin. During my Berlin appointment 
I visited Israel regularly and continued to work with S. Shelah and J. Stavi. This 
collaboration resulted in papers [9, 10, 12]. 

At the time I also worked in topological Model Theory [6, 11, 79, 80]. My 
approach to topological Model Theory was based on monotone quantifiers, which 
were also investigated in [5, 7]. I returned again to topological Model Theory most 
recently with the paper [77], where we count the number of finite topologies subject 
to various restrictions definable in monadic second order logic. 

Some of my papers in abstract Model Theory (1973–1984) are widely referenced. 
The multi-author monograph ’Model Theoretic Logics’ (J. Barwise and S. Feferman 
eds., 1985) gives best testimony for this: Chapters 18 and 20, [153], [155] 
were written by me alone summarizing my work with S. Shelah’s and my own 
contribution to the field. Chapter 19 [154] is co-authored with D. Munidici. The 
three chapters comprise 146 pages and basically conclude my work in abstract 
Model Theory. Many other chapters quote my work. 

In chapter 20, [155], I gave the first published presentation of S. Shelah’s then 
unpolished results on “Abstract embedding relations”. Both chapters also contain 
relevant original contributions to the field I had obtained before 1982. In 1978 in 
Berlin I supervised the MSc thesis by Gerhard Herrgott on the model theory of Lpos

., 
but the results were never published. I also initiated and supervised (until I left for 
Israel) the MSc thesis of Sakae Fuchino.17 When S. Shelah resumed work on this 
topic (published in 1987) he called the concept ‘Abstract Elementary Classes”, and 
misquoted my work with him. Due to this, Shelah’s and my pioneering work from 
before 1983 was often overlooked. 

I stopped working in abstract model theory due to my employment at the 
Computer Science Department of the Technion. However, in my later work in finite 
Model Theory my earlier work on generalized quantifiers plays a crucial role, see 
Sect. 2.2.7 below. 

2.2 Foundations of Computer Science 

2.2.1 My Early Exposure to Computer Science 

Although ETH in Zurich was a pioneer in early computing there was no Computer 
Science Department until 1981. Programming was viewed as part of Numeric 
Analysis using ALGOL-60 as the programming language. In 1968, the Institute of

17 Sakae Fuchino, “On the categoricity theorem in Lω1,ω .”, Tsukuba Journal of Mathematics, 
Vol.10, No.1 (1986), 117–120. 



My Writing 11

Applied Mathematics was split and the Group of Computer Science was established 
with H. Rutishauser (one of the fathers of ALGOL-60) and N. Wirth (the father 
of PASCAL). Later, they were joined by E. Engeler responsible for Theoretical 
Computer Science. Programming was still taught as part of Numeric Analysis, but 
switched to PASCAL. Also in 1968, V. Strassen joined the Math Department of 
Zurich University. He and E. Specker started a joint seminar on Complexity Theory. 
During my studies I attended various lectures delivered by Engeler and became a 
regular in the Specker-Strassen seminar. Quite a few of the early participants of 
this seminar became leading computer scientists, among them J. Heintz, J. von zur 
Gathen, E. Zachos and M. Fürer. 

While I was employed at the Free University in West-Berlin I attended seminars 
at the Technical University: D. Siefkes’ seminar on complexity theory and H. 
Ehrig’s seminar on specification of abstract data types. There I started my collab-
oration with B. Mahr who would visit me later at the Technion in Haifa and with 
whom I wrote [88, 89, 13]. These papers became the basis of my [18] see also Sect. 
2.2.5 below. I also supervised the MSc thesis of Michael Mötz on the complexity of 
resolution, but our results where superseded by Z. Galil’s PhD thesis from 1977.18 

Between 1978–1980, while visiting the Hebrew University on a German-Israeli 
Minerva Grant it became clear to me that for family reasons a permanent position 
in Israel would be beneficial for me. I was told by Eli Shamir that I would have 
good chances if I changed my research interest to Logic in Computer Science. This 
was 10 years before Logic in Computer Science became an established branch of 
theoretical computer science with its conferences LiCS (in the US) and CSL (in 
Europe). 

Eli introduced me to Catriel Beeri. He knew that Catriel was working on 
databases, he was likely to be willing to discuss his work with a logician. 

Consequently, I started working with Catriel on the foundations of database 
theory. Eli also suggested I should attend the 1979 Annual Symposium on Theory of 
Computing in Atlanta which I did. I made contact with V. Pratt, with whom I had a 
chance to discuss dynamic logic. He invited me for a 2 month stay at MIT starting in 
February 1980 in order to continue our emerging collaboration. I also learned about 
computable database queries from the talk by A. Chandra and D. Harel. Many other 
talks stressed the importance of logic for computer science. 

Eli’s suggestion opened my mind and helped me in choosing my first research 
topics in Computer Science. When I joined the Technion’s Computer Science 
Department, I was well prepared to find ways to use my expertise in model theory 
for foundational problems in Theoretical Computer Science.

18 Zvi Galil, On the complexity of regular resolution and the Davis-Putnam procedure, Theoretical 
Computer Science 4 (1), 1977, 23–46. 
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2.2.2 How to Use Model Theory in Computer Science 

During 1980–82 I had various intensive discussions with Y. Gurevich and also with 
J. Stavi on the role model theoretic methods could play in Computer Science. In 
1982 I was an invited speaker at the Logic Colloquium’82 in Florence, where I chose 
to speak about this, [87]. There were no technical results, but many suggestions and 
examples. At the time I missed what Y. Gurevich later pointed out:19 Finite Model 
Theory is inherently different from model theory, in as much as most preservation 
theorems of classical Model Theory do not hold in the finite. My approach, however, 
was to use classical preservation theorems to explain how they can (still) be used 
when infinite models are allowed. I had two remarkable successes in this approach: I 
could explain why Horn formulas matter in Computer Science, [18], and find many 
new uses of the Feferman-Vaught Theorem and its variants for graph algorithms 
[43]. The first one is discussed further on pages in Sect. 2.2.5, the second in 
Sect. 2.2.8. I published two more papers similar in spirit to [87]. In 1992 [156] and 
in 1994 [99]. Finally, in 2011, I published a version of my retirement address as 
president of EACSL as [135] reflecting on how Model Theory remained a recurrent 
theme in my work over the years. 

2.2.3 Dynamic Logic and Program Verification 

My first published paper in computer science dealt with the expressive power 
of dynamic logic [82] and was presented at ICALP’80 in Noordweijkerhout, the 
Netherlands. There I also met S. Even who at the time was the head of the CS depart-
ment of the Technion. Having heard that I was looking for an academic appointment 
in Israel, he recruited me to join his department. Already in my first semester at the 
Technion Michail Tiomkin, a very recent immigrant from the USSR became my 
PhD student. Michail was a graduate of Moscow State University. He had studied 
with Albert G. Dragalin who, together with A.N. Kolmogorov, had established a 
compulsory logic course for all mathematics majors at the university. He was also 
chosen to represent the USSR at the International Mathematics Olympiad, but, after 
he refused to join the KOMSOMOL (the Young Communist League), was dropped 
from the team. Michail’s PhD thesis was published in two joint papers as [14, 23]. 
The first one dealt with propositional dynamic logic with local assignments, and 
the second with the decidability of finite probabilistic propositional dynamic logic. 
Michail left academia and joined the research laboratory of IBM, But he continued 
working with M. Kaminski, another immigrant from the same period, whom he 
knew from his Moscow times, and who joined our faculty after completing his 
PhD with M. Rabin in Jerusalem. They mostly worked together on non-monotonic

19 Gurevich, Yuri. Logic and the challenge of computer science. 1985. (preprint), published in 
1988 as: Gurevich, Yuri, Logic and the challenge of computer science, as: Chapter 1 of Trends in 
Theoretical Computer Science, E. Börger ed., Computer Science Press, 1988. 
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logic. I joined them once as a co-author with [110, 31]. All these papers had very 
limited impact. In the same year I also contributed to O. Grumberg’s PhD thesis 
by providing a missing proof for a conjectured result, [84, 16]. It led to attempts at 
further collaboration with her supervisor N. Francez which did not come to fruition. 
I also lost interest in the topic, partially because I considered the approach in [84] 
inferior to the work published in the same year by D. Lehmann, A. Pnueli and J. 
Stavi20 . N. Francez later wrote a book on the topic21 which had a considerable 
impact. My last publication in program verification was accepted for the very first 
IEEE conference on Logic in Computer Science (LiCS) in 1986 [91], and its full 
version was published as [21]. It was based on Ildikó Sain’s work after her first 
version received a negative referee report. I helped her revising and expanding it. 

2.2.4 Database Theory 

My work with C. Beeri never evolved into publishable papers. As a result, C. Beeri 
and M. Vardi picked up many themes I had discussed with C. Beeri before. 

However, I was the first to define a framework for database dependencies, and to 
prove undecidability results in this framework. When I showed the undecidability 
result to M. Rabin, he dismissed it, as we now know wrongly, as previously 
known, while J. Ullman declared, the decidability question as “the fundamental 
open problem of database dependencies”. After undecidability was established by 
myself and, independently, by A. Chandra and H. Lewis, J. Ullman declared, also 
wrongly, the study of database dependencies to be passé. The result was published 
jointly with A. Chandra and H. Lewis as [83, 85]. We did not publish the journal 
version because by the time C. Beeri and M. Vardi22 had sharpened our results. My 
paper [86] and the resulting joint paper with M. Vardi [17] did deal with model 
theoretic aspects of database dependencies. 

My first PhD student in databases was A. Zvieli, who wrote a thesis on the query 
language “Query by example” (QBE). His results were not published, because he 
dropped out of academia. His wife Dvora Tzvieli is a Teacher of Tibetan Buddhism 
and acts as a Lama of one of the Israeli Buddhist communities. A. Zvieli works as a 
teacher of mindfulness. At the time he worked on his PhD there were two ways 
of modelling databases: The relational model and the Entity-Relationsship (ER) 
model. Yoav Raz, then a faculty member, was a strict adherent to the ER school 
and convinced that ER was superior to the Relational model. I was convinced that 
they were intimately related. I recruited Udi Rotics as an MSc student to investigate

20 Daniel Lehmann, Amir Pnueli, and Jonathan Stavi. “Impartiality, justice and fairness: The ethics 
of concurrent termination.” Automata, Languages and Programming: Eighth Colloquium Acre 
(Akko), Israel July 13–17, 1981 8. Springer Berlin Heidelberg, 1981. 
21 Francez, Nissim. Fairness. Springer Science & Business Media, 2012. 
22 Beeri, Catriel, and Moshe Y. Vardi. “The implication problem for data dependencies.” Automata, 
Languages and Programming: Eighth Colloquium Acre (Akko), Israel July 13–17, 1981 8. 
Springer Berlin Heidelberg, 1981. 
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this. Victor Markowitz, who had obtained his MSc under the supervision of Yoav 
Raz on designing ERROL, a query language for the ER model, joined us as a 
PhD student. Victor, Udi and I published our first findings as [95]. With Victor I 
published [97, 98] and finally established conditions for bi-interpretability of the 
ER and relational model in [22]. The latter is among my five most quoted papers 
with over 250 Google citations. Victor later became chief informatics officer and 
associate director at DOE Joint Genome Institute (JGI), and head of Lawrence 
Berkeley National Laboratory’s Biological Data Management and Technology 
Center. Around 1985 Elias Dahlhaus joined me in Haifa for a year on a German-
Israeli grant (Minerva). We mostly worked on extending relational query languages 
to hierarchic structures similar to file systems in UNIX. We published several papers 
on this, [92, 93,94,24] anticipating query languages for hierarchic databases. The 
paper [102] with my MSc student R. Hasson explored update languages versus 
query languages. Unfortunately, the student was not interested in continuing this 
line of research, so I abandoned it as well. 

More recently, I worked with my former PhD student Elena Ravve, on normal 
forms of database design, especially on Boyce-Codd normal forms, [111, 113, 32, 
166]. Elena’s MSc and PhD theses were exploring applications of the Feferman-
Vaught Theorem to decomposition problems in model checking, [109]. Ultimately, 
this led to my paper [43]. 

My contributions to Database Theory are referenced in many monographs.23 

Four of my contributions in Database Theory had considerable impact. In my 
paper with A. Chandra and H. Lewis (1981), see [83, 85], we gave the first 
complexity analysis in the emerging field of database dependencies; in my papers 
with E. Dahlhaus starting in 1985 and published in conference proceedings [93, 
92, 94], and finally in a journal publication [24]. We anticipated the emerging 
field of complex databases and clarified the notion of computable queries over 
hereditary finite structures; and in my papers with V. Markowitz and N. Rotics 
we contributed to the mathematical foundations of the Entity–Relationship Model. 
More recently, together with E. Ravve, I returned to the study of the foundations 
of database design. For this work I was invited to give a keynote address at the 
15th International Conference on Conceptual Modeling in 1996. In 2012 I returned 
to work with E. Ravve and we laid the proper foundations for the role of Boyce-
Codd Normalform in database design, see [166]. These findings finally showed that 
BCNF was prematurely dismissed as a useful design principle. This finally satisfied

23 Most prominently in: Jeff Ullman, Principles of Database Systems, Computer Science Press, 
1983, 

Heikki Mannila, Karl-Jouko. Räihä, “The Design of Relational Databases”, Addison-Wesley, 
1992. 

Serge. Abiteboul, Richard Hull and Victor Vianu, “Foundations of Databasea”s, Addison 
Wesley, 1995, 

Mark Levene and George Loizou, “A Guided Tour of Relational Databases and Beyond”, 
Springer 1999, 

Bernhard Thalheim, “Fundamentals in Entity-Relationship Modelling”, Springer, 2000. 
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my foundational interest in Database Theory. Subsequently, I lost interest in the 
field. But even earlier my research had gone in a different direction. 

2.2.5 Satisfiability and Logic Programming 

In 1982, the Japanese launched the 5th Generation Computer Systems Initiative: 
Logic Programming, especially the programming language PROLOG, played a 
key role in it. So did special cases of the Satisfiability Problem for propositional 
formulas and resolution-based algorithms underlying PROLOG. My paper Why 
Horn formulas matter in computer science [18] addressed the question why 
Horn formulas (a special class of first order formulas) play a prominent role 
both in Database Dependencies and in Logic Programming. The paper gives a 
semantic characterization of Horn formulas (and some generalizations thereof) 
which explained to a large extent why Negation by Failure has a simple semantics 
in Logic Programming when restricted to Horn formulas. 

In paper [19] with A. Itai, we were first to show that propositional Horn formulas 
have a linear satisfiability problem. Often another paper24 is credited to be the 
first with this result, due to its publication date of 1984. However, our result was 
published as a Faculty preprint already in 1982.25 

In the paper [25] we study the expressive power of side effects in propositional 
PROLOG with assignments, and prove an undecidability result. Unfortunately, this 
paper has hardly been noticed in the literature. 

My paper with my MSc student A. Sharell “On Average Case Complexity 
of SAT for Symmetric Distributions” [27] largely explains why on average SAT 
can be efficiently solved. It was prominently discussed in the historic survey on 
Satisfiability by S. Cook and D. Mitchell.26 

The fundamental notions of average-case complexity of SAT were developed 
by Leonid Levin in 1986. He published a one-page paper defining average-case 
complexity and completeness while giving an example of a complete problem 
for distNP, the average-case analogue of NP.27 The paper generated a wave of 
interesting papers28 but interest soon died down. I still count paper [27] among 
my truly interesting results.

24 William F. Dowling and Jean H. Gallier. “Linear-time algorithms for testing the satisfiability of 
propositional Horn formulae”, Journal of Logic Programming, 1 (3), (1984) pp. 267–284. 
25 Alon Itai and Johann .A. Makowsky, “On the complexity of Herbrand’s theorem”, 12 pp., 
Technical Report No. 243, May 1982. 
26 Steven Cook and David Mitchell, “Finding Hard Instances of the Satisfiability Problem: A 
survey”. DIMACS Series vol. 35, 1997. 
27 Leonid Levin, “Average case complete problems,” SIAM Journal on Computing, vol. 15, no. 1, 
pp. 285–286, 1986. 
28 https://en.wikipedia.org/wiki/Average-case_complexity. 
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In the paper[47] with E. Ravve and E. Fischer we count the number of satisfying 
assignments of propositional formulas of size n. We show that for formulas in 
clausal normal form of fixed clique-width k this can be achieved in time 4kn3

. 

My papers [18], [19], [47] have over 125 Google citations each. 

2.2.6 Notational Systems for Electronic Music 

In the late 1970s I met the Israeli composer Josef Tal.29 Learning about my 
publications about music, see Sect. 2.5, he invited me to collaborate in his project 
to design a notational systems for non-conventional music TALMARK. The project 
was even generously funded for 3 years by the Volkswagen foundation. J. Tal and 
U. Shimoni from the EE Department of the Technion had a PhD student, S. Markel, 
developing such a systems, and I had an MSc student, A. Ban, working on the 
project and published as [96]. A. Ban left academia and became one of the inventors 
of the USB flashdrive and one of the authors of JUNIOR, a multiple world champion 
chess program for small computers.30 In 2003 DEEP JUNIOR played a six-game 
match against Garry Kasparov, which resulted in a 3–3 tie. 

After talking to many composers31 and lecturing at IRCAM32 in Paris about 
Tal’s ideas, I came to the conclusion that the system was ill-designed and not 
suitable for universal use by active composers. There were some very interesting 
ideas underlying Tal’s reason for undertaking the project, but I never found the time 
and leisure to write those down. 

The choice of notational systems, be it in mathematics, or in any other field where 
written records are used, defines the possibility of expressing and communicating 
one’s thoughts. J. Tal’s ambition was to provide composers with a notational system 
which would be both universally readable and playable. Its shortcomings taught 
me a lot which was also relevant to my understanding of programming and query 
languages. In some sense paper [158] was also influenced by this project. 

2.2.7 Finite Model Theory 

In 1994, I returned to the theory of generalized quantifiers in the context of 
Finite Model Theory and its interaction with Complexity Theory. This work was 
done together with my MSc students Y. Bargury, A. Calò. With Y. Bargury we 
investigated the expressive power of the transitive closure and 2–way multi-head

29 Josef Tal 1910–2008, https://joseftal.org/, https://en.wikipedia.org/wiki/Josef_Tal. 
30 https://en.wikipedia.org/wiki/USB_flash_drive https://en.wikipedia.org/wiki/Junior_(chess_ 
program). 
31 Y. Xenakis, H.W. Henze, P. Eötvös, W. Rihm, B. Ferneyhough, G. Grisey, M. Maros, R. Wernick, 
G. Sinopoli, G. Bertini. B Spoerri, G. Bennet, D. Fueter, D. Meier (of YELLO). 
32 https://en.wikipedia.org/wiki/IRCAM. 
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automata [100] and with A. Calò we investigated Ehrenfeucht–Fraïssé games for 
transitive closure [101]. Yachin Pnueli was not my PhD student. Nevertheless 
Yachin and I published five papers together while he was working on his PhD thesis 
in computer graphics. Papers [104], [108], [157], all deal with the use of generalized 
quantifiers in order to capture complexity classes. Papers [106, 28] investigates how 
restrictions on arity or quantifier alternation affect the expressive power of Monadic 
Second Order Logic over finite structures. 

My two papers [112,115] deal with invariant definability, a topic which would 
have deserved more attention. In it I analyze a situation where an auxiliary definable 
predicate P is used in the definition of a property P ., but the choice of the 
interpretation of P is arbitrary as long as it satisfies its requirements.

My most cited paper in finite Model Theory is [43]. It shows how to use 
the classical Feferman-Vaught Theorem33 in algorithmic applications. My favorite 
contribution to finite Model Theory is a new method for proving non-definability 
in First Order (or Monadic Second Order) Logic of properties of classes of finite 
structures using Connection Matrices (aka Hankel Matrices), [131, 136,63]. This 
method uses the results of [43] in an essential way. Both the new versions of 
the Feferman-Vaught Theorem and the method of connection matrices work also 
for numeric graph parameters and graph polynomials. I discuss this further in 
Sect. 2.3.1. 

My MSc student Nadia Labai worked on various aspects of Hankel matrices.34 

With her I published six conference papers, [139], [141], [142], [145], [146], 
[170]. The first four papers deal with weighted automata, [146] deals with exact 
learnability of graph parameters, and [170] is an attempt to define a logic where 
all the definable classes of structures have finite Hankel rank. Unfortunately, the 
reviewer of the paper for MathSciNet found an irreparable mistake in the final step 
of our argument. It is still open whether such a logic exists. 

2.2.8 Courcelle’s Theorem and Clique-width 

The famous theorem of B. Courcelle states that on classes of graphs of bounded 
tree-width, every monadic second-order property is decidable in polynomial time, 
actually it is even Fixed Parameter Tractable FPT.. The converse is not true without 
further assumptions. With my postdoc Julian Mariño I investigated under what 
conditions the converse is true [41]. 

As mentioned earlier, Udi Rotics had been my MSc student 10 years before. 
Although he worked then on databases he was not very fond of logic. He left 
academia in order to work at IBM. Now, 10 years later he returned and wanted 
to work on a PhD. However, he insisted it should not involve mathematical

33 Solomon Feferman Robert Vaught. “The first order properties of products of algebraic systems”. 
Fundamenta Mathematicae. 47 (1) (1959) pp. 57–103. 
34 Nadia Labai, Definability and Hankel Matrices. M.Sc. Thesis, Technion-IIT, 2015. 



18 J. A. Makowsky

logic. His first result treated the graph spanner problem. It turned out that V. 
Guruswami35 (then a student of C. Pandu Rangan and of M.S. Mandanal at IIT 
Chennai) had obtained similar results. This resulted in our joint paper [30]. But 
Udi’s main ambition was to find interesting generalizations of Courcelle’s Theorem. 
His original idea proved promising, but only after I used Monadic Second Order 
Logic we finally found a satisfactory weaker condition than tree-width to prove 
a similar theorem. Logic always strikes back. When we showed our result to B. 
Courcelle he noticed that our condition was equivalent to clique-width, a notion he 
had introduced shortly before. He was aware of something like our theorem, but he 
had not yet published his version of it. We decided to merge our results and this led 
to the papers [114, 35, 37] which had a great impact reaching over 1000 Google 
citations. This was the beginning of my intensive collaboration with B. Courcelle 
and U. Rotics. Paper [117] won the best paper award at the 2000 conference on 
graph transformation and was further expanded into [38]. U. Rotics’ PhD thesis 
contained material from [114, 35], 37] and also from [34]. A. Glikson wrote his MSc 
thesis under my guidance on NCE graph Grammars and Clique Width [122]. As 
already mentioned before, clique-width (and hence also tree-width) can be used to 
shed some light on the complexity of �SAT., the counting version of the satisfiability 
problem, see [47]. 

In [37] we noticed that Courcelle’s classical theorem and its extension for clique-
width could also be applied to numeric graph parameters and the permanent and the 
immanent of matrices36 viewed as adjacency matrices of graphs. Later it turned out 
it also worked for graph polynomials in general, but at the time I did not know 
of other natural examples It was V. Turaev who suggested I should try to prove 
a generalization of Courcelle’s Theorem for the Jones polynomial of knot theory. 
Turaev’s research indeed deals with low-dimensional topology, quantum topology, 
and knot theory and their interconnections with quantum field theory. I spent a 
year learning knot theory. Later Boris Zil’ber showed me a model theoretic way 
for looking at graph polynomials. I wrote a personal account on how I got to like 
graph and knot polynomials, see [75]. It was a contribution to a special issue of the 
journal “Model theory” dedicated to Zil’ber’s 75th birthday. 

2.2.9 The Tutte Polynomial and Knot Polynomials 

A knot diagram is a picture of a projection of a knot onto a plane which contains the 
information if the crossings are over-crossings or under-crossings so that the original 
knot can be reconstructed. In other words it is a planar graph of degree 4 where the 
edges are labeled. A signed graph is an edge-labeled graph. The Jones polynomial is 
a knot invariant which can be computed from a knot diagram. Turaev’s challenge for

35 Venkatesan Guruswami, as a student he wrote papers as G. Venkatesan. Once in the US he used 
V. Guruswami as his name. https://en.wikipedia.org/wiki/Venkatesan_Guruswami. 
36 Like the determinant, the permanent and the immanent are numeric invariants of matrices. 
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me was to analyze whether my method applies to the Jones polynomial. The Tutte 
polynomial is one of the most amazing graph inviariants. The Jones polynomial 
is related to the Tutte polynomial. It can be obtained from the Tutte polynomial 
directly for alternating knot diagrams. Otherwise it can be obtained from the Tutte 
polynomial for signed graphs. 

My first result showed that for signed graphs of tree-width at most k the 
Tutte polynomial is fixed parameter tractable. Hence the same holds for the Jones 
polynomial and other related knot polynomials, [119, 45]. My method was based 
on showing that the signed Tutte polynomial was definable in a suitable extension 
of monadic second order logic. Hence the method was applicable to other cases as 
well. This included the matching polynomial and the chromatic polynomial, but at 
that time I was not yet aware of the abundance of graph polynomials hiding in the 
literature. Direct combinatorial proofs for the (unsigned) Tutte polynomial had been 
obtained by others at about the same time, but my result was truly new for the signed 
case. I continued to work on the parameterized complexity of knot polynomials with 
my postdoctoral student Julian Mariño, [40] and I was invited to present these result 
in 2003 at the 3 week mini-semester “Knots in Poland” at the Banach Center of the 
Polish Academy of Sciences. 

While I was a visiting professor at ETH during a sabbatical I supervised Martin 
Lotz for his diploma thesis studying the complexity of the Tutte polynomial in an 
algebraic computational model, [42]. Much later I studied with my former PhD 
student, Tomer Kotek, the evaluation of the Tutte and the matching polynomial for 
a fixed graph at different evaluation points, see [72]. 

The Tutte polynomial is also related to the Potts model and the Ising model 
in statistical physics. The Ising polynomial is a graph polynomial derived from 
the Ising model. With Tomer Kotek we also studied efficient computations of 
generalized Ising polynomials on graphs with fixed clique-width, [144]. 

2.3 Back to Mathematics 

When I joined the Technion in Haifa some of the senior professors were hesitant to 
give me tenure fearing that I was only a fake convert to Computer Science and that I 
would revert to Mathematics after they lost their grip on me. In a way they were 
not that wrong. Complexity of algorithms is still considered Computer Science, 
whereas Complexity Theory is more in the domain of Mathematics. Studying the 
complexity of evaluations of graph and knot polynomials led me naturally back into 
Pure Mathematics. 

2.3.1 One, Two, Many Graph Polynomials 

In 2005, while attending CSL, the European Conference in Computer Science 
Logic in Oxford, I paid a visit to Boris Zil’ber. While chatting about my recent 
work we discovered a model theoretic way of showing that many combinatorial
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counting functions in graph theory turn out to be graph polynomials.37 I was so  
overwhelmed by the abundance of graph polynomials that I decided to try to develop 
a general theory of graph polynomials. At one of the Dagstuhl seminars T. Zaslavsky 
suggested “From a zoo to a zoology” as the title of this research program. My first 
steps in this direction were published in [125, 49]. 

I was lucky to be able to build a team of graduate students and collaborators 
with whom I could study various aspects of graph polynomials. Between 2006 and 
2016 I was running research seminars on graph polynomials. Regular participants 
were my own graduate students Ilya Averbouch, Tomer Kotek and Vsevolod Rakita. 
Other participants were Eldar Fischer, Elena Ravve, Benny Godlin, and later Orly 
Herscovici also attended the seminar regularly and contributed to the emerging 
results. When Peter Tittmann visited the Technion for the first time we discovered 
our joint interest in graph polynomials, and he became a remote collaborator.38 

Other collaborators were M. Bläser, A. Goodall, S. Noble, M. Hermann, R. Zhang. 
One of the recurrent themes of our work was the use of model theoretic methods 

in dealing with graph polynomials and combinatorial counting functions. In 2007– 
2011 our efforts were funded by the Israeli Science Foundation under the heading 
“Model Theoretic Methods in Combinatorics”, 

In these seminars we were slowly building a comprehensive theory. I will not 
discuss each of the papers in this endeavour written between 2004 and 2024, but 
highlight only the most relevant ones. One of the amazing features of the Tutte 
polynomial is its universality with respect to deletion and contraction of edges in 
graphs.39 Ilya Averbouch’s PhD thesis introduces new graph polynomials which 
have similar universality properties.40 One of them is the trivariate polynomial 
ξ(x, y, z). which generalizes both the Tutte and the matching polynomial, [127, 52, 
54]. Another is a polynomial based on the enumeration of vertex induced subgraphs 
with respect to the Number of Components, [132, 53]. Both of these polynomials 
are mentioned in contributions to this volume by G. Farr and K. Morgan, and by P. 
Tittmann. 

Another graduate student of our seminar, Benny Godlin, contributed to our 
joint efforts, although his formal thesis work was with O. Strichmann on program 
verification. Benny obtained his MSc under Strichmann’s supervision and they 
published four papers. With us he co-authored [124, 127, 128, 52, 56]. He could 
have easily gotten his PhD with me, but, although he enjoyed doing research, he

37 Johann A. Makowsky and Boris Zil’ber. “Polynomial invariants of graphs and totally categor-
ical theories”. https://www.logique.jussieu.fr/modnet/Publications/Preprint%20server/papers/21/, 
2006. MODNET Preprints, number 21. 
38 See his contribution to this volume. 
39 see: Martin Aigner, A Course in Enumeration, Graduate Texts in Mathematics 238, Springer, 
2007, Chapter 9. 
40 Ilia Averbouch, Completeness and Universality Properties of Graph Invariants and Graph 
Polynomials. Ph.D. Thesis, Technion-IIT, January 2011. 
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disliked writing it up and taking additional required courses for credit. Neither did 
he like teaching, hence he decided to leave academia without his well-deserved PhD. 

Tomer Kotek’s PhD thesis studied definability and non-definability of combi-
natorial functions.41 With Tomer we finally expanded and published my earlier 
work with B. Zil’ber, [129, 169]. Two other papers deal with holonomic functions 
and some generalizations thereof, [59], 57]. In the course of studying which graph 
polynomials are not definable in monadic second order logic we developed the new 
and very powerful method of connection matrices aka Hankel matrices, [136, 63]. 

Together with M. Grohe I organized a special session at the Annual AMS 
Meeting of 2009 in Washington, DC. Its theme was “Application of Logic to Finite 
Combinatorics”. We then edited a book in the AMS Series “Contemporary Mathe-
matics” under the same title.42 Tomer co-authored with me and other collaborators 
two long survey papers. Besides [169], we also wrote about application of logic 
to combinatorial sequences and their recurrence relations, [168] putting our earlier 
work on recurrence relations into a more general perspective. 

Two graphs are Tutte equivalent if they have the same Tutte polynomial. A graph 
is Tutte unique if no other graph is Tutte equivalent to it. There are graphs which are 
not Tutte unique. B. Bollobás, L. Pebody and O. Riordan conjectured that almost 
all graphs are Tutte unique.43 The conjecture is wide open. The same can be asked 
for other graph polynomials P and specific graph classes C: Is (almost) every graph 
in C  P -unique. In his MSc thesis44 Vsevolod Rakita studied this question for large 
families of graph polynomials, [151, [70]. The same problem for hypergraphs was 
explored with R. Zhang in [67]. In his PhD thesis Vsevolod studied a special class 
of graph polynomials, the Harary polynomials,45 see [71]. Given a graph G and a 
univariate graph polynomial P we say that P(G : x). is unimodal if its coefficients 
are unimodal. P is (almost) unimodal if P(G, x). is unimodal for all (almost) all 
graphs. The matching polynomial is unimodal, the independence polynomial is 
not.46 In [73] Vsevolod and I study large classes of graph polynomials which 
are almost unimodal. An open question arising from Vsevolod’s work on Harary 
polynomials, led to our joint work with Y. Filmus and E. Fischer on MC-finite 
integer sequences, [74], see further below. 

One can view graph polynomials in two different ways. In one view graphs 
are used to index polynomials, in the other view polynomials are used to reflect

41 T. Kotek, Definability of Combinatorial Functions, Ph.D. Technion-IIT, May 2012. 
42 Model Theoretic Methods in Finite Combinatorics, M. Grohe and J.A. Makowsky eds., 
Contemporary Mathematics, vol 558, American Mathematical Society (2011). 
43 Béla Bollobás, Luke Pebody, and Oliver Riordan. Contraction–deletion invariants for graphs. 
Journal of Combinatorial Theory, Series B, 80(2):320–345, 2000. 
44 Vsevolod Rakita, On Weakly Distinguishing Graph Polynomials. M.Sc. Thesis, Technion-IIT, 
2020. 
45 Vsevolod Rakita, Harary polynomials and generating graph polynomials, Ph.D. Thesis, 
Technion-IIT, May 2023. 
46 Yousef Alavi, Paresh J Malde, Allen J Schwenk, and Paul Erdős. The vertex independence 
sequence of a graph is not constrained. Congressus Numerantium, 58(15–23):2, 1987. 



22 J. A. Makowsky

combinatorial properties of graphs. In the latter view we say that two polynomials 
P and P ′

.are semantically equivalent if for all graphs G,H . such that P(G) = P(H). 

implies that P ′(G) = P ′(H).. The coefficients or the location of the roots of 
semantically equivalent graph polynomials may behave very differently. Such issues 
are discussed in joint work with E. Ravve, [61], and from a general logical point of 
view with her and T. Kotek in [69]. 

With my collaborators and like-minded colleagues we have managed to create 
a new field in graph theory with two Dagstuhl Seminars, two workshops at the 
MATRIX Institute, two Special sessions at AMS meetings and one SIAM mini-
symposium. 

2009 AMS-ASL Special Session on Model Theoretic Methods in Finite Combi-
natorics, January 2009, Washington DC, 
Organizers: M. Grohe and J.A. Makowsky 

2014 SIAM Conference on Discrete Mathematics, Minneapolis, June 2014 
Mini-symposium: Graph Polynomials: Towards a General Theory, 
Organizers: Jo Ellis-Monaghan, Andrew Goodall and J.A. Makowsky 

2016 Dagstuhl Seminar 16241: 
Graph Polynomials: Towards a Comparative Theory, 
Organizers: Jo Ellis-Monaghan, Andrew Goodall, Johann A. Makowsky, Iain 
Moffatt 

2017 MATRIX Institute. Tutte Centenary Retreat. 
Organizers: Graham Farr, Dillon Mayhew, Kerri Morgan, James Oxley and 
Gordon Royle. 

2019 Dagstuhl Seminar 19401: Comparative Theory for Graph Polynomials 
Organizers: Jo Ellis-Monaghan, Andrew Goodall, Iain Moffatt, Kerri Morgan 

2022 Special Session on 
Graph and Matroid Polynomials: Towards a Comparative Theory, 
AMS-SMF-EMS Joint International Meeting, Grenoble, France, July 2022 
Organizers: E.Gion, J.A.Makowsky and J.Oxley 

2023 MATRIX Institute. Uniqueness and Discernement in Graph Polynomials. 
Organizers: Jo Ellis-Monaghan, Iain Moffatt, Kerri Morgan and Graham Farr. 

2.3.2 Recurrence Relations for Combinatorial Functions 

In the joint work by C. Blatter and E. Specker from 1984,47 they introduced a 
powerful method to show that certain combinatorial counting functions f (n). are 
MC-finite, i.e., if computed modulo any fixed natural number m the sequence

47 Blatter, Christian, and Ernst Specker. “Recurrence relations for the number of labeled structures 
on a finite set.” Logic and Machines: Decision Problems and Complexity: Proceedings of the Sym-
posium “Rekursive Kombinatorik” held from May 23–28, 1983 at the Institut für Mathematische 
Logik und Grundlagenforschung der Universität Münster/Westfalen. Springer Berlin Heidelberg, 
1984. 
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f (n) (mod m). is ultimately periodic. The counting function counted the number 
of binary relations R ⊆ [n]. on set [n] = {1, . . . , n}. where ([n], R). satisfies a 
property expressible in Monadic Second Order Logic. I called it the Specker-Blatter 
Theorem, because the theorem was originally Specker’s idea. There were many 
challenging open problems left in their work. In particular, it was left open, whether 
the same holds for relation of arity higher than two. 

I got fascinated by their theorem and resolved to try to prove the theorem for 
arbitrary arities of R and dedicate the theorem to E. Specker for his 80th birthday 
in 2000. When I spoke to Specker about it, he said that he did not think this was 
possible. Indeed, I had no such proof for his 80th birthday. When I lectured about the 
Specker-Blatter Theorem in 2002, Eldar Fischer, then a newly hired junior faculty 
at the Technion, exhibited a counter-example with R of arity 4. Eldar and I have 
collaborated ever since. The papers [123, 168, 76] gradually solve all the open 
problems from the papers by E. Specker and C. Blatter. An obituary and homage 
to E. Specker can be found in [55]. 

As mentioned before, see Sect. 2.3.1, Tomer Kotek’s PhD thesis dealt with 
definability questions of combinatorial counting functions, taking as a starting point 
the Specker-Blatter Theorem. In [57] and [59] we study variations on holonomic 
sequences based on lattice paths, and in [163] and [62] we study recurrence relations 
for graph polynomials. In [KMR-2018] we study sequences of polynomials arising 
from graph invariants. 

2.4 Varia 

My remaining papers document my various interests and involvement in questions 
of algorithmics, non-monotonic logics, program and hardware verification, and soft-
ware engineering, as a result of collaboration with graduate students or colleagues, 
or as a reaction to my own reading, but they do not represent long-term involvement 
in their respective research areas. Among these there are: 

Robotics: A paper on programming reactive systems with statecharts, [103]; 
Geometry: Papers on decidability questions in geometry [68, 150, 149, 174], 

including Origami geometry; 
Teaching logic: Papers reflecting upon how to teach logic for Computer Science, 

[50, 143, 64]; 
Models of Computation: Papers reflecting upon computational models, [159, 158, 

172]. In particular, in [167] we discuss alternative computational models for the 
study of graph polynomials. 

Quantum computing: After D. Aharonov gave a colloquium talk in our department 
at the Technion, I suggested to her that the methods of Section in Sect. 2.2.8 
could be used to classically simulate the quantum Fast Fourier Transform, [46].
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The journal version of this paper was not published because our results were 
independently discovered.48 However, our result was given due credit. 

User interfaces: With my PhD student Jacob Ukelson I worked on user interfaces, 
[26]. I inherited Jacob from his supervisor Miki Rodeh after Miki left our 
department. 

2.5 Essays and Prose 

2.5.1 Theater and Music 

I started to write about theater and music while still at the gymnasium. In [E12] I  
wrote about J. Girodoux’s play “Electra” and in [E13] about S. Beckett’s “Play”. I 
also wrote a long essay (unpublished) about the genre of radio plays after listening 
regularly to the weakly radio play broadcasted late at night by the Swiss public 
radio. I also read all the radio plays published 1963 in an anthology.49 Between 
1965 and 1970 I was an intensive theatergoer not only in Zurich, but also in Paris 
and Berlin (East and West). In Paris it was the TNP (Théatre National Populaire) 
and the Odéon, where I saw productions by G. Wilson and J.L. Barrault of Brecht, 
Beckett, Kafka, Billetdoux, Audiberti, and Chekhov. In the Théatre de la Huchette 
I saw two short plays by Ionescu, “La cantatrice chauve” and “La leçon”. In Berlin 
I saw Brecht’s “Galileo” in the Theater am Schiffbauerdamm and his version of 
“Antigone” in the Schaubühne am Halleschen Ufer, I saw Büchner’s “Leonce and 
Lena” and Valérie’s “Mon Faust”. I also attended the world premiere of P. Weiss’ 
“The investigation” produced by E. Piscator with the music by L. Nono. I studied 
treatises on contemporary theater and the theater of the absurd.50 

In [E12] I wrote about Shostakovitch and his 5th symphony on the occasion of its 
first Swiss performance in the middle of the Cold War. During the stormy events of 
1967–1970 the students of the Zurich conservatory rebelled against its conservative 
cultivation of the classical repertoire. They published their own (mimeographed) 
periodical “Dissonanz” and organized concerts of and lectures about avant-guard 
music, which featured music and lectures by M. Kagel, J. Cage, Y. Xenakis and 
many others.

48 Markov, Igor L., and Yaoyun Shi. “Simulating quantum computation by contracting tensor 
networks.” SIAM Journal on Computing 38.3 (2008): 963–981. 
49 Spectaculum. Texte moderner Hörspiele. Brecht, MacLeish, Dürrenmatt, Herbert, Frisch, 
Camus, Andersch, Yacine, Eich, Harube, Bachmann, Dagerman, Weiss, Compton, Walser, Pinter, 
Konstatinovic, Hildesheimer, Pinget, Beckett. Michel, Karl Markus (Hg.): Verlag: Frankfurt a.M. 
: Suhrkamp, 1963. 
50 Peter Szondi, “Theory of the Modern Drama”, Suhrkamp Verlag, Frankfurt a.M., 1956, 

Martin Esslin, “The Theatre of the Absurd”, Anchor Books, Doubleday and Company, Inc., 
Garden City, New York, 1961. 



My Writing 25

After attending Xenakis’ lecture and a private talk with him in 1968 I published 
[E1]. A few months later I had a chance to interview H.W. Henze who conducted his 
“Undine” at the Zurich Opera in 1969. I published it as [E2]. Just before his visit 
to Zurich, the performance of Henze’s “The raft of Medusa” in Hamburg ended 
in a political scandal and Henze refused to give any interview to the press of the 
establishment, including “Der Spiegel”. My interview was quite spectacular, and 
excerpts of it are published in Henze’s collected writings.51 I remained friendly with 
Henze and also was invited to write an essays in his series “Die Zeichen” [E4]. At 
the time my former schoolmate Roger Cahn was chief editor of “Musik & Theater”, 
an influential monthly periodical dedicated to the world of music and theater. In 
1980 I wrote for him a review of Henze’s book “Die englische Katze”, [E5]. In 
1981, on the occasion of G. Bertini’s candidacy as chief conductor for the Zurich 
Tonhalle Orchester, I interviewed G. Bertini for “Musik & Theater”, [E3]. It did not 
help. Ch. Eschenbach was chosen instead, but this choice was a failure. It was my 
last journalistic publication about music or theater. 

2.5.2 Politics 

In 1961, two high-school students, Dieter Neupert und Marcel Hoehn, founded 
in 1961 a movie club Der Mittelschul-Filmklub Zürich, MFK. The program was 
influenced by the “Cahiers du Cinéma”. The screening of Jules Dassin’s “Rififi” 
and Jean-Luc Godard’s “Vivre sa vie” brought the club into trouble, when an ultra-
conservative teacher, Dr. J. Egli, complained to the police that the club was violating 
the directives of the censorship board. When the police dismissed the case, Dr. Egli 
wrote letters to parents of the students of his school, warning them of the dangers of 
MFK which supposedly corrupted the morals of the tender souls of the students. The 
editorial board of the Mittelschulzeitung ZMZ52 invited Dr. Egli for an interview, 
which he declined. We then decided to expose Dr. Egli’s mean crusade against 
the MFK, [E14]. The joint conference of the rectors of the Gymansia decided to 
forbid selling ZMZ on the territory of the various cantonal schools. After the Social 
Democrat Party asked in an interpellation in Zurich’s City Parliament whether the

51 Hans Werner Henze, Schriften und Gespräche 1955–1979, expanded edition, Berlin 1981. 
original edition as: Hans Werner Henze, Schriften und Gespräche 1955–1975, Munich 1976, with 
Italian translation (Feltrinelli) and English translation (Faber & Faber). 
52 My co-editors were Ruth Gurny, Susanne Beyeler and Werner Sauber. Ruth Gurny later became 
a sociologist and social activist, member of the Cantonal Parliament of Zurich and professor of 
Sociology at the University of Applied Sciences, Zurich. Susanne Beyeler and Werner Sauber 
became cineasts and script writers. (https://de.wikipedia.org/wiki/Werner_Sauber). Werner Sauber 
was also involved with the “Bewegung 2. Juni”, one of the anarchist organisations in Berlin 
(https://en.wikipedia.org/wiki/2_June_Movement). (Philip) Werner Sauber died in a fire exchange 
with the German police in 1975. Heis the main character in the novel by Ulrike Edschmid: “Das 
Verschwinden des Philip S.”, Roman. Suhrkamp, Berlin 2013. 
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freedom of press was violated in the case of ZMZ, the scandal was perfect and the 
movie club was left in peace. 

Later, in 1969, I became a co-founder of another movie club “Der Andere Film” 
(The Other Film) and wrote an essay about it, [E22]. The club’s aim was to show 
movies not usually shown in commercial cinemas. I remember that we showed the 
Indian classic “Pather Panchali” by Satyajit Ray (1955), and the Cuban “Lucia” by 
Humberto Solás (1968). In 1972, the club was transformed into a movie cooperative 
called “Filmcoopi” featuring political and documentary movies. Today it still exists 
and it is one of the big Swiss distributors (and occasionally co-producer) of art-house 
movies. 

The ZMZ was known for its subversive and avantguardish tendencies already 
before I joined its editorial board. In 1964 it published a list of doctors who were 
willing to prescribe the anti-baby-pill when it still was considered immoral and 
illegal. At that time the driving force behind ZMZ were G. Kohler, later professor 
of philosophy at the University of Zurich, and J.-P. Hoby, later a long-term director 
of the cultural program (culture minister) of the City of Zurich. In 1966 I, as a 
representative of the rebellious generation, I was interviewed together with some 
friends by the leading weekly magazine “Sie+ER” about difficulties of growing 
up, [E16]. The “establishment” started to take notice of the new generation and 
its specific problems. 

I did have quite a bit of sympathy for various aspects of the anti-establishment 
activism of 1968. In 1968 I published two essays on the impact of language on equal 
chances in education, [E18, E19]. In the same year the international youth protest 
movement reached Switzerland. When in summer the Swiss parliament passed a 
constitutional amendment concerning the Swiss Federal Institute of Technology 
(ETH) uniting the Cantonal Institute of Technology of Lausanne (EPUL) with ETH, 
many thought of it as a missed chance for a more general university reform. I was 
among those who initiated a popular drive to bring this amendment to a popular vote 
(referendum). The establishment cried foul, the initiative is an abuse of democracy. 
In the end the students collected enough signatures to demand a Federal referendum. 
The vote was scheduled for the next year. 

When the Zurich police overreacted in dispersing demonstrations of the rebel-
lious youth in 1968 the mathematician and logician E. Specker and the sculptor 
H. Honegger53 published a manifesto, the “Zürcher Manifest” taking sides with 
demonstrators. The manifesto turned into a popular movement, the Zürcher Mani-
fest, where I was prominently active. The socialist newspaper “Volksrecht” started to 
give a voice to the protesters by printing a weekly supplement “Diskus”, the “Voice 
of action for Zurich’s youth”. I published two pamphlets in it, [E20, E21]. 

In 1969 I co-authored a long manifesto for the “Progressive Student Union 
(FSZ)” [E17], outlining FSZ’s view on necessary university reforms. Academic 
teaching and learning should be socially relevant. The power of the full professors 
should be curtailed and replaced by democratic procedures where students and

53 https://fr.wikipedia.org/wiki/Gottfried_Honegger. 
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lower academic staff would be represented paritetically. FSZ was a Marxist student 
organisation where I served as an intellectual advisor without ever being a formal 
member. 

As an editor of the ‘Zürcher Student I published three truly political items: One 
was related to political events in France. A. Krivine was the candidate of the Ligue 
Communiste revolutionaire (trotskyist) for the 1969 presidential elections in France. 
De Gaulle had resigned after loosing his constitutional referendum in May 1969. 
Krivine was one of the leaders of the May 1968 revolt in Paris. He was the last of 
the generation radicalised in the 1960s to serve on the political bureau of the LCR. 
I translated and published A. Krivine’s TV address in the Zürcher Student [E25]54 

The elections were finally won by G. Pompidou. 
In the weeks before the referendum about ETH I published, again in the Zürcher 

Student, the lead article [E24] and a long article explaining why it was mandatory 
to reject the proposed constitutional amendment in its current form. I wrote that 
Switzerland deserved a more serious university reform, [E23]. We, the students, 
won a big victory, the amendment was rejected by a large majority of the people 
and also of the cantons. However, the true reform we had in mind never happened. 
E. Engeler referred in his contribution in this volume to the events described above. 

In 1983 President Ronald Reagan launched his “Strategic Defense Initiative”. 
He proposed to build a missile defense system intended to protect the United 
States from attacks by ballistic nuclear missiles. Over the course of 10 years, the 
government spent up to $30 billion on developing the concept. Universities and 
research institutes were given generously research money for this purpose. However, 
the futuristic program remained just that–futuristic. It was formally scrapped by 
President Bill Clinton in 1993. In 1985 I published an article in the then still liberal 
Jerusalem Post criticizing this program, [E8]. David Parnas,55 a Canadian early 
pioneer of software engineering, was invited to Washington for a hearing about 
the feasibility of the Defense Initiative. He was very negative about it citing many 
publications in support of his view. He wrote in a letter to me in July 1985 that my 
article was among them. One of my conclusions I stated in [E8] is:  

Over-funded research is like heroin: It makes one addicted, 
weakens the mind and furthers prostitution. 

2.5.3 Society 

The “Kursbuch”56 is a German cultural magazine founded by Hans Magnus 
Enzensberger and Karl Markus Michel in 1965. It became one of the important 
voices of the extra-parliamentarian opposition of the 1968 student movement in

54 https://fr.wikipedia.org/wiki/Alain_Krivine. 
55 David Parnas, Software Aspects of Strategic Defense Systems, Preprint DCS-47-IR, Department 
of Computer Science, University of Victoria, B.C., Canada, July 1985. 
56 https://de.wikipedia.org/wiki/Kursbuch_(Zeitschrift). 
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German-speaking countries. Besides political reflections it also contained important 
cultural contributions. For me its volume 8 from 1967 was a revelation: It dealt with 
New Math, Foundational studies and the theory of automata. I remained subscribed 
to it until well over volume 100. In 1984 its editors planned a volume with essays 
inspired by G. Orwells “1984”. I was invited to contribute, which resulted in [E6]. 
In it I sketched the possible future of a computerized society. In particular I said that 
it was not yet clear who would really benefit from the new technologies, the rulers 
or the ruled. 

Another contribution of mine is [E7], an essay about “elites”, distinguishing 
between the elites, meaning the privileged members of the ruling class, and the 
intellectual elite of outstanding people in science, humanities and the arts. I was, and 
I still am, worried about the populists declaring war on both without understanding 
the distinction. 

After living in Israel for several years, I noticed the trend of secular Jews 
embracing extreme forms of orthodox Judaism. It seemed like a drug of a kind. 
In 1985, as a reaction to this, I published an essay in the then leading Jewish weakly 
of Switzerland “Die Jüdische Rundschau” my reflections about this phenomenon, 
[E9]. Its title “Postzionism and the return to religious life in today’s Israel” may 
have been one of the first usages of the term “Postzionism”. In the article I describe 
how the spirit of secular liberal Zionism was in decline. Postzionism then could 
manifest itself in two ways: As radical Messianism or as non-Zionist Israeliness. 

2.5.4 konKursbuch Verlag Claudia Gehrke 

Ruedi Lüscher was one of my closest friends from the last years of the gymnasium 
time until his premature death at age 35 in 1983. We shared many common interests 
in literature and philosophy. Through him I got acquainted with K. Kraus, R. Musil 
and L. Wittgenstein. We were both involved in the 1968 activism and even published 
together, [E17, E20]. He wrote political essays and comments in leftist media and 
enrolled at university, first in Zurich, then in Frankfurt in order to study philosophy. 
In Frankfurt he hoped to study under T. Adorno and J. Habermas, but Adorno died 
shortly after Ruedi arrived there. Later in Heidelberg he studied under E. Tugendhat. 
His big project was his study of Fordism and his analysis of fordistic society. 
Fordism, for him, was a special kind of consumerism, where the working class 
was given a new role in capitalism as consumers who keep the capitalist machine 
running. It was to be his PhD thesis, but his perfectionism did not allow him to finish 
it on time. When he died he left an almost finished manuscript. 

Ruedi published in scientific and political periodicals. One of them was the 
newly established “KonKursbuch” published by Claudia Gehrke’s small and 
newly founded publishing house. “KonKursbuch”is a pun consisting of “Konkurs” 
(bankruptcy) and “Kursbuch” (timetable of all the state-owned rail system). It was 
meant as a counterpart to the aforementioned “Kursbuch”. After Ruedi’s death 
I gathered a group of his friends in order to handle Ruedi’s estate. We decided 
to edit and publish his manuscript on Fordism and finance its publication with
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Claudia Gehrke’s publishing house. Her editorial credo was to publish philosophy 
and literature and the series “KonKursbuch”. Her other line consisted in publishing 
erotica from a feminist (and later LGBTIQ) point of view. This line published erotic 
prose and a series “Das heimliche Auge” (The secret eye), with verbal and visual 
contributions touching upon various interpretations of erotics. 

After 4 years of collaboration with various of Ruedi’s friends, Claudia published 
Ruedi’s opus magnum as “Henry und die Krümelmonster” (Henry and the cookie 
monsters”57 ) [E10]. I served as the coordinating editor and contributed an editorial 
note and Ruedi’s short biography. 

Glaudia Gehrke and I became lifelong friends, see also her contribution in this 
volume. She also seduced me to contribute to both of her series “KonKursbuch” and 
“Das heimliche Auge”. I gladly agreed and published irregularly, [L1, L2, L3, L4, 
L5 ,L6, L7]. It kept my dream to write literary prose alive. 

2.5.5 Mathematicians as Novelists 

I was always fascinated by writers who were originally mathematicians or the like. 
Robert Musil and Hermann Broch are my prime examples, but also A. Solzhenitsyn 
comes to my mind. Others were attracted to mathematics and the exact sciences, 
P. Valéry and R. Queneau for example. Hermann Hesse was an intimate friend of 
the celebrated mathematician Hermann Weil, which may have influenced Hesse’s 
“Magister Ludi”. As I said in Sect. 1.3 I still hope to complete my many drafts and 
sketches of prose and turn them into one or more novels. A few years ago I was 
asked to write a review of a book entitled “ Modernism, Fiction and Mathematics”. 
I did write the review [O13] and posted a longer version on arxiv. The book under 
review was a study of three modernist writers, Musil, Broch and Pynchon. I was not 
too excited about the book, but instead of expressing my disappointment I took the 
opportunity to write my own essay about the subject. 

For me Mathematics is a literary genre. I still plan to try my hand at other genres 
like writing one or more novels. Retirement from research mathematics, if at all 
possible, should give me a chance to do so. Who knows? 

3 List of Scientific Publications 

3.1 Edited Books and Lecture Notes 

1. J.A. Makowsky, Logic for Computer Science (Technion Course 234292), 92 
pp., reprinted and augmented annualy since 1988, last edition 1997

57 Cookie Monster is a Muppet character on the PBS/HBO children’s television show Sesame 
Street. He is best known for his voracious appetite. “Henry” is Henry Ford and the cookie monsters 
are the consumers. 
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Norms and Reason. Logic at the Crossroads J. van Benthem, A. Gupta and E. 
Pacuit eds. Synthese Library vol. 353 (2011), Springer, pp. 163–177. 

166. J.A. Makowsky and E.V. Ravve, BCNF via attribute splitting, In: Conceptual 
Modelling and Its Theoretical Foundations, Essays Dedicated to Bernhard 
Thalheim on the Occasion of His 60th Birthday, A. Duesterhoeft, M. Klettke, 
K.-D. Schewe, eds. LNCS 7260 (2012), pages 73–84. 

167. T. Kotek, J.A. Makowsky and E.V. Ravve, A computational framework for 
the study of partition functions and graph polynomials, In: Proceedings of the 
12th Asian Logic Conference, R. Downey, J. Brendle, R. Goldblatt and B. 
Kim eds., World Scientific (2013), pp. 210–230.
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168. E. Fischer, T. Kotek and J.A. Makowsky, Application of Logic to Com-
binatorial Sequences and Their Recurrence Relations, in: Contemporary 
Mathematics, vol 558, American Mathematical Society (2011). pp. 1.42. 

169. T. Kotek, J.A. Makowsky and B. Zilber, On Counting Generalized Colorings, 
in: Contemporary Mathematics, vol 558, American Mathematical Society 
(2011). pp. 207–242. 

170. J.A. Makowsky and N. Labai, Logics of Finite Hankel Rank. In: Fields of 
Logic and Computation II (pp. 237–252). Springer International Publishing, 
2015. 

171. J.A. Makowsky, To Yuri at 80 and More than 40 Years of Friendship. In: Fields 
of Logic and Computation III, (2020) Lecture Notes in Computer Science 
book series (LNPSE,volume 12180) 

172. J.A. Makowsky, Scholar articles Some Thoughts on Computational Models: 
From Massive Human Computing to Abstract State Machines, and Beyond. 
In: Logic, Computation and Rigorous Methods: Essays in honour of E. Börger, 
pp 173–186 Lecture Notes in Computer Science book series (LNPSE,volume 
12750) (2021) 

173. T. Kotek and J. A. Makowsky. The exact complexity of the Tutte polynomial. 
In: Handbook of the Tutte Polynomial and Related Topics. (edt: J. Ellis-
Monaghan and I. Moffatt), Chapman and Hall/CRC, (2022). pp. 175–193. 

174. L. Beklemishev, A. Dmitrieva, and J. A. Makowsky. Axiomatizing Origami 
planes. In: Dick de Jongh on Intuitionistic and Provability Logics. Springer 
International Publishing, (2024) pp. 353–377. 

175. J. A. Makowsky. Meta-theorems for Graph Polynomials. In: 2023 MATRIX 
Annals. Editors: David R. Wood, Alison Etheridge, Nalini Joshi, Jan de Gier. 
MATRIX Book Series, Vol. 6, Springer, in print. 

3.5 Other Publications 

This list contains a selection of various professionally relevant publications. It does 
neither contain the items of the computing column of Finanz & Wirtschaft nor my 
literary essays. 

3.6 Reviews 

O1 J.A.Makowsky, Review of J.Ullman, Principles of Data Base Systems; 
D.Maier, The Theory of Relational Databases; A.Chandra and D.Harel, 
computable queries for Relational Data Bases. Journal of Symbolic Logic, 
vol. 51.4 (1987) pp. 1079–1084. 

O2 J.A. Makowsky, Review of J. Paradeans et. al., The Structure of the Relational 
Database Model, Journal of Symbolic Logic, Vol. 57.2 (1992) pp. 759–760.
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O3 J.A. Makowsky, Review of E.G. Manes, Predicate Transformer Semantics, 
SIGACT News, Winter 1993. 

O4 J.A. Makowsky, Review of H. Mannila and K.-J. Räihä, The design of rela-
tional databases, S. Abiteboul, R. Hull and V. Vianu, Foundations of databases, 
P. Kanellakis, Elements of relational database theory, Journal of Symbolic 
Logic, vol. 62.1 (1997) pp. 324–326. 

O5 J.A. Makowsky, Zen oder die Kunst eine Turing Maschine zu warten, Review 
of Oswald Wiener, Manuel Bonik und Robert Hoedicke, Eine Elementare 
Einfuerung in die Theorie der Turing–Maschinen, Puplished in Der Standard, 
Vienna, 31. Juli 1998 

3.7 Mathematics and Computing Related 

O6 J.A.Makowsky, Das Problem als Triebfeder der Mathematik, Hochschulblätter 
für den Fachbereich Mathematik-FU, No. 52 (Mai 78), Berlin, Seiten 10–17. 

O7 J.A.Makowsky, Logic Programming und die fünfte Computergeneration, 
Neue Zürcher Zeitung, Forschung und Technik Nr.250, 26.Oct.1983. 

O8 J.A.Makowsky, Die elektronische Brieftasche, Computer World Schweiz, 
No.3 (2.December 1985) pp. 10–11. (This is an article about a patent in 
cryptography submitted by S. Even, O. Goldreich and Y. Yacobi) 

O9 J.A.Makowsky, Computeranimation - High-Tech-Trickfilm oder Aufbruch 
in neue Visualisierungsmöglichkeiten, in: Simulation und Wirklichkeit, 
A.Schönberger ed., DuMont, Köln, 1988, pp. 149–155. 

O10 J.A.Makowsky, Mental Images and the Architecture of Concepts, in: The 
Universal Turing Machine: A Half-Century Survey, R.Herken ed., Oxford 
University Press, London 1988, pp. 453–466. Second edition: Springer 1995. 

O11 J.A. Makowsky, Contributions to “Finanz und Wirtschaft” 1988–1989. https:// 
janos.cs.technion.ac.il/PUB/PUBLISHED/makowsky/FuW/FuW.pdf 

O12 J.A. Makowsky, Computer Risks and Insurability of Software, 1990. reedited 
2009 https://janos.cs.technion.ac.il/PUB/PUBLISHED/makowsky/ZURICH. 
pdf 

O13 J.A. Makowsky, Modernisms, Fiction and Mathematics. Notices of the AMS, 
Vol. 67, Num. 10, November 2020, pp. 1589–1595. (extended version: arXiv 
preprint arXiv:1907.05787 (2019)). 

4 List of Other Writings 

4.1 Music 

E1 J.A.Makowsky, Musik aus Raum und Zahl, (Bemerkungen zur Musik Iannis 
Xenakis), Zürcher Student, No.46.2 (Mai 1968), Seite 21.
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E2 J.A.Makowsky, Musik ist nolens volens politisch (Interview mit H.W.Henze), 
Zürcher Student, No.47.3 (Juni 1969), Seiten 13–15. Abridged version reprinted 
in: Hans Werner Henze, Schriften und Gespräche, Deutscher Taschenbuchver-
lag, 1976. 

E3 J.Makowsky, Autoritaet und ein klares Konzept, Interview mit Gary Bertini 
(Dirigent), Musik und Theater, Nr. 10 (1981), Seiten 12–15. 

E4 J.A.Makowsky, Münchhausen’s Theorem und seine Bedeutung fur die Musik 
und Musikwissenschaft, in “Die Zeichen, Neue Aspekte der musikalischen 
Aesthetik II”, H.W.Henze ed. Frankfurt a.M. 1981, pp 278–307 

E5 J.Makowsky, Arbeitsstile, Besprechung von Hans Werner Henze’s “Die englis-
che Katze”, Musik und Theater, Nr10 (1983), Seiten 18–19. 

4.2 Society and Politics After 1980 

E6 J.A.Makowsky, 1984: Brave new work, in “Kursbuch 75: Computer Kultur”, 
J.A.Makowsky, K.M.Michel et al. ed., Kursbuch Verlag Berlin 1984 (March), 
pp.119–143. 

E7 J.A.Makowsky, Angst vor der Elite, in “Kursbuch 80: Begabung und 
Erziehung”, K.M.Michel and T.Spengler ed., Kursbuch Verlag Berlin 1985 
(May), pp.151–156. (Reprinted in Bulletin, Mitteilungen des Schweizerischen 
Bühnenverbandes, 8 (1985).) 

E8 J.A.Makowsky, Blind rush for the new gold, The Jerusalem Post, Friday, April 
19, 1985, page 9. (This is an article about software problems related to the Star 
War project of the Reagan administration) 

E9 J.A.Makowsky, Postzionismus und religiöse Rückkehr im Israel von heute, 
Jüdische Rundschau (Maccabi), Nr.38 (19.Sept. 1985), pp.23–25. 

E10 R.M. Lüscher, Henry und die Krümelmonster: Versuch über den fordistis-
chen Sozialcharakter, edited by J.A.Makowsky, konKursbuch Verlag Claudia 
Gehrke, Tübingen,1988. 

4.3 Gymnasium and University 1964–1969 

E11 J.A.Makowsky (Janos Makowsky), Zu Dimitri Schostakovitsch und seiner 5. 
Sinfonie, Zürcher Mittelschulzeitung, No.15 (1963), ohne Seitenangabe. 

E12 J.A.Makowsky (Janos Makowsky), Zur Auffüehrung von Girodoux’ Elektra, 
Zürcher Mittelschulzeitung, No.20 (Dezember 1964), Seiten 14–16. 

E13 J.A.Makowsky (jm), Höllisches Halblicht.... (Bemerkungen zu Samuel Beck-
ett), Zürcher Mittelschulzeitung, No.21 (Maerz 1965) , Seiten 20–23. 

E14 S.Beyeler, R.Gurny, J.A.Makowsky und W.Sauber (anonym), In der Sache 
Dr.J.Egli, Zürcher Mittelschulzeitung, No.23 (Dezember 1965) , Seiten 5–9.
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E15 Janos Makowsky und Hanspeter Zürcher, Minimalismus als Folge eines Ver-
sagens der Lehrer und Erzieher, Zürcher Mittelschulzeitung, No.23 (Dezember 
1965) , Seiten 24–25. 

E16 SIE + ER Jugendforum, J.Ed.Morf (Chefredaktor), R.Bosshard (Soziologie), 
Ruth Gantner, Brigitte Stettbacher, Janos Makowsky, Willi Wottreng u.a., Das 
Abenteuer, erwachsen zu werden, SIE + ER 1966 

E17 Autorenkollektiv der FSZ (Th.Held, R.M.Luescher, J.A.Makowsky, J.B. Nei-
dhart, B. Niebuhr), FSZ Thesen zur Hochschulreform, Fortschrittliche Studen-
tenschaft Zurich, Zurich 1969, 12p. 

E18 J.A.Makowsky, Sprachstruktur und Unterricht, Zürcher Student, No.46.4 (Juli 
1968), Seite 17. 

E19 Johann Balthasar Neidhart und Johann-Andreas Makowsky, Intelligenz und 
Chancengleichheit, Volksrecht, No. 202, 29.August 1968, Beilage Kultur-
spiegel (auch im Winterthurer AZ). 

E20 J.A.Makowsky (johann-andreas makowsky) und R.M.Luescher (jeanluc 
schwejger), Zürcher Manifest, Diskus (Aktionszeitung der Zürcher Jugend), 
No. 2, (12. September 1968), Seite 2. 

E21 Joh.Andreas Makowsky, Scharf beobachtete Züge, Diskus (Aktionszeitung der 
Zürcher Jugend), No. 13, (12. Dezember 1968), Seite 1. 

E22 J.A.Makowsky (JAM), Der andere Film, Zürcher Student, No.47.1 (Mai 
1969), Seite 17. 

E23 J.A.Makowsky (JAM), Links gehen, Gefahr sehen (Mitbestimmung und 
Transparenz, Zürcher Student, No.47.1 (Mai 1969), Seite 1–2. 

E24 J.A.Makowsky (JAM), Lieber Leser, Züercher Student, No.47.2 (Mai 1969), 
Seite 1. 

E25 J.A.Makowsky (jam), Alain Krivine, ein Student als Praesidentschaftskanditat, 
(Uebersetzung der Fernsehansprache Krivines) Zürcher Student, No.47.3 (Juni 
1969), Seite 7. 

E26 R.M.Lüscher und J.A.Makowsky, Archipel “Freie Welt”, Focus No.53 (1974), 
Seiten 8–12. 

4.4 Literary Miniatures 

L1 J. Makowsky. Leckerbissen. Mein heimliches Auge III, 1988, pp. 182–184 
L2 J. Makowsky. Bambi’s Geheimnis. Mein heimliches Auge XXVII, 2012, 

pp. 202–203. 
L3 J. Makowsky. Nasse Betten. Mein heimliches Auge XXXIII, 2018, pp. 76–79. 
L4 J. Makowsky. Ums Haar sind wir noch davon gekommen. KonKursbuch 36, 

1999, pp. 181–189. 
L5 J. Makowsky. Ich packe meine Bibliothek aus. KonKursbuch 55, 2018, pp. 289– 

302. (Third expanded edition, 2019, pp. 315–318).
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L6 J. Makowsky. Die Kunst in Würde und Gelassenheit zu sterben. KonKursbuch 
56, 2020, pp. 329–335. (Second expanded edition, 2021. pp. 333–339.) 

L7 J. Makowsky. Mut zur Musse. KonKursbuch 58, 2023, pp. 392–394. 
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Some Personal Remarks About Johann 
A. Makowsky 

Ilia Averbouch 

Dedicated to my scientific supervisor, my mentor, my friend. 

About half a year ago I was visiting my parents in Israel. It was a short and busy 
visit, and I decided not to go anywhere else, just stay with them. And yet, there were 
just a few people whom I was eager to see. János was among them, and I hoped he 
would be home as I wanted so much to see him. I believe there are people having the 
ability to change other people’s lives. And I am convinced that when I met János, 
my entire life got the direction that I wanted it to have. 

Actually, I first met him back in 1997 when as an undergraduate I attended his 
course of logic for computer science. I did not know then that I would continue my 
studies for higher degrees and that he would be my thesis supervisor. 

I did enjoy the course though. It felt different from what I was used to at the the 
Technion. It was an astonishing discovery for me: the entire course was presented 
as one big theorem, from the beginning to the end. Maybe this is the reason that 
this course had such a powerful impression on me, so each time I need to teach 
somebody, I am hopelessly trying to make it Makowsky style . . .. 

Six years later, when I started to think about the Master’s degree, one of my 
friends told me, “Go to János - he is fighting for his students like a lion”. Then, I 
just followed this advice. Now, when I have learned a lot about the academic world 
and met many other graduate students and supervisors, I cannot overestimate the 
importance of this statement. 

First and foremost, during all my studies János always made me feel unique, 
talented and valued. When a journal did not accept my paper, I really enjoyed the 
elegance of his communication with the editors, explaining to them why criticism 
was not justified, making them accept his arguments and even apologizing. After 
this the paper was successfully published in another journal. 

I. Averbouch (�) 
Qualcomm Canada ULC, Markham, ON, Canada 
e-mail: iaverbou@qti.qualcomm.com 
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When János had a slight impression that I was undervalued by my employer, he 
went directly to the head of IBM Haifa to express his disappointment. 

When I finished my doctorate, I continued to feel my supervisor’s interest in what 
was going on in my life and career; equally, does he follow events in the lives of his 
other students. And I must admit that like many years ago it makes me feel unique, 
talented and valued. 

Last but not least, I was always overwhelmed by the amount and diversity of 
János’ knowledge, be it maths or arts, sports or theater, economics or politics, or 
life in general. I am proud to tell my kids that I personally know a mathematician, 
a musician, an inspiring startup founder, a professional ski instructor, an art expert, 
a theater director, and many others–and all those are combined in the same person -
my Teacher. I regard this as my personal achievement. 

But the main thing for me is that János’ house is always open for me, and I know 
that he is always behind us, his students, with all his spiritual power and wisdom. 

I wish you, János, many healthy years, joy, and new achievements in the 
numerous areas of your interests! 

Sincerely yours, 
Ilia Averbouch



The Swiss Connection 

Erwin Engeler 

Johann (János) Makowsky was one of the last logic students at the ETH Zurich, 
who had the privilege of interacting with Paul Bernays, the mathematician who was 
the main collaborator in Hilbert’s Program in the Foundations of Mathematics at 
Göttingen. After 1933 Bernays was fortunately able to move to Switzerland, and 
here he continued to be the untiring and conscientious correspondent of virtually 
all active logicians, including Gödel and Turing. In that he was comparable to 
Alonzo Church, who had assumed a similar role in Princeton (soon after he visited 
Hilbert’s School in 1929). Bernays did not start a veritable School in Zurich, only 
the Monday Logic Seminar, which became a center of attraction to the surviving 
logic in Europe. Thus, János came to the right place, which by that time, in the 
1960’s, was importantly joined by Ernst Specker and Hans Läuchli who became 
his doctoral advisors. By 1972 the seminar enlarged to include theoretical computer 
science with Volker Strassen and the present author, (a former student of Bernays). 
János flourished in this environment. 

I had met János before I came to Zurich; he was introduced to me by Beno 
Eckmann when I visited his Mathematical Research Institute at the ETH. He knew 
that young man as a member of the Zurich Jewish Community and as a student 
in his courses. He cautioned me against being misled by his political activism and 
his well-developed mathematical self-confidence. I found him sympathetic on first 
sight. By the time I was established in Zurich, János had finished his Dr. Sc.Math. 
He had also acquired a thorough political education through his active participation 
in the youth-upheavals of the 1968’s. 

The students at the ETH had their own target in the struggle: The Swiss 
parliament had quietly renewed the law governing this Technical University to 
include a new sister institution at Lausanne, without perceiving the signs of the time. 

E. Engeler (�) 
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e-mail: engeler@math.ethz.ch 
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This called forth so far unheard-of demonstrations, strikes and building occupations. 
János was one of the activists and participated in the very Swiss style of resolution 
of this political problem. He was one of the initiators suggesting that the students 
should collect citizens’ signatures in order to force a referendum against the law. The 
Swiss people voted the law down by a satisfying and influential result of 65.5%. 
János told me later that that experience was formative for his future style when 
embarking on one of his activisms 

Yes, all this was more than 50 years ago, and this account should now move to 
our relations and scientific exchanges of the ensuing decades. Much of this is more 
competently told by other contributors, the friends János made connection with 
throughout his academic career, his numerous academic visits around the globe. 
Zurich remained his base; his mother lived here, and he remained close to the circle 
of my students on many happy gatherings, in particular at my birthday symposia, 
marking my 60th, 70th, 80th and 90th.



From a Friend and Publisher 

Claudia Gehrke 

Janos Makowsky has accompanied my publishing house and me from afar for over 
40 years. 

It all began with his close friend, Rudolf M. Lüscher. Rudolf M. Lüscher 
(1948–1983), a Swiss author and philosopher who incorporated everyday life into 
his academic texts in a surprising way fitting in well with our recently founded 
periodical KonKursbuch, which transcended genre boundaries. He had probably 
read its first issue and suggested a possible contribution for the second one shortly 
after the first issue was published. Back then, letters and contributions were still 
on paper, so these now historic documents can be found in folders. Unfortunately, 
I never printed out the subsequent e-mail exchanges with the authors and they 
gradually disappeared when hard disks broke or other computer mishaps occurred. 
We read Lüscher’s contribution with enthusiasm, despite many annotations, because 
these were pointed extensions or digressions from the text. His readers were gently 
drawn into an extremely complex way of looking at reality. Walter Benjamin, 
Ludwig Wittgenstein, and Karl Kraus had inspired Lüscher as I learned from a 
biographical note that Janos Makowsky would later write for Lüscher’s book. 

Rudolf M. Lüscher contributed to the second volume of Konkursbuch titled 
“Faces of Violence” in 1978. His contribution “Sabotage and Surrealism” already 
contained hints of the theme of his book, which we published 10 years later, and 
which dealt with the modern social character (“Krümelmonster”) in connection with 
work, or the organization of work in factories (“Fordism”). Rudi Lüscher also came 
to one of our first publishing house parties. Back then, in 1978 these events took 
place every 6 months, now about every 5 years, and Janos often attended them later. 
I still have a photo of breakfast with the guests in a garden in Tbingen. Rudi seemed 
to be on the sidelines and yet in the center of the group. I remember that he sat rather 
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quietly in the background, but when he said something, it brought the conversation 
forward in leaps and bounds. He died unexpectedly in 1983. Then a “Circle of 
Friends of Rudolf Lüscher” approached me to see if we would like to publish his 
bequeathed works. Among the friends, perhaps the driving force of the group was 
Janos. I got to know him personally during this period. I saw someone who went 
to extraordinary lengths for his friend to be read and appreciated; I saw someone 
whose friendship could be relied upon. He doesn’t disappear from the lives of his 
friends after a short guest appearance. He stays, supports and encourages when he 
can. 

Five years later, in 1988, after lengthy editorial work, Lüscher’s posthumous 
book “Henri und die Krümelmonster” was published. In the biographical note, 
Janos also wrote about Lüscher’s private library, which the circle of friends had 
bought from his mother in order to donate it to the Schweizerisches Sozialarchiv.1 

Lüscher and his friends shared a passion for books. Book collections tell the history 
of people, and not only intellectual history. 

In the subsequent years Janos contributed on various topics to the Konkursbuch 
and also to the erotic yearbook “Mein heimliches Auge”. In 2018 he published 
a wonderful autobiographical text about his own library (see Konkursbuch 55: 
über Bücher”’, 2018). Through books, he recounted contemporary history and 
much of his own biography. There were only a few books from his mother’s 
and grandparents’ household, as they emigrated from Hungary to Switzerland in 
1949, just a year after Janos’ birth, and were unable to take many books with 
them. Other books came from the family of his mother’s new husband, who was 
a former communist, for example letters by Rosa Luxemburg. As a ten-year-old, 
Janos enthusiastically read Stefan Zweig’s “Schachnovelle” from the home library; 
as a high school student, he saved money from jobs such as delivering newspapers 
or working in construction during the fall vacations to buy books, such as seven 
volumes of Pierre Moland’s twelve-volume Molière Complete Edition in Paris, and 
for his high school graduation, his biological father gave him a gift of six volumes of 
N. Bourbaki’s Mathematics on his request. In 1990, the books by Masha, Maria N. 
Yelenevskaya (his life partner since this time) were added, “brought from the Soviet 
Union with her stories of preservation and hiding”. In Konkursbuch 56: “Death” 
(2020), Janos’ other biographical text followed, reflecting on stories of deaths: the 
dignity of his mother’s death and death as defeat of his stepfather, the passing away 
of his grandmother Rose (Rozsi) and of grandma’s friend Aunt Luise. But there is 
a lot of life in these stories too. Left alone with his mother, the eleven-year old was 
trying to restore the household that had vanished by learning to cook talking on the 
phone to aunt Luise and consulting grandma’s cookbooks. There is also an intense 
text by Masha in the Konkursbuch edition on the subject of “death”. And finally, the 
“Courage for leisure” in Konkursbuch 58: “Work” (2023). Biography, contemporary 
history and philosophy are wonderfully intertwined in the texts Janos wrote for us.

1 The Sozialarchiv was founded in 1906 as a library, archive and documentation center of social 
movements, social change and social questions. 
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We have been seeing each other at irregular intervals for decades, sometimes 
it didn’t work out for years, sometimes together with Masha he showed up in 
our garden in Tübingen-Hagelloch at short notice. He would also come to our 
publishing house parties, most recently to the 40th birthday event in 2018 and to 
my own seventieth in 2023. This beautiful connection, which began with Lüscher, 
has accompanied me my whole life, that’s how I feel. 

In 1989, my mother, my sister and I visited Janos and his two sons Yuval and 
Amichai in Tel Aviv with my niece Sarah, who was 5 years old at the time. He 
was already living in Haifa at the time. Janos kindly let us use his apartment in Tel 
Aviv as the starting point for our journey through Israel and beyond, to the Dead 
Sea and the Red Sea, a journey by car that took us through areas that have been 
unfortunately impossible to travel through for a long time. I can still see (and there 
are photos) Sarah and the two slightly older brothers romping around the apartment 
or having fun in the water on the beach in Tel Aviv. And I also remember this: Janos 
showed us the possibilities of computers—there was none in the publishing house at 
the time. Thanks to this “introduction to the digital world” I started thinking about 
the possibility of buying a PC for the publishing house. But it wasn’t until around 
1992 or 1993 that the time had come. 

Janos studied mathematics, physics and logic, as well as philosophy, sociology 
and psychology. Until his retirement, he had been Professor of Computer Science 
at the Technion in Haifa. In addition to German studies and philosophy, I had 
also studied mathematics and taught as a hospital teacher in the early days of the 
publishing house. I was able to experience the wonderful “click experiences”, i.e., 
the moment of understanding something anew together with the pupils, because I 
had to explain everything to myself again and again. Due to the intensity of the 
publishing work, which took up almost all my thinking, I gradually forgot what I 
had learned in my math studies. So my passion for mathematics was, if at all, only 
present as a “thought structure” and no longer connected to concrete knowledge. 
I think we rarely talked about mathematics with Janos; perhaps once about parallels 
that meet at infinity. 

With that in mind, I wish myself many more encounters in infinity, whether short 
or long. I am sure that my friendship with this wonderful person will last:- Thank 
you for everything.



From Graph Polynomials to the Software 
Industry: Lessons from Janos 

Tomer Kotek 

Between 2007 and 2012 I was Janos’ PhD student, and we continued to collaborate 
after that. Janos taught me how to do scientific research and how to do mathematics, 
how to ask the right questions and how to answer them. He exposed me to a rich 
mathematical theory investigating the intricate world of graph polynomials, which 
has been my most consistent line of research throughout my academic career. Later, 
I left academic research and embarked on a career in the computing industry, but I 
have taken the lessons I learned from Janos with me. 

1 Logical Thinking 

Janos’ courses taught me how to reason about mathematics in a rigorous way. 
Until then I had surprisingly managed to be fairly successful in my mathematics 
courses without really understanding the concept of a mathematical proof. Writing 
a proof had been, for me, an amorphous process of writing my realizations about 
the problem as they popped into my head. In Janos’ courses I learned how to write 
a proof as a sequence of inferences in which each conclusion follows logically 
from its premise. Over time, my way of thinking has become more similar to a 
mathematical proof - it is more structured, logical, and coherent. I have found this to 
be a significant advantage in industry, where it has helped me to explain and promote 
my ideas, convince stakeholders, direct discussions, influence priorities, and so on. 
It has also helped me to analyze, understand, and evaluate other people’s suggestions 
and plans, and not be swayed by unconvincing arguments of charismatic speakers. It 
has helped me to construct high-level plans, make them detailed, and execute them. 
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2 Taking Feedback 

During our joint work, we received many reviews of our papers. Obviously, the 
easiest reviews to handle were the positive ones. Sometimes we received negative 
reviews. It can also happen that reviews are written hastily, or that the reviewer 
didn’t seem to understand our paper. Janos taught me to always appreciate the 
reviewer’s effort, and never to dismiss a reviewer’s comment, however unjustified 
or wrong it may seem. Ultimately, a reader may share our thoughts, so even in case 
the reviewer misunderstood the paper it only means that our explanation should be 
improved. I try to apply this approach to any criticism or feedback that I get now. 
I try to open my mind to the criticism, and even if I disagree, I try to find what I 
can do to improve the situation, if only to communicate my actions and intentions 
better. 

3 Weaving a Narrative 

In my opinion, one of the hallmarks of Janos’ research is that it very naturally 
connects seemingly unrelated topics and transforms them into one coherent research 
program. Our work on graph polynomials derived objects of study from chemistry, 
physics, knot theory, graph theory, combinatorics, number theory, algebra, and 
computability. We studied them from different angles, in terms of their computa-
tional complexity, their algorithmic properties, their combinatorial properties, their 
algebraic properties, their descriptive properties, and their logical descriptions. We 
introduced our ideas to researchers in a wide variety of scientific communities, 
and published in their journals. I have learned from Janos how to take seemingly 
unconnected ideas, and weave them together into a wide, encompassing tapestry 
with one theme. I often find that working in industry can be a bit like that. One has 
to create and execute an overarching plan balancing writing code, developing IT 
infrastructure, and conducting research. It also requires doing project management, 
meeting customer demands, managing teams, adhering to the company’s culture, 
overcoming financial constraints, observing market trends, and more. These numer-
ous and multifaceted details, and these various groups of people with different 
expertise and often disparate perspectives must all fit together into a story that the 
organization tells, so that everyone can understand the goals of the organization, and 
their own roles in advancing them. 

4 Giving Credit 

I have learned from Janos to give credit generously. He taught me that ideas can take 
time to bake before they are ready to emerge from the oven, and by then we may
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forget conversations we had, seminar talks we listened to, and papers we read. I have 
seen how Janos goes out of his way to give credit to the sources of his inspiration. 
Now I try to go out of my way to give credit for other people’s ideas, suggestions, 
and work. It is particularly important for me to give credit to the people who I 
manage, so that they know I notice and appreciate their work, and so that other 
stakeholders in our organization are also aware of it. 

There are many other lessons that I learned from Janos: trust and promote your 
people, collaborate to form relationships, keep promises, stay positive, and have the 
courage to take a stand. These lessons guided me when I was in academia, but they 
guide me even more today. 

Acknowledgments I would like to thank Hadas Kotek for comments and editing, and to Maria 
Yelenevskaya for adding the finishing touches.



Emancipatory Aspects of Learning 
and Teaching Mathematics 

Johann A. Makowsky 

Abstract Mathematics can also be viewed as meditative activity. Like the martial 
arts, it provides us both with a technique to face the world and to face ourselves. 

1 Preamble 

The following is a text I wrote for my aspiring graduate students some 30 years ago. 
It also served as the bases of a talk I wanted to give at one of the conferences of 
the Palestinian Mathematical Society in 1997 or 1980. The Society was founded 
by Professor Marwan Awartani in 1992. In the late 1990ies Israeli mathematicians 
were invited to participate and my talk was accepted. However, by orders of Yassir 
Arafat personally, Israeli participation was thwarted. Following the Second Intifada 
in 2000, the Society’s activity was halted due to the security situation. Since then the 
dialogue between Israeli and Palestinian Scientists became more and more difficult. 
The text I wrote, however, did not loose its actuality, on the contrary. 

2 A Manifesto 

Mathematics, like the martial arts, provides us both with a technique to face the 
world and to face ourselves. I will explore a view of mathematics which has its 
testified origins in Greek philosophy, Roman engineering and Arabic science. It is 
the basis of the Renaissance views of man, of the ethos of the autonomous individual 
and the underlying assumption of secularism. Here are some of its major points 
which should play a vital role when we ask ourselves why, among other reasons, we 
teach mathematics. 
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• Mathematics deals with a controlled virtual reality, a landscape of mental 
images. Virtual, because we create it unless we are die–hard platonists, and 
controlled, because once we look at it, it does not change.

• The mathematical challenge is to explore this landscape, to map it out and to 
conquer it for exploitation (applications). We are allowed and encouraged to use 
landmarks of our predecessors, but we pride ourselves on being able to remap 
and reconquer this landscape using our own capacities and ingenuity if needed.

• The personal challenge of a mathematician is to control his/her hopes, feelings, 
weaknesses and fears in the face of the mathematical terra incognita. We want to 
know what it looks like there, and from there further on with the only goal to see.

• Each mathematical victory consists also in a victory over one’s weaknesses. We 
reach a point on our own and the sole reward is to be there and to be able to 
generously and humbly share our view with our fellow travellers.

• Competitiveness among mathematicians tries to turn the other’s weakness into 
our own strength. It makes us mean, petty and greedy. We should always 
remember to serve Mathematics humbly rather than use Her for our own 
purposes.

• Even in teaching mathematics we can at least attempt to teach the students the 
flavour of freedom and critical thought, and to get them used to the idea of being 
treated as humans empowered with the ability of understanding. 

From: Roger Godement, Cours d’Algèbre, Hermann, Paris 1966.



Epsilon Calculus Provides Shorter 
Cut-Free Proofs 

Matthias Baaz and Anela Lolić 

Abstract In this paper we show that cut-free derivations in the epsilon format of 
sequent calculus provide for a non-elementary speed-up w.r.t. cut-free proofs in 
usual sequent calculi in first-order language. In addition, a non-elementary speed-up 
is shown w.r.t. cut-free proofs in calculi with relaxed eigenvariable conditions which 
proved a speed-up themselves w.r.t. LK.. 

1 Introduction 

Epsilon calculus gives the impression to provide shorter proofs than other proof 
mechanisms. To make this claim precise, we compare in this paper an epsilon 
calculus variant of LK. with LK. and related calculi. The main property of epsilon 
calculus used is its ability to overbind bound variables. Furthermore, we show that 
cut-elimination for this epsilon calculus variant of LK. along the lines of Gentzen 
or Schütte and Tait (i.e. induction after the complexity of the cut formulas) is not 
possible. 

2 Epsilon Calculus 

The ε .-calculus uses ε .-terms to represent ∃xA(x). by A(εxA(x)).. Consequently, 
∀xA(x). is represented by A(εx¬A(x)).. As the  ε .-calculus is only based on the 
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representation by critical formulas 

. A(t) → A(εxA(x))

for A(t) → ∃xA(x). and propositional axioms and rules, the unrestricted deduction 
theorem of propositional calculus transfers to this formalization of first-order logic: 
The ε .-proof itself is a tautology 

. (

n∧

i=1

Ai(ti) → Ai(εxAi(x))) → E,

where E is the original result translated into ε .-calculus. Note that strong quantifier 
inferences are replaced by substitutions of εx¬A(x). for ∀xA(x).positive and εxA(x). 

for ∃xA(x). negative. (Valid propositional formulas do not influence an ε .-proof.) 
The extended first ε .-theorem [8, 9] eliminates algorithmically the critical formulas 
obtaining a Herbrand disjunction

∨m
i=1 E(ti)., where E is the ε .-translation of 

∃xE′(x)., E′
. being quantifier-free. The argument can be easily extended to formulas 

E′
. which contain only weak quantifiers. 
The language of epsilon calculus is based on the term language of epsilon 

expressions and other function symbols and on propositional language otherwise. 

3 Lε ., LK., and Related Sequent Calculi 

To compare cut-free derivations we consider a sequent calculus format of the epsilon 
calculus. 

Definition 1 ( Lε .) (In the language of epsilon calculus) 
Axiom schema: A � A., A atomic. 
The inference rules a re:

• for conjunction 
A,B,� � �. ∧l . 
A ∧ B,� � �. 

�1 � �1, A. �2 � �2, B . ∧r . 
�1, �2 � �1,�2, A ∧ B . 

• for disjunction 
A,�1 � �1 . B,�2 � �2 . ∨l . 

A ∨ B,�1, �2 � �1,�2 . 

� � �,A,B . ∨r . 
� � �,A ∨ B . 

• for implication 
�1 � �1, A. B,�2 � �2 . →l . 
A → B,�1, �2 � �1,�2 . 

A,� � �,B . →r . 
� � �,A → B . 

• for negation 
� � �,A. ¬l . ¬A,� � �. 

A,� � �. ¬r . 
� � �,¬A.
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• weakening 
� � �. wl . 

A,� � �. 

� � �. wr . 
� � �,A. 

• contraction 
A,A,� � �. 

cl . 
A,� � �. 

� � �,A,A. 
cr . 

� � �,A. 
• cut 

�1 � �1, A. A,�2 � �2 . 
cut 

�1, �2 � �1,�2 . 
• quantifier inferences: 

the weak quantifier inferences ∃r . 

� � �,A(t). ∃r . 
� � �,A(εxA(x)). 

and ∀l . 

A(t),� � �. ∀l . 
A(εx¬A(x)),� � �. 

the strong quantifier inferences are redundant by substitution. 

Example 1 Note that the ∀l .-rule can be defined symmetrically using an epsilon 
term τxA(x). to represent ∀xA(x). by A(τxA(x)).. In the formulation above, ∀l . 

introduces epsilon terms containing negation. 

.... 

A(t) ∨ B(t) � A(t) ∨ B(t). 

A(εx¬(A(x) ∨ B(x))) ∨ B(εx¬(A(x) ∨ B(x))) � A(t) ∨ B(t). 

We have to define first a translation of an expression in first-order language to an 
expression in epsilon calculus language. 

Definition 2 Let A be a formula. Its epsilon translation is denoted as [A]ε . and 
inductively defined as 

• A is an atom. Then [A]ε = A.. 
• A = B ◦ C ., where ◦ ∈ {∧,∨,→}. and B and C formulas. Then [A]ε = [B]ε ◦

[C]ε .. 
• A = ∃xA′(x ).. Then [A]ε = [A′(εxA

′(x))]ε .. 
• A = ∀xA′(x ).. Then [A]ε = [A′(εx¬A′(x))]ε .. 
[A]∀∃

. is a translation from epsilon calculus language to first-order language when 
A = [B]ε . for some expression B, and undefined otherwise. 

Example 2 Note that [A]∀∃
. for an epsilon calculus expression A does not always 

exist: Consider for example the axiom [∀x.x = x]ε = εx¬(x = x) = εx¬(x = x).. 
With help of the critical formula 

.εx¬(x = x) = εx¬(x = x) → εv(v = εx¬(x = x)) = εx¬x = x
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we obtain 

. εv(v = εx¬x = x) = εx¬x = x

which has no meaning in first-order logic. 

Definition 3 An epsilon term εxA(x). overbinds if it is generated by the following 
inferences 

� � �,A(s(εxB), t (εxB)). 

� � �,A(εxA(x, t (εxB)). 

A(s(εxB), t (εxB)),� � �. 

A(εx¬A(x, t (εxB)),� � �. 

Proposition 1 Every LK.-derivation possibly with cuts can be translated into an 
Lε .-derivation of equal or smaller size. The translation proves the ε .-translation of 
the end-sequent, it is structure-preserving, and cut-free proofs turn into cut-free 
proofs. 

Proof All inference steps are replaced by corresponding inference steps with 
exception of strong quantifier rules, which are replaced by substitution. 

Remark 1 Note that the usual form of epsilon proofs can be obtained by deleting 
the quantifier inferences of Lε ., and replacing them by 

(ψ ′). 
�′ � �′, A′(t). A′(εxA(x)) � A′(εxA(x)). ∃r . 

A′(t) → A′(εxA(x)),�′ � �′
. 

and 

(ψ ′). 
A′(t),�′ � �′

. A′(εx¬A(x)) � A′(εx¬A(x)). ∀l . 
A′(εx¬A(x)) → A′(t),�′ � �′

. 

¬A′(t) → ¬A′(εx¬A(x)),�′ � �′
. 

Recall that a function on the natural numbers is elementary if it can be defined by a 
quantifier-free formula from +., ×., and the function x → 2x

.. By independent results 
of Statman [11] and of Orevkov [10], the sizes of the smallest cut-free LK-proofs 
of sequents of size n are not bounded by any elementary function on n. (Note that in 
Statman’s case equality can be axiomized. For a version of Statman’s result in LK. 

see [3].) 

Definition 4 (Size) The size of a formula is the number of symbols occurring in it. 
The size of a sequent is the sum of the sizes of the formula occurrences in it. The 
size of a derivation is the sum of the sizes of the sequents occurring in it.
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Example 3 A shortest cut-free LK.-derivation of ∃y(A(y) → ∀xA(x)). is 

A(a) � A(a). 
wr . 

A(a) � A(a),∀xA(x). →r . � A(a),A(a) → ∀xA(x). ∃r . � A(a), ∃y(A(y) → ∀xA(x)). ∀r . � ∀xA(x), ∃y(A(y) → ∀xA(x)). 
wl . 

A(b) � ∀xA(x), ∃y(A(y) → ∀xA(x)). →r . � A(b) → ∀xA(x), ∃y(A(y) → ∀xA(x)). ∃r . � ∃y(A(y) → ∀xA(x)), ∃y(A(y) → ∀xA(x)). 
cr . � ∃y(A(y) → ∀xA(x)). 

Its translation to Lε . is 

A(e) � A(e). 
wr . 

A(e) � A(e),A(e). →r . � A(e),A(e) → A(e). ∃r . � A(e),A(f ) → A(e). 
(∗) + wl . 

A(b) � A(e),A(f ) → A(e). →r . � A(b) → A(e),A(f ) → A(e). ∃r . � A(f ) → A(e),A(f ) → A(e). 
cr . � A(f ) → A(e) (= ∃y(A(y) → ∀xA(x))ε). 

where e ≡ εx¬A(x). and f ≡ εy(A(y) → A(εx¬A(x))).. 
(∗).: ∀r . has been replaced by the substitution of εx¬A(x). for a. 
The shortest cut-free derivation of � A(f ) → A(e). in Lε . is however 

A(e) � A(e). →r . � A(e) → A(e). ∃r . � A(f ) → A(e). 

Theorem 1 ([10, 11]) There is a specific family of sequents {Si}i<ω . described in 
[3] and due to Statman [11], and specific LK-proofs thereof, such that they have the 
following properties: 

1. the size of Si . is polynomial in i; 
2. there is no bound on the size of their smallest cut-free LK-proofs that is 

elementary in i; 
3. the size of these proofs (with cuts), however, is polynomially bounded in i. 

In the following we will consider the sequence of sequents {Si}i<ω . from Theorem 1 
above. 

Corollary 1 Each worst-case sequence as formulated in Theorem 1 generates a 
worst-case sequence, where the end-sequents contain weak quantifiers only. 

Proof Strong quantifiers in a cut-free LK. proof can be replaced by Skolem 
functions without lengthening the proof or introducing cuts [5]. The same holds 
for a LK.-proof with cuts, as long as the cuts are not Skolemized.
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Definition 5 The matrix AM
. of a first-order formula A is A, after deletion of all 

quantifiers and after replacement of bound variables by free va riables.

Example 4 [∃x(∀yA(x, y) ∨ B(x))]M = A(a, b) ∨ B(a).. 

Lemma 1 There is a specific family of sequents {Si}i<ω . such that they have the 
following properties: 

1. the size of Si . is polynomial in i; 
2. there is no bound on the size of their smallest cut-free LK-proofs that is 

elementary in i; 
3. the size of these proofs (with cuts), however, is polynomially bounded in i; 
4. they contain only weak quantifiers; 
5. on the left-side of the conclusion for every cut A, ∀x(AM → AM). is added. 

Proof For the proofs with cut the addition of ∀x(AM → AM). might lead to even 
shorter proofs, for the cut-free proofs the proofs may be double exponentially shorter 
if the newly added universal formulas are eliminated in the following way: In the 
moment where the corresponding implication left is inferred, replace this inference 
by a cut. In consequence, there is a proof with propositional cuts only, which can be 
eliminated in at most double exponential expense [12]. 

Theorem 2 There is a sequence of cut-free Lε .-proofs such that 

1. the size of Si . is polynomial in i; 
2. the end-sequents Si . are translations of first-order sequents S′

i . with weak quanti-
fiers only; 

3. the size of these proofs, however, is polynomially bounded in i; 
4. there is no bound on the size of the smallest cut-free LK-proofs of the translation 

of Si . to first-order language that is elementary in i. 

Proof We choose a sequence of LK.-proofs from the lemma above. We translate the 
proofs with cut into epsilon calculus (this does not lengthen the proof according to 
Proposition 1). In the Lε .-proof we replace all cuts on A by inferences of A → A. on 
the left side. Derive immediately [∀x(AM → AM)]ε .. Contract it with ∀x(AM →
AM). which is already in the end-sequent. 

Note that the extended first epsilon theorem [8] provides an upper bound for cut-

free Lε .-derivations of translations of first-order sequents in the rough size of 2
2..

. }
i
. 

for the i-th cut-free Lε .-derivation. 

4 LK+
. and LK++

. 

Another example of the speed-up of cut-free proofs as in Sect. 3 relates to the 
sequent calculi LK+

. and LK++
. introduced in [1]. They are obtained from LK. by 

weakening the eigenvariable conditions. The resulting calculi are therefore globally
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but possibly not locally sound. This means that all derived statements are true but 
that not every sub-derivation is meaningful. 

Note that there is already a non-elementary speed-up of cut-free proofs of LK+
., 

or LK++
. w.r.t. cut-free LK-proofs [1]. In contrast, the transformation of cut-free 

LK++
.-proofs into cut-free LK+

.-proofs is elementary bounded [6]. 

Definition 6 (Side Variable Relation <ϕ,LK ., cf. [1]) Let ϕ . be an LK.-derivation. 
We say b is a side variable of a in ϕ . (written a <ϕ,LK b.) if  ϕ . contains a strong 
quantifier inference of the form 

� � �,A(a, b, c). ∀r . 
� � �,∀xA(x, b, c). 

or of the form 

A(a, b, c), � � �. ∃l . ∃xA(x, b, c), � � �. 

We may omit the subscript ϕ, LK. in <ϕ,LK . if it is clear from the context. 

In addition to strong and weak quantifier inferences we define LK+
.-suitable 

quantifier inferences. 

Definition 7 (LK+
.-suitable Quantifier Inferences, cf. [1]) We say a quantifier 

inference is suitable for a proof ϕ . if either it is a weak quantifier inference, or the 
following three conditions are satisfied: 

• (substitutability) the eigenvariable does not appear in the conclusion of ϕ .. 
• (side variable condition) the relation <ϕ,LK . is acyclic. 
• (weak regularity) the eigenvariable of an inference is not the eigenvariable of 

another strong quantifier inference in ϕ .. 

Definition 8 (LK+
., cf. [1]) LK+

. is obtained from LK. by replacing the usual 
eigenvariable conditions by LK+

.-suitable ones. 

Similarly to LK+
., we define the calculus LK++

. by further weakening the eigen-
variable conditions 

Definition 9 (LK++
.-suitable Quantifier Inferences, cf. [1]) We say a quantifier 

inference is suitable for a proof ϕ . if either it is a weak quantifier inference, or it 
satisfies 

• substitutability, 
• the side variable condition, and 
• (very weak regularity) the eigenvariable of an inference with main formula A 

is different to the eigenvariable of an inference with main formula A′
. whenever 

A 
= A′
.. 

Definition 10 (LK++
., cf. [1]) LK++

. is obtained from LK. by replacing the usual 
eigenvariable conditions by LK++

.-suitable ones.
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Theorem 3 

1. If a sequent is LK+
.-derivable, then it is already LK.-derivable. 

2. If a sequent is LK++
.-derivable, then it is already LK.-derivable. 

Proof (Proof Sketch) Consider an LK++
.-proof ϕ . (an LK+

. proof is also an LK++
.-

proof). Replace every universal quantifier inference unsound w.r.t. LK. by an →l . 

inference: 

� � �,A(a). ∀xA(x) � ∀xA(x). →l . 
�,A(a) → ∀xA(x) � �,∀xA(x). 

Similarly, replace every existential quantifier inference unsound w.r.t. LK. by an →l . 

inference: 

∃xA(x) � ∃xA(x). A(a), � � �. →l . 
�, ∃xA(x), ∃xA(x) → A(a) � �. 

By doing this, we obtain a proof of the desired sequent, together with formulas of 
the form 

. A(a) → ∀xA(x) or ∃xA(x) → A(a)

on the left-hand side. Note that the resulting derivation does not contain any 
inference based on eigenvariable conditions. We can eliminate each of the additional 
formulas on the left-hand side by adding an existential quantifier inference and 
cutting with sequents of the form 

. � ∃y(A(y) → ∀xA(x))

or of the form 

. � ∃y(∃xA(x) → A(y)),

both of which are easily derivable. For more details see [1]. 

Example 5 Consider the following locally unsound but globally sound LK+
.-

derivation ϕ .: 

A(a) � A(a). ∀r . 
A(a) � ∀yA(y). →r . � A(a) → ∀yA(y). ∃r . � ∃x(A(x) → ∀yA(y)). 

As a is the only eigenvariable the side variable relation <ϕ,LK . is empty. 

The focus in [1] has been on the strongly reduced complexity of cut-free LK+
.- and 

LK++
.-proofs (Theorem 2.6. and Corollary 2.7.). 

Note that all three conditions of Definitions 7 and 9 are necessary.
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Example 6 If substitutability is violated, the following derivation is possible 

A(a) � A(a). ∀r . 
A(a) � ∀xA(x). 

If the side variable relation is not acyclic, the following derivation ϕ . is possible 
(with the side variable conditions a <ϕ,LK b. and b <ϕ,LK a ., which loop) 

A(a, b) � A(a, b). ∀r . 
A(a, b) � ∀yA(a, y). ∃r . 

A(a, b) � ∃x∀yA(x, y). ∃l . ∃xA(x, b) � ∃x∀yA(x, y). ∀l . ∀y∃xA(x, y) � ∃x∀yA(x, y). 

If weak regularity is violated, the following derivation is possible 

A(a) � A(a). ∀r . 
A(a) � ∀xA(x). ∃l . ∃yA(y) � ∀xA(x). 

Lemma 2 There is a specific family of sequents {Si}i<ω . with the following 
properties: 

1. the size of Si . is polynomial in i; 
2. there is no bound on the size of their smallest cut-free LK+

.-proofs (or LK++
.-

proofs) that is elementary in i; 
3. the size of these proofs (with cuts), however, is polynomially bounded in i; 
4. the end-sequents have only weak quantifiers; 
5. on the left-side of the conclusion for every cut A, ∀x(AM → AM). is added. 

Proof Note that Skolemization is not possible by direct substitution into strong 
quantifiers. However, Skolemization can be performed by adding additional cuts, 
which lengthen the proof linearly: 

� � �,A(a, t). 

� � �,∀xA(x, t). 

A(f (t), t) � A(f (t), t). 

∀xA(x, t) � A(f (t), t). 

� � �,A(f (t), t). 

and 

A(f (t), t) � A(f (t), t). 

A(f (t), t) � ∃xA(x, t). 

A(a, t),� � � . 

∃xA(x, t),� � � . 

A(f (t), t),� � � . 

Theorem 4 There is a sequence of cut-free Lε .-proofs such that 

1. the size of Si . is polynomial in i; 
2. the end-sequents Si . are translations of first-order sequents S′

i . with weak quanti-
fiers only; 

3. the size of these proofs, however, is polynomially bounded in i;
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4. there is no bound on the size of the smallest cut-free LK+
.- or  LK++

.-proofs of 
the translation of Si . to first-order language that is elementary in i. 

Proof We choose a sequence of LK+
.- or LK++

.- proofs according to Lemma 2. We  
translate the proofs with cut into epsilon calculus (this does not lengthen the proof 
according to Proposition 1). In the Lε .-proof we replace all cuts on A by inferences 
of A → A. on the left side. Derive immediately [∀x(AM → AM)]ε .. Contract it with 
the ∀x(AM → AM). which is already in the end-sequent. Note that cut-free LK+

.-
or LK++

.-proofs with end-sequents with weak quantifiers only are LK.-proofs. 

5 Problems with Syntactic Cut-Elimination for Lε . 

The problems of syntactic cut-elimination for Lε . are widely known [13]. The results 
of this paper show that syntactic cut-elimination in the sense of Gentzen or Schütte-
Tait is not possible as the induction after the complexity of the cut-formula fails. 

Note that Lε . is cut-free complete for end-sequents containing translations of 
first-order formulas only. This can be seen as follows: With additional cuts and 
without increasing the size much, the end-sequent can be transformed to an end-
sequent which contains the translation of Skolemized formulas only. The extended 
first epsilon theorem could be understood as providing Herbrand expansions.1 These 
Herbrand expansions are sequents in the language of LK.and have a cut-free proof in 
LK.. Reintroduce quantifiers and eliminate the Skolem functions using [7]. Finally, 
translate this cut-free derivation to Lε .. 

The constructions of this paper may be even refined by providing for every LK.-
proof an Lε .-proof of about the same size with one universal cut, no terms in the 
cut, and one universal quantifier only. Every LK.-derivation can be transformed 
into an LK.-derivation with prenex cuts without increasing the size much [4]. The 
prenex cuts can be transformed into prenex atomic cuts as in [2] by adding universal 
formulas defining the matrices by atomic expressions. (These universal formulas 
can be eliminated elementarily from cut-free proofs.) Then replace every atom P(t). 

by T (p(t)). for a new T . Now translate the LK.-derivation to Lε .. Replace every 
cut on A by an inference A → A. left. The A → A. have necessarily the form 
T (p(t)) → T (p(t)).. Use  ∀l . to obtain T (εx¬(T (x) → T (x)) → T (εx¬(T (x) →
T (x))).. All added formula A → A. on the left size have now the same form and 
can be contracted. In the last step derive the sequent � T (εx¬(T (x) → T (x)) →
T (εx¬(T (x) → T (x))). and cut (this is the only cut).

1 A Herbrand expansion of a formula (sequent) with weak quantifiers only replaces universal 
quantifiers by conjunctions, and existential quantifiers by disjunctions such that the resulting 
formula (sequent) is valid. 
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6 Conclusion 

The effect that arbitrary cuts in Lε . can be transferred into universal cuts with linear 
increase of size demonstrates that no cut-elimination for Lε . for translation of first-
order LK.-sequents is possible by induction on the size of cut-formulas. This implies 
that e.g. Gentzen-style cut-elimination and Schütte-Tait-style cut-elimination are 
not feasible. Here the fundamental different nature of the (extended) first epsilon 
theorem becomes obvious [8]. The consequence is that cut-free Lε .-derivations 
of translations of first-order LK.-sequents cannot be transformed elementarily to 
LK.-derivations with cuts with bounded size. The question remains, whether cut-
free Lε .-derivations of translations of first-order LK.-sequents can be elementarily 
translated into LK.-derivations with unbounded cut size. 
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Variations on a Theme of Makowsky 

John T. Baldwin 

Abstract We distinguish the axiomatic study of proofs in geometry from the 
study about geometry from general axioms for mathematics. We briefly report 
on an abuse of that distinction and its unfortunate effect on US high school 
education. We review a number of twentieth century approaches to synthetic 
geometry. In doing so, we disambiguate (in the Wikipedia sense) the terms: metric, 
orthogonal, isotropic and hyperbolic. With some of these systems we are able to 
axiomatize ‘affine geometry’ over the complex field. The argument is trivial from 
Wu (Mechanical Theorem Proving in Geometry. Texts and Monographs in Symbolic 
Computation. Springer-Verlag, New York, 1994) or Szmielew (From Affine to 
Euclidean Geometry: An Axiomatic Approach. D. Reidel, Dordrecht, 1978), but not 
remarked by either of them.). We examine the general question of the connections 
between axioms for Affine geometries and the stability classification of associated 
complete first order theories of fields. We conclude with reminiscences of a half-
century friendship with Janós. 

1 Introduction 

Our topic is inspired by Makowsky’s article ‘Can one design a geometry engine?’ 
[25]. It introduced me to several ways to first order axiomatize ‘Euclidean geometry’ 
that were unusual because of very different choices of the fundamental notions. In 
Sect. 2 we contrast first order axiomatization of geometry (proofs in geometry) from 
arguments in ZFC or 2nd order logic (axioms about geometry, such as Birkhoff’s 
[10, 11]). 

Szmielew [32] carefully describes the linear Cartesian plane over a field F 
and the geometry on F 2

. whose lines are the solutions of linear equations over F . 
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Offending all algebraic geometers,1 we often abbreviate to ‘plane over F ’ since the 
synthetic theory of such planes and straight lines is the target of this investigation. 
In particular, we will speak of the real and complex planes in this sense. 

In the spirit of the clarification of the distinction in [25] between mutual and 
bi-interpretability, we explain several other terminological confusions. In fact a 
principal motive for Sect. 3 is to sort out for myself the rich diversity of first order 
approaches to coordinatizable plane geometry. 

This analysis illuminates a deeper classification. Two of the prototypic structures 
in model theory are the (geometries over) the real and complex planes that lead to 
the ‘twin’ notions of strong minimality and o-minimality. The distinctions among 
the geometries discussed in Sect. 3 reflect this dichotomy. But we note in Sect. 4 that 
the geometry over the p-adic numbers fall into quite a different location in the map 
of stable theories at the webpage forkinganddividing.com. This raises the question, 
‘What distinguishes the geometries?’. How are the different choices of fundamental 
notions and approaches to coordinatization reflected in the stability classification? 

2 Proofs in or About 

We compare the synthetic proof of Euclid et al. with the twentieth century study 
of geometry by distinguishing three species of the proof of a proposition P in a 
geometry. What is a geometric proof? Any proof requires assumptions, rules of 
inference, and definitions. The three species are

• Approach 1 proof in a formal language for geometry;2 

• Approach 2 proof about i.e., in a metatheory (e.g. ZFC), with geometry a defined 
notion. 

Whether such a proof in the second sense is ‘geometric’ is a purity issue. 
• Approach 3 We don’t dwell here on a standard model theoretic technique: Use 

(2) to get (1). Using the completeness theorem [21] [6, p 257] outline the method 
of semantic proof. If a proposition is stated in first order logic and show to be true 
by a proof about geometry then in every model of a specific first order theory T 
of geometry, then it is provable in T .

Approach 1 Both Euclid and Hilbert (1899) wrote in natural language and had no 
explicit rules of inference. A formal proof in geometry requires: 

1. Choosing a vocabulary (after conceptual analysis) of the fundamental notions 
(basic concepts). Euclid uses point, line, circle, incidence, congruence of seg-
ments of segments and of angles. Hilbert adds betweenness and order but

1 Von Staudt published a 3 volume study of complex projective geometry including higher 
dimensional curves in 1856/1860. 
2 We restrict to geometry only for uniformity; the analysis applies to any formalized topic. 
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omits circle. In Sect. 3, we discuss such twentieth century basic concepts as 
orthogonality, parallelism, and perpendicularity. 

2. Choosing a logic (first order, Lω1,ω ., second order) 
3. Choosing the axioms that reflect the conceptual analysis. 

Approach 2 Through the late nineteenth and twentieth century as geometry 
metastasized from Euclid to hyperbolic, to differential, algebraic, etc., etc. the 
most published proofs were informal proofs (nominally reducible to ZFC for the 
last century) about, say, algebraic geometry. But they were not formalized in any 
specifically ‘geometric’ system. At best the appropriate geometry was defined in 
the (informal) metatheory. 

For example, the global method: analytic/metric method of assigning area to a 
figure is described in [12]. Fix a unit; say, a square; tile the plane with congruent 
squares. Then to measure a figure, continually refine the measure by cutting the 
squares in quarters and count only those increasingly smaller squares which are 
contained in the figure. As one ponders this method, one realizes that it assumes a 
real-valued (to guarantee convergence) metric. This assumption is not mentioned 
but considered (correctly for most readers of that book) as a universally known 
assumption. Such is mathematics and I have no quarrel with it. But there is one 
hybrid which has had a disastrous impact on United States high school mathematics: 
Birkhoff’s ‘axioms’. 

Our inspiration, Makowsky’s article ‘Can one design a geometry engine?’, makes 
no mention of Birkhoff. Let us see why. Birkhoff [10, 11] works in a vocabulary of 
points, lines, distance (d(A,B).), and angle. Distance is a function from pairs of 
points to the real field (a topic assumed to be fully understood by students who 
survived 1 year of algebra.) (An angle is measured by a similar function from triples 
of points.) Postulate 1 (Ruler postulate) asserts that the points of any line can be 
put into 1-1 correspondence (A �→ xA .) with the reals so d(A,B) = |xA − xB |.. 
The protractor postulate posits a similar measure for angles. In many texts [16], an 
early proof shows ‘equals distances subtracted from equal distances are equal’. The 
proof is to apply the ruler postulate twice along with their deep understanding of the 
axioms of the algebra of the real numbers. This is in the first week of geometry for 
14–15 year old students. 

Raimi [30] presents Birkhoff’s motivation for the high school text [11] as a  
reaction to shoddy treatment of limits in U.S. high schools during the first half of the 
twentieth century. Unfortunately, the cure is as bad as the disease. And the School 
Mathematics Study Group3 adapted this system for high school geometry. 

Contrary to Birkhoff, this is not a fully formalized axiom system. The properties 
of the reals are introduced as convenient oracles. Thus, as a proof about but not in 
geometry, it is not in the purview of [25].

3 These are the architects of the ‘new math’. Much of their work especially in Algebra I is aimed 
at understanding but the SMSG postulates [13, 31] remind one that a camel is a horse designed by 
a committee. 
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2.1 Proofs in Geometry: Choosing Basic Notions 

In this subsection we survey several axiomatic approaches to the study of geometry. 
These systems are similar in that the initial axioms are first order and if/when 
Archimedes or Dedekind appears, it is explicitly mentioned. The distinction is in 
the choice of basic notions for geometry. We restrict to affine geometry as the 
translation (bi-interpretation) between projective and affine geometry is standard. 
In Sect. 3.1, we make a much finer distinction among six candidates for the title 
‘metric geometry’. The comparison between Hilbert style systems and the various 
orthogonal systems discussed there is the main concern of the paper. 

2.2 Ordered Geometries 

These are well-known; we just list them. 

1. Hilbert/Euclid [18–20]: congruence is fundamental; two kinds of objects: point 
and lines 

2. Tarski [32, 33]: congruence is fundamental; one kind (sort) of object: a line is a 
set of collinear points (given by a ternary betweenness relation). 

3. Various authors [8, 14, 22, 26, 35]: Transformations are central but in most cases 
developed in axiomatized Euclidean geometry.4 

4. Szmielew and Wu [32, 36] add the order notion at the end of their development; 
see Remark 4.3 and Fact 1. 

3 Homonyms in Geometry: Is Order Essential? 

This section relates more directly to [25]. We discuss three words which apply 
with apparently quite distinct meanings in developments of geometry from different 
choices of fundamental notions. We will then consider the relations of these 
developments with real and complex algebraic geometry. The three subsections 
address the three homonyms: metric, isotropic, and hyperbolic.

4 While these systems are ostensibly second order by quantifying over transformations as arbitrary 
functions satisfying certain conditions, one can adopt the standard first order trick of adding a sort 
for transformations θ . and requiring that each such θ . indexes a set of ordered pairs, the graph of a 
rigid motion. 
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3.1 Metric 

What is a metric geometry? We describe here four very different notions (congru-
ence, distance, orthogonality (3 versions), parallelity) of a metric geometry with 
many specific axiomatizations in various vocabularies. 

Definition 1 A generalized (pseudo) metric is a function f from X × X . into an 
ordered field F , that is symmetric, f (x, x) = 0., other values are positive, and 
satisfies the triangle inequality. Normally, F = �.. 

Remark 1 (Equipped with Congruence (Line Segment/angle:)) This terminol-
ogy is certainly inaccurate and likely only used when segment congruence is 
confused with the existence of a real valued distance metric. A congruence 
equivalence may not to be attached to a unit ‘distance’. This is one of the crucial 
distinctions between Euclid and Hilbert. Euclid would not conceive of such a 
confusion because he viewed geometric and arithmetic magnitudes as incomparable 
(not merely incommensurable). Hilbert proves the existence of such a metric by 
finding the field and adding a constant to fix the unit. 

Tarski, over many decades and fully laid out in the posthumous [34], produced 
a clearly first order system with a first order scheme of continuity axioms. These 
axioms are in a vocabulary with a ternary collinearity predicate as opposed to 
Hilbert’s two-sorted approach. As described in [33] any model of these axioms is 
coordinatized by a real closed field. 

Remark 2 (Equipped with a Distance Metric) Moise [27, p 137] carefully distin-
guishes between what he calls synthetic and metric approaches. Roughly speaking, 
his synthetic corresponds to Hilbert and metric to Birkhoff. Hilbert begins with 
congruence and, effectively but not explicitly5 , introduces a ‘distance’ measured 
on a field that varies with the model of the theory and with a unit distance in a 
model M as the congruence class of the segment 01. We analyze Birkhoff’s ruler 
and protractor postulates in connection with school pedagogy in [7]. 

1. in some ordered field [19] or, more specifically, 
2. equipped with a real-valued distance metric [10]. 

These are vastly different; the first is first-order axiomatized. As discussed in 
Section 2, the second is basically axiomatized in set theory and is really more 
describing a geometry from a global standpoint than giving axioms for geometry. 

Remark 3 (Orthogonal Geometry 1 and 2:) ‘Throughout this paper metric will 
always refer to a structure with an orthogonality relation or in which one such 
relation6 can be defined. It is in no way related to metrics defined as distances with

5 [19] does not use the word distance in this sense or ‘metric’ at all. 
6 Line reflections are a basic concept in this system. 
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real values.’ [29, p 419]. We describe four variants on ‘metric’, one of which is the 
more extended discussion of orthogonal geometries in the categories. 

1. [29] describes two approaches: group theoretic and geometric. 

(a) [29, p 423] axiomatize a group of rigid motions of a plane with a unary 
predicates for line reflections, an operation (composition), and a constant for 
the identity.7 The geometry is recovered by first order definitions [29, §2.1] 
and one can distinguish the elliptic, euclidean and hyperbolic case. 

(b) Alternatively, ‘geometric’ axioms [29, §2.2] use the vocabulary of incidence, 
line orthogonality, and reflections in lines. 

2. Artin [3, p 51] calls the problem of defining a field from a two-sorted axiomatic 
geometry ‘much more fascinating’ than the familar Cartesian reduction of 
geometric problems to analytic geometry. Thus, unlike Birkhoff, he is explicitly 
working in set theory and perhaps (not his word) doing metamathematics. 
However, because of this clarity, lack of a linear order, and the use of first order 
axiomatizations of some geometries, and the impact of this book on axiomatic 
geometry, I consider Artin here rather than as ‘about’ in Sect. 2. 

He writes [3, p 106] ‘The study of bilinear forms is equivalent to the study 
of metric structures on V ’. An orthogonality relation can be described as an 
‘inner product’ possessing properties such as those imposed on real geometry 
by the inner product. But the field into which the form maps is not required to be 
ordered. The connection with ‘metric’ in the sense of Remark 2 arises from the 
fact that the real inner product of vector with itself is the square of the length. 
I classify this example as orthogonal because the inner product of two vectors 
determines the angle between them and thus perpendicularity. But this approach 
is far more general than a real inner product space (Remark 2) since it makes 
sense without any continuity hypothesis, for projective spaces, and for any vector 
space. 

3. After some definitions we discuss Wu’s orthogonal geometry (Remark 4) in more  
detail. 

Definition 2 

1. An incidence plane is a collection of points and lines such that two points 
determine a line (so �. may be denoted AB if both are on �.) and there are three 
non-collinear points. 

2. An incidence plane, equipped with a binary ( parallelism) predicate ‖. on lines, 
is Pappian8 if for A1, A2, A3 . on line �1 . and B1, B2, B3 . on line �2 . (distinct points 
on distinct lines) 

.(A1B2 ‖ A2B1 ∧ A2B3 ‖ A3B2) → A1B3 ‖ A3B1.

7 Pambuccian [28] axiomatizes the ‘same’ geometry using only the relation symbol ⊥. (with 
⊥ (abc). to be read as ‘a, b, c are the vertices of a right triangle with right angle at a’). 

8 Each of Szmielew and Wu discuss various refinements of the Pappian notion and relations with 
various forms of Desargues; they agree on the statement here as the decisive condition for obtaining 
a commutative field. 
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Definition 3 (Wu’s Orthogonality Axioms) The orthogonality of two lines is 
denoted by �1 ⊥ �2 .or Or(�1, �2).. This is a basic concept for Wu. A line �. is isotropic 
if it is self-perpendicular. 

(O-1): �1 ⊥ �2 ↔ �2 ⊥ �1 .; 
(O-2): For a point O and a line �1 . there exists exactly one line �2 . with �1 ⊥ �2 . and 

I (0, �2).; 
(O-3): (�1 ⊥ �1 ∧ �3 ⊥ �3) → �2 ‖ �3 .. 
(O-4): For every O there is a n �. with I (O, �). (incidence) and � 	⊥ �.. 
(O-5): The three heights of a triangle intersect in one point. 

Remark 4 (Orthogonality 3) Wu [36, §2.2] axiomatizes in a vocabulary with 
points, lines, and perpendicular as basic concepts. He has four groups of axioms 
ordered by containment; the last two are metric. 

1. A Wu-orthogonal plane satisfies the usual (Hilbert) incidence axioms, five 
orthogonality axioms, asserts lines are infinite, unique parallels, and two forms 
of Desargues.9 He concludes that a Wu-orthogonal plane satisfies Pappus and has 
a definable commutative coordinatizing field. 

2. An unordered Wu-metric plane arises by adding the symmetric axis axiom [36, 
p 91]: Any two non-isotropic (See Sect. 3.2. 2.) lines have a symmetric axis.10 

With these hypotheses, Wu [36, p 92] defines a notion of congruence (called 
equidistance and added to the vocabulary in [25] ) and proves the Pythagorean 
(Kou-Ku) theorem. 

3. Adding Hilbert’s order axioms gives an ordered Wu-metric plane [36, §2.5]. 
This system defines an ordered coordinatizing field. Thus it is bi-interpretable 

with Hilbert’s system ([18, 20]). Hilbert relies directly on what he calls Pascal’s 
theorem, a variant of Desargues and Pappus; Hartshorne [18, §19] uses the cyclic 
quadrilateral theorem.11 

4. Adding Hilbert’s (non-first order) continuity axiom Wu reaches his ‘ordinary 
geometry’ [36, §2.6]. 

Definition 4 (Affine and Parallelity Planes) A collinearity structure is a ternary 
relation (collinearity) such that two points determine a line. Such a structure is an 
affine plane if for any line �. and point A there exist a unique parallel t o �. through A. 
Planarity is enforced by saying that if one line is parallel to two distinct lines then the 
two intersect. By adding a constant to an affine plane we can fix a unit of distance.

9 [36, Section 2.1] shows that the ‘linear Pascalian axiom’ (a) allows the proof that the coordina-
tizing Skew field is commutative and (b) follows from axioms for Wu-orthogonality. Thus, unlike 
[32], there is not a separate Pappian field stage in his development. 
10 Let �. be the perpendicular bisector of (the segment between) two points A,B .. Then  �. is called 
the symmetric axis of (A,B).. 
11 Thus, Hartshorne [18, p 173] differs from Hilbert in using circles, but does not use the 
intersection of circles postulate E. 
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Since naming constants has no effect on interpretability, we will be careless about 
whether a point is named. 

We describe two variants on this approach. 

1. Szmielew is discussed Remark 5. 
2. Alperin [2, p 121] Alperin formulates first order ‘paper folding’ axioms ‘for the 

origami constructible points of the complex numbers’ using some basic notion 
as point, line, incidence, perpendicular bisector, and reflection. He writes, ‘Our 
main contribution here is to show that with all six axioms we get precisely 
the field obtained from intersections of conics, the field obtained from the 
rationals by adjoining arbitrary square roots and cube roots and conjugates’. He 
provides six axioms for construction (which can be done by paper folding) and 
working within the complex numbers shows that his first three axioms allow the 
construction from 0, 1, α ., where α . is not real, a subfield of C.. His fourth and fifth 
axioms extend the result to Pythagorean and Euclidean fields (Definition 5); with 
the sixth axiom, solutions to cubics can be constructed. 

Remark 5 Szmielew [32, §2] uses parallel ( ‖.) as the only basic symbol and 
axiomatizes a two sorted system of points and lines, parallelity planes which are 
bi-interpretable with affine planes.12 

Szmielew follows the ‘projective geometry approach’ of introducing ternary 
fields and gradually adding geometric conditions that strengthen the algebraic prop-
erties. This crucially distinguishes her approach from that of Hilbert, Hartshorne, 
and Wu. On the other hand, Wu and Szmielew differ from Hilbert/Hartshorne in 
applying Desargues/Pappus to find the field before introducing either order or 
congruence. 

Szmielew [32, §] considers parallelity planes [32, §8] and introduces the notions 
of midpoint planes and midpoint-ordered planes. 

Fact 1 

1. Szmielew [32, 4.5.3.iii) and 4.5.7)] show commutative fields are binterpretable 
with Pappian parallelity planes. 

2. Szmielew [32, 8.3.iii) and 8.5.iii)] and show ordered commutative fields are 
binterpretable with ordered midpoint Pappian planes. 

The particular affine geometry on C. with ‘lines’ defined by linear equations is 
an affine plane and (C,+, ·, 0, 1). is definable in (S, L, ‖).. Of course this structure 
is very different from the ‘complex plane’ in the sense of algebraic geometry. With 
the field, we can define algebraic curves in the plane. 

It seems to me that Remarks 3.1, 4, and 5, are very close together; each extends 
the orthogonality geometry to order to regain ‘ordinary geometry’ (although Wu 
equates ‘ordinary’ with �.-geometry and so requires Dedekind’s axiom for that 
description).

12 Szmielew [32, p85]; a predicate for parallel is needed for AE-axiomatizability. 
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Definition 5 A Pythagorean field is a field in which every sum of two squares is a 
square. A Euclidean field is an ordered field in which all non-negative elements are 
squares. 

A Euclidean field (axiom E: circle-circle intersection) is Pythagorean by the 
Pythagorean theorem and the use of Axiom E to construct a hypoteneuse for any 
pair of given lengths. 

The crucial distinction between Remarks 1, 2, 4 and Definition 4 is that the 
systems in the latter pair, while called ‘metric’, do not require a notion of length or 
ordering of segments. They coordinatize with unordered fields. Item 4.iii defines 
congruence but the field remains unordered. Alperin’s field do not admit a linear 
order. 

Note that Pythagorean fields need not be ordered; [2, p 121] studies some as 
subfields of C.. However, the minimal Pythagorean field Ω . is orderable and is the 
minimal field satisfying Hilbert’s betweenness and congruence axioms [18, 16.3.1]. 

A key feature of (axiomatic) orthogonal geometries is that the existence of a field 
is either assumed (Artin) or arises directly from assumed Pappian configurations 
rather than Desarguesian/Pappus being derived from the parallel postulate using 
segment congruence as in Hilbert. 

3.2 Isotropic 

1. Artin says a subspace of an orthogonal space in the sense of Remark 3.2 is 
isotropic if it is annihilated by the form f . In particular two lines �1, �2 . are 
orthogonal (i.e. perpendicular) if f (x, y) = 0. for x ∈ �1, y ∈ �2 .. 

2. Wu says a line is isotropic if it is self-perpendicular, f (x, y) = 0. for distinct x, y . 

on �.. An example of an isotropic line through the origin in the complex plane is 
x2 = −ix1 .. Use the bilinear form f (x1, x2) = x2

1 + x2
2 .. The distance between 

any points on the line is 0. (See [36, p 141].) 
3. Schwartz (https://www.math.brown.edu/reschwar/INF/handout10.pdf) says a 

geometry is isotropic if for any point and any angle can find a symmetry (distance 
preserving bijection) which fixes that point and rotates by that angle around the 
point. 

The first two notions are closely related; the third distinct. 

3.3 Hyperbolic Space 

1. The standard notion in non-euclidean geometry: 
2. Artin [3, Def III.3.8] A non-singular plane which contains an isotropic vector is 

called hyperbolic.

https://www.math.brown.edu/reschwar/INF/handout10.pdf
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It seems pretty clear that these notions of hyperbolic and isotropic are really 
distinct. The question is whether, as in my comment in item Remark 3. 2, there is 
some etymological explanation for the overlap in terminology. 

4 Classifying Geometries Model Theoretically 

By Fact 1 we know the (linear cartesian) plane π . over any commutative field (con-
structed as in e.g. [18, §14] satisfies the parallelity axioms. So π . is bi-interpretable 
with its coordinatizing field. The bi-interpretability, indeed interdefinability, is 
particulary easy to see for the orthogonality case. 

Remark 6 (Bi-interpretability) Given the plane. Fix two orthogonal lines and 
interpret the field on one line �1 . using Pappus. By fixing a family of lines of the 
same slope define a bijection f (and field isomorphism) between the lines. Formally 
define over that field the plane on �1 × �2 .. Now it is definably isomorphic to the 
original plane) by mapping 〈a1, a2〉. to the intersection in the plane of the line parallel 
to �1 . meeting �2 . in a2 . and the line parallel to �2 . meeting �1 . in a1 .. 

So if the coordinatizing field has a recursively axiomatizable complete first order 
theory, the first order theory of a particular plane is a complete decidable theory; for 
example, the real and complex planes. 

Fact 2 [Bi-interpretations] The following classes of geometries and fields are 
quantifier-free bi-interpretable.13 

1. Pappian geometries (Wu—unordered metric planes and Szmielew–Paffian affine 
planes) and fields; 

2. Infinite Pappian geometries with linearly ordered lines (Hilbert planes, Wu-
ordered metric geometries, ordered affine planes [32, §8]) and ordered fields; 

3. Hyperbolic geometries with limiting parallels and ordered Euclidean fields. 

The following is immediate from the existence of a suitable bi-interpretation as 
in Fact 2. 

Theorem 3 The complete theory of the complex affine plane is axiomatized by 
adding the axioms of ACF0 . to the incomplete theory of fields given by the bi-
interpretation with either (1) theory of Pappian parallelity planes [32, Theorem 
4.5.3 iii) p 82] or (2) the theory of Wu-orthogonal planes. 

The following remarkable theorem (Fact 4) of Ziegler is essential to understand 
undecidability of fields and geometries.

13 The first two are proved with an argument emphasizing the quantifier eliminability are 
summarised in [25, Theorems 5–7] and the third in [18, §43]. 
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Fact 4 ([9, 37]) If T is a finitely axiomatized subtheory of RCF or ACF0 . then T 
is undecidable.

Fact 5 (Makowsky [25, Thm 17 pg 26; Prop 6 pg 10]) The universal first order 
consequences of (a) any extension of the orthogonal geometries in Remark 4, 
Remark 4.2 or Remark 5, or (b) HP5 whose interpretation is consistent with either 
(1) ACF0 . or (2) RCF0 . is decidable. 

The proof uses heavily the quantifier-free interpretations laid out in [25]. Recalling 
Ziegler, Fact 4 and noticing that the axioms of the various geometries described in 
Remark 1 are ∀∃.-axiomatizable14 Thus, decidability of universal sentences is the 
most that can be hoped for in any general geometry; Fact 5 is optimal. 

We have described a family of different axiomatizations in different vocabularies 
that have some claim to ‘axiomatizing geometry’. Many are bi-interpretable. Such 
theories are often regarded as ‘the same’. But ‘same’ is far from true here. The 
orthogonal geometries are not ordered; Hilbert’s are. Tarski’s first order completion 
is the first order theory of the reals—real closed fields while the orthogonal 
geometries are exemplified by the Complex affine plane. Note these interpretations 
are 2-dimensional. Is 1-dimensional any better? 

What do we know about the fields? A Hilbert field is ordered using betweenness 
([32, 7.1.9]). But orthogonality geometries don’t have betweenness. Alperin’s 
origami give subfields of the complexes. 

What are axioms for linear Cartesian planes over p-adic fields? Fix p and 
consider the affine plane over Qp . (or perhaps a countable elementary submodel?). 
We include in the vocabulary of Qp . a predicate for the valuation since the 
topological information is central to the notion. Let T ′

. be the theory of Qp .. By  
[17], T ′

. can be formalized in a one-sorted language as a theory that is NIP but 
neither distal nor o-minimal but is dp-minimal, look at forkinganddividing.com. It  
is easy to see Qp . is not linearly ordered as for various p, there are negative integers 
that are perfect squares.15 

But (linear cartesian) geometry over Qp . is bi-interpretable with the field (without 
the valuation) Qp . (since the geometry is Pappian). What (if anything) needs to be 
added to the geometric vocabulary to define the valuation? It is not clear that dp-
minimality is preserved by a 2-dimensional interpretation. If it were, we would know 
from [17] that its complete first order theory has the same place in the stability 
geography. Which formalism is most useful for axiomatizing the geometry?

14 As described (e.g. [1, 707]) the propositions of Euclid fall into (1) theorems which are universal 
quantification of an implication of two diagrams (conjunction of atomic and neg-atomic formulas) 
and (2) constructions: π2 . sentences: For any instance of a diagram there are witness to an extended 
diagram. 
15 By an intriguing application of elementary descriptive set theory, https://math.stackexchange. 
com/questions/49990/the-p-adic-numbers-as-an-ordered-group shows there is no linear order 
compatible with the addition is definable in the field Qp . (since it would then have the Baire 
property). 
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The referee asked, ‘what about the model theory of less ‘well-behaved structures 
than fields?’. Work of the 1970’s shows that if there is a coordinatizing division 
ring that is superstable, it must be an algebraically closed field [15, 23]. In the 90’s 
I constructed an ℵ1 .-categorical projective plane at the lowest level of the Lenz-
Barlotti hierarchy16 —the ternary field operation cannot be split into addition and 
multiplication [4, 5]. The Lenz-Barlotti classification charactizes ternary rings in 
terms of 16 properties such properties as associativity, commutativity, etc. I don’t 
know of any work connecting this hierarchy with the stability classification. Another 
project! In particular, find complete theories of the coordinatizing rings in the work 
Wu and Szmielew and their place in the stability classification. 

5 Reminiscences 

I met Janos in the summer of 1974 during the International Congress of Mathematics 
in Vancouver. A group of us traveled to Banff and Calgary. I recall two small 
episodes: his insisting on swimming in his underwear in Shuswap Lake and refusing 
a bottle of wine in a fancy restaurant in Calgary. Much more memorable was his 
spelling me in carrying my daughter in a back carrier up a mountain near Banff. 
(My wife thinks this happened not in Banff but closer to Vancouver. But an ancient 
CV shows I gave a talk in Calgary that summer.) Sometime in the late 70’s, my wife 
Sharon, daughter Katie, and I joined Janos and Irit in a tour of Switzerland. The 
highlight was pre-school Katie directing us, ‘Follow the D-car’. (Janos was working 
in Berlin so had a German license plate.) I returned the child-on-back favor in 1980, 
carrying Amichai during our excursion from the Patras Conference to Delphi. We 
have no joint papers yet; our closest ‘collaboration’ was extended discussions about 
his contribution [24] to the Model-theoretic logics book. A later adventure whose 
date escapes me was following up a swank dinner in Colmar (Strasbourg?), by 
smuggling (details may vary) a computer into West Germany. Maybe it was that 
the computer was smuggled out and then reimported to establish ‘legality’. The fine 
dining stories continued with a visit to Perroquet in Chicago where Janos won an 
argument with the maître’d by insisting that any reasonable high class restaurant 
would recognize his cardigan as a ‘jacket’ or provide jackets to traveling guests. We 
have exchanged visits over the years. Perhaps our long and highly-valued friendship 
can continue with another visit to Chicago by Janos and Masha.

16 https://www.math.uni-kiel.de/geometrie/klein/math/geometry/barlotti.html. 
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Automatic Structures and the Problem 
of Natural Well-orderings 

Lev D. Beklemishev and Fedor N. Pakhomov 

Abstract We explore the idea of using automatic and similar kind of presentations 
of structures to deal with the conceptual problem of natural proof-theoretic ordinal 
notations. We conclude that this approach still does not meet the goals. 

1 Introduction 

This paper is written for the Festschrift volume dedicated to the 75th anniversary 
of Johann Makowsky. While thinking on the topic that would be appropriate for 
this volume, we decided to go for one that would link the interests of the authors 
in proof theory and some topics that play a role in Johann’s own work: classes of 
structures with decidable (MSO) theories and interpretations. We decided to record 
our attempts to explore one particular approach to the (in)famous problem in proof 
theory—the problem of canonicity of proof-theoretic ordinal notation systems. Even 
though this problem is well-known, few written accounts and discussions of it exist 
in the literature. 

Arguably, historically the first encounter with this problem occurs in the famous 
work of Alan Turing “System of logics based on ordinals” [47] presenting the 
content of his PhD dissertation. Substantial discussions are found in the papers 
by Georg Kreisel, in particular [27], and especially Solomon Feferman [18] who  
describes it as one of the three problems that ‘bug him’. 
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The problem requires delineating canonical, well-behaved ordinal notation 
systems from pathological ordinal notation systems, such as a computable well-
ordering of order type ω . such that the associated induction scheme implies the 
consistency of Peano arithmetic (Kreisel’s example). All examples of such patho-
logical well-orderings have some external notions (such as consistency statements) 
encoded into them; however, it is unclear exactly what is required from an ordinal 
notation system to forbid such counterexamples and at the same time to be 
sufficiently general. 

The absence of a good mathematical solution of this problem is not only 
annoying, but it makes the basic question what constitutes an ordinal analysis of 
a formal theory intuitive rather than fully rigorous. The commonly used expression 
‘to calculate the proof-theoretic ordinal of a theory’ does not really have a definite 
meaning: it is not clear in which terms the result of this ‘calculation’ needs to be 
specified. Thus, ordinal analysis, the characterization of proof-theoretic ordinals of 
theories, is sometimes described as an art [37, 38]. We usually recognize individual 
ordinal notation systems arising in concrete situations as natural, the simplest one 
is the system of ordinal notation for ε0 . based on Cantor normal forms. Many 
other systems are surveyed, e.g., in [18, 34, 37]. However, a general mathematical 
definition of a ‘natural ordinal notation system’ is lacking. 

At this point we would like to remark that the term ‘natural ordinal notation 
system’ may be somewhat misleading. Our understanding of this problem is purely 
mathematical: the goal is not to explicate the vague notion of ‘naturality’ in a 
philosophical sense of the word, but rather to find a suitably general definition or 
a framework that would delineate a wide class of ordinal notation systems (well-
ordering representations) suitable for proof-theoretic analysis. 

Our main goal in this note is to consider this problem from the point of view of 
the theory of automatic structures. We will motivate this approach and see where it 
will lead us to. Our attempts do not really solve the problem, however we believe 
that there is value in studying failures. In the process we learn new insights, and 
ultimately such a study may help to point us in the right direction. 

2  Turin  g

Arguably the first discussion of the problem of natural ordinal notations, as we  
would call it today, is found in the work of Alan Turing [47]. There, Turing studied 
transfinite progressions of theories based on iteration of the process of extending 
a theory by consistency assertions and by some more general reflection principles. 
The main goal of this study was to obtain a classification of arithmetical sentences1 

according to the stages of this process. To quote:

1 Turing considered sentences of logical complexity at most �0
2 . that he called ‘number-theoretic 

theorems’. 
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We might also expect to obtain an interesting classification of number-theoretic theorems 
according to “depth”. A theorem which required an ordinal α . to prove it would be deeper 
than one which could be proved by the use of an ordinal β . less than α .. However, this  
presupposes more than is justified. 

The last sentence here apparently indicates that Turing realized that his results 
fall short of the stated goal. To explain this, we first remark that to construct a Turing 
progression 

. T0 := T , Tα+1 = Tα + Con(Tα), Tλ =
⋃

α<λ

Tα, if λ ∈ Lim,

one really needs to associate theories Tα . with ordinal notations (or some kind of 
constructive representations) rather than with ordinals α . in the set-theoretic sense. 
In order to formulate consistency assertions Con(S). according to the recipe of 
Gödel, the axiom set of a theory S must be r.e. and represented in the language of 
arithmetic by a �1 .-formula. Thus, the arithmetical formula Con(Tα). must somehow 
refer to the ordinal α ., and one has to deal with computable and arithmetized ordinal 
representations rather than with the ordinals themselves. With this understanding, 
Turing showed how to accurately define such a progression for a given ordinal 
notation system. This was further elaborated by Feferman in 1962 [17]. Both Turing 
and Feferman used Kleene’s universal ordinal notation system O. for this purpose. 

One of the main results of Turing’s paper can be stated (in modern terms) as 
follows, where |a|. denotes the order type of a ∈ O.. 

Theorem 1 (Turing) For each true �0
1 .-sentence π . there is an ordinal notation a ∈

O. such that |a| = ω + 1. and Ta . proves π .. 

Turing’s completeness result is a mixed blessing. The negative side of it is that 
any true �0

1 .-sentence can be proved already at stage ω + 1. of a suitable Turing 
progression. These include all sentences of the form Con(Tb). with |b|. much larger 
than ω + 1., which entails that the theories Ta . heavily depend on particular ordinal 
representations rather than on their order types. Thus, the idea of a meaningful 
classification of sentences according to the progression stages breaks down. Turing 
put it in a remarkably pessimistic form: 

This completeness theorem as usual is of no value. Although it shows, for instance, that it 
is possible to prove Fermat’s last theorem with 
P . (if it is true) yet the truth of the theorem 
would really be assumed by taking a certain formula as an ordinal formula.2 

Further in the paper Turing suggests a partial way out, a careful selection of 
specific ordinal notations. 

We can still give a certain meaning to the classification into depths with highly restricted 
kinds of ordinals. Suppose that we take a particular ordinal logic 
.and a particular ordinal 
formula � . representing the ordinal α . say (preferably a large one), and that we restrict

2 
P . is progression based on iteration of consistency, and ‘ordinal formulas’ are his ordinal 
notations. 
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ourselves to ordinal formulae of the form Inf(�, a)..3 We then have a classification into 
depths, but the extents of all the logics which we so obtain are contained in the extent of a 
single logic. 

Thus, Turing essentially suggests to consider linearly ordered subsets of O. 

defined by specific ‘highly restricted’ ordinal notations. It seems likely that he 
means here particular notations such as, for example, the one for ε0 . based on 
Cantor normal forms, in other words, ordinal notation systems we would describe 
as ‘natural’. However, he admits that by doing this we have to give up the idea of 
classification of all true �0

1 . sentences. We would refer to this proposal below as 
“limited Turing’s program.” 

Turing did not pursue this suggestion any further than that. This kind of approach 
has much later reappeared in the works of Schmerl [40, 41], it was taken up in [3] 
and other papers with many positive results. Turing’s idea has been used to classify, 
for example, �0

n .-consequences of specific theories, such as PA. and its predicative 
extensions. These results were indeed based on highly specific ‘natural’ ordinal 
notations. 

We know many examples of natural ordinal notation systems for fairly large 
constructive ordinals. Several types of such notation systems are reviewed in 
Feferman’s paper [18]. However, we still lack a general understanding of what 
constitutes a ‘natural’ ordinal notation system. Essentially the same problem appears 
in the study of proof-theoretic ordinals based on Gentzen’s approach. 

3 Proof-theoretic Ordinals 

Since Gentzen gave his consistency proof of Peano arithmetic by transfinite induc-
tion for the ordinal ε0 ., much of the work in proof theory has been the exploration 
of the relationships between formal theories and well-orderings [26, 34, 35, 37, 46]. 
A proof-theoretic study of a formal theory usually culminates in the calculation 
of its proof-theoretic ordinal, that is, a well-ordering representing a bound on the 
strength of the system. With this ordinal, the other important characteristics of a 
formal theory, such as its class of provably total computable functions, are often 
connected. 

Although it is not always duly emphasised in proof-theoretic literature, there are 
different ways of associating ordinals to theories. They are sensitive to different 
levels of logical complexity and lead, in general, to inequivalent notions of proof-
theoretic ordinals. The most common notion, known since Gentzen and prevalent 
in the work on proof theory, is the so-called �1

1 .-ordinal which is defined as the 
supremum of order types of recursive well-orderings that are provably well-founded 
in a given formal theory. Of course, for this definition to be applicable, the language 
of the theory must be able to define recursive relations and to express the well-

3 These formulas define initial segments of α .. 
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foundedness property of such relations (which is �1
1 .-complete). Thus, we usually 

assume the language to contain at least that of first-order arithmetic with free 
second-order variables (denoting arbitrary sets of natural numbers). A fundamental 
result of Gentzen stated in these terms is that the �1

1 .-ordinal of PA(X)., a version of 
Peano arithmetic in the language expanded by free set variables, is ε0 .. 

The �1
1 .-ordinal is a well-defined and robust measure of proof-theoretic strength, 

however it is not very sensitive: Extension of a theory by true �1
1 .-axioms does not 

change its �1
1 .-ordinal [27, 37]. In particular, theories with the same �1

1 .-ordinal 
may have vastly different consistency strength and the classes of provably total 
computable functions. For example, PA. and PA + Con(ZF). have the same �1

1 .-
ordinal. Moreover, Gentzen’s consistency proof for Peano arithmetic is not exactly 
captured by the characterization of its �1

1 .-ordinal: Whereas a proof of Con(PA). by 
transfinite induction on ε0 . entails that the well-foundedness of ε0 . is unprovable in 
PA(X). (by Gödel’s second incompleteness theorem), the converse cannot in general 
be concluded. 

Attempts to define the notions of proof-theoretic ordinals relevant for arithmeti-
cal complexity classes such as �0

2 . and �0
1 . only succeed provided some natural 

system of ordinal notation is given (as in Turing’s limited program), see [3] for  
a discussion of various proposals of this kind. Without such an assumption, these 
attempts invariably fail. This issue was treated by Georg Kreisel who constructed a 
number of pathological counterexamples in order to demonstrate such failures. 

4 Pathological Well-orderings 

Given an arithmetically definable binary relation ≺. and a class of formulas F. we 
denote by TI(≺;F). the schema of transfinite induction for ϕ ∈ F.: 

. ∀x (∀y ≺ x ϕ(y) → ϕ(x)) → ∀x ϕ(x).

TI(≺;F). is true in N. if ≺. is well-founded w.r.t. F.-definable sets. As remarked by 
Kreisel, Gentzen’s consistency proof for PA. was naturally formalizable in Primitive 
Recursive Arithmetic PRA. extended by TI(≺; 
0)., where ≺. is the canonical 
primitive recursive well-ordering of order type ε0 ., and 
0 . is the class of primitive 
recursive arithmetical formulas. 

Now we turn to pathological well-orderings. As our starting point we consider 
the simplest example from [26]. 

Proposition 1 For any true �0
1 . sentence π ., there is a primitive recursive well-

ordering ≺π . of order type ω. such that PRA + TI(≺π ;
0) � π .. 

Proof If π . has the form ∀x π0(x). with π0 ∈ 
0 ., then one can define: 

.x ≺π y
def⇐⇒ (x < y ∧ ∀z < x π0(z)) ∨ (y < x ∧ ∃z < y ¬π0(z)).
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It is easy to see that, once π . is false and n is the minimal natural number such 
that ¬π0(n)., the ordering ≺π . has a 
0 .-definable subset {y : y > n}. without 
the least element. Hence TI(≺π ;
0). is false. Formalizing this in PRA. shows 
PRA + TI(≺π ;
0) � π .. On the other hand, since π . is true in the standard model 
of arithmetic, the witness of ¬π . does not exist and ≺π . is, in fact, isomorphic to ω . 

(but not provably so unless one can prove π .). �

This effect is essentially the same as the one observed in the above quotation 

from Turing: If π . is Fermat’s last theorem (or, better now, some �0
1 .-equivalent of 

Riemann’s Hypothesis), the truth of π . is encoded in the fact that ≺π . is a well-
ordering. This rather cheap trick is to be compared with Gentzen’s theorem stating 
that Con(PA). is provable in PRA + TI(≺; 
0). where ≺. is Cantor’s canonical 
notation system for the ordinal ε0 ., but not any proper initial segment of it. 

Kreisel’s example immediately shows the inadequacy of the naive definition of 
a proof-theoretic ordinal of a theory T as the order type of the shortest primitive 
recursive well-ordering ≺. such that TI(≺,
0). over PRA. proves Con(T ).: Take  
Con(T ). for π . and observe that the ordinal of T then equals ω . irrespectively of T . 

Remark 1 Kreisel’s example shows that TI(≺,
0). can be pathologically strong. 
However, there are other examples showing that this schema can be pathologically 
weak [2, 26]. For example, Kreisel demonstrated that there are non-wellfounded 
primitive recursive linear orderings ≺. such that PA. proves the schema of transfinite 
induction on ≺. for arbitrary arithmetical formulas TI(≺,�0∞).. Accordingly, for all 
α < ωCK

1 ., one can construct a primitive recursive well-ordering ≺. of order type α ., 
such that TI(≺,�0∞). is provable in PA.. This phenomenon is closely related to the 
construction of linear orderings well-founded w.r.t. hyperarithmetical sets, but not 
actually well-founded, see [19]. 

Other important uses of ordinals in proof theory occur in the constructions of 
subrecursive hierarchies [39]. In turn, the latter are used to characterize provably 
total computable functions of theories [8] and as technical tools to prove the 
independence of certain combinatorial theorems [21]. 

An important hierarchy of functions is the so-called fast-growing hierarchy 
(Fα)α<
 . (also known as the extended Grzegorczyk hierarchy) [29]: 

1. F0(x) = x + 1., 
2. Fα+1(x) = Fα(.  .  .  (Fα︸ ︷︷ ︸

x −times

, (x)) . . .). 

3. Fλ(x) = Fλ[x] (x)., for limit ordinals λ.. 

Here 
. is supposed to be a countable ordinal, and λ[·]., for each limit ordinal λ < 
., 
denotes a fundamental sequence, that is, a monotonically increasing sequence of 
ordinals λ[n]. such that supn<ωλ[n] = λ.. Once a system of fundamental sequences 
is fixed, the functions Fα . are uniquely defined for each α < 
.. 

If we want the functions Fα . to be computable, then 
. should be represented as a 
computable well-ordering; the set 
 ∩ Lim. and the functions x + 1. and x[y]. should 
be computable as well.
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The typical expectation for non-pathological computable systems of ordinal 
notations and fundamental sequences is that the growth rate of Fα . reflects the size of 
α ., e.g., Fω . is expected to be of the growth rate of the Ackermann function. The fast-
growing hierarchy is often used to characterize provably total computable functions 
of theories. For natural ordinal notation systems, the functions Fα . are provably total 
in PA., if  α < ε0 ., while Fε0 . grows faster than any PA.-provably total computable 
function. 

Examples of computable ordinal notation systems leading to pathological sub-
recursive hierarchies are well-known and going back at least to [16] (see also the  
references therein). We give an easy example of this kind here. 

Proposition 2 For any total computable function g there is a (polytime) com-
putable well-ordering of order type ω + 1. and a fundamental sequence for ω . such 
that the growth rate of Fω . is faster than g. 

Proof Without loss of generality we switch from g to a perhaps faster growing 
monotone function f such that f (x). is computable in time polynomial in f (x).. The  
domain of the ordering ≺. is the union of {ω}. and all pairs of natural numbers (n,m). 

such that m ≤ f (n).. We put, for each n, n′,m,m′
., (n,m) ≺ ω. and 

. (n,m) ≺ (n′,m′) if either n < n′ or n = n′ and m > m′.

The fundamental sequence is ω[n] := (n, 0).. Notice that the comparison relation, 
the domain of the ordering, and the functions x + 1. and ω[x]. are computable in 
polynomial time. The only non-trivial algorithm here is the one for the domain. 

Since f (n). is computable in time polynomial in f (n)., there is a polynomial 
bound s(m). such that whenever the computation of f (n). does not terminate in s(m). 

steps, f (n) � m.. To check if (n,m). belongs to the domain, on input (n,m). run the 
computation for f (n). for s(m). steps. If f (n). has not yet terminated tell that (n,m). 

is in the domain, otherwise check the inequality m ≤ f (n). directly. 
We have Fω(x) � f (x)., since Fω(x) = F(x,0)(x). and the position of (x, 0). in 

the ordering is x + ∑
y≤x f (y) � f (x).. �


5 Complexity Considerations 

How can one define a general class of ordinal representations excluding pathological 
examples like Kreisel’s? We first remark that the idea of restricting the well-
orderings to low complexity classes does not really work. The complexity of the 
formula ≺π . is already low ( 
0 ., which corresponds to the linear time hierarchy). In 
fact, one can lower the complexity of ≺π . even further. 

Let us call a class of binary relations a basis of r.e. sets, if it is closed under 
boolean operations and explicit transformations, and any r.e. set can be obtained 
as a projection from a relation in that class. (The term is due to R. Smullyan,
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see [28, 45].) The class of 
0 .-definable relations, for example, is a basis of r.e. sets, 
as is the class of linear time computable relations (on multitape TMs). 

Given a basis of r.e. sets S., any  �0
1 .-sentence π . can be represented in the form 

∀x π0(x). with π0 ∈ S. in the standard model of arithmetic. We say that S. is a basis 
of r.e. sets provably in T if this holds in all models of T . If  T is sufficiently strong 
(as strong as PRA. would certainly suffice) we have that linear time computable 
relations, for example, are a provable basis of r.e. sets in T . 

Let f be a monotone, provably total computable function in T whose graph is 
linear time computable, and let g(x) := min{y : f (y) > x}.. Notice that f can be 
fast growing (e.g. as fast as any primitive recursive function if T = PRA.), and g is 
therefore very slow growing. We can modify Kreisel’s example as follo ws:

. x ≺π y
def⇐⇒ (x < y ∧ ∀z < g(x) π0(z)) ∨ (y < x ∧ ∃z < g(y) ¬π0(z)).

We think of x and y now as of binary strings, and <. corresponds to the lexico-
graphic ordering. This defines a well-ordering of order type ω. whose computational 
complexity is only slightly above the linear function of max(|x|, |y|). assuming that 
π0(z). is computed in O(|z|). steps. However, the argument for 

. PRA + TI(≺π ;
0) � π

goes through. We remark that one needs the provable totality of f in order to show 
the existence of a decreasing chain in ≺π .: If  m is the first z such that π0(z). then the 
decreasing chain starts from f (m).. 

We conclude that well-ordering representations that do not allow for a version 
of Kreisel’s trick (of incorporating the consistency into the very definition of the 
ordering) must be more restrictive than most natural complexity classes. 

The first class that comes to mind which is not a basis of r.e. sets is the class of 
regular languages. As is well-known, regular languages are closed under boolean 
operations and projection. So, projection of a regular language cannot be �1 .-
complete. This leads us to the more general idea of using automatic presentations of 
well-orderings as candidates for canonical ones. 

6 Automatic Structures 

Automatic presentations of first-order structures emerged in the fundamental works 
of Büchi, Rabin and others, and are still an ongoing topic of active research. 
An important milestone in this development was the work by Khoussainov and 
Nerode [24] where a general program to study such structures was initiated (the 
notion of automatic structure already appeared in an earlier paper by Hodgson [20]). 
A (relational) structure is called automatic if it has an isomorphic copy where the 
universe is a regular set of words and all relations can be recognized by synchronous
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multi-tape automata. We recommend the surveys [5, 23] for an introduction to the 
topic of automatic structures and a historical overview. 

The study of automata presentable structures was mainly motivated by the 
problems in computable model theory. The main advantage of automatic structures 
compared to (polynomially) computable structures is that they enjoy, in general, 
nicer computational properties. For example, automatic structures have decidable 
first-order theories. The class of automatic structures is closed under first-order 
interpretations (hence under factorization by definable congruences and definable 
substructures) and finite products. They also have nice alternative characterizations 
in terms of logical languages. The following theorem summarizes the results by 
Büchi, Bruyère, Blumensath and Grädel (see [5]), where P<ω(N). denotes the set of 
all finite subsets of N.: 

Theorem 2 Let M.be a first-order structure. M. is automatic iff any of the following 
conditions hold: 

(i) M. is first-order interpretable in (N,P<ω(N); ∈, S)., where S is the successor 
function.4 

(ii) M. is first-order interpretable in Büchi arithmetic (N;+, V2)., where V2(x). is 
the function that returns the maximal power of 2 dividing x. 

(iii) M. is first-order interpretable in ({0, 1}∗;�, S0, S1, E)., where �. is the prefix 
relation, Si . are successor relations, and E(x, y). is true iff the words x, y . have 
equal length. 

Remark 2 In (ii) above the function V2 . can be replaced by any other Vk ., with k >

2., as all structures of the form (N;+, Vk). are mutually interpretable. This is possible 
because first order interpretations allow for relativization of quantifiers. Similarly, 
every automatic structure is automatic over the binary alphabet. In contrast, it 
is well-known that Vn . is definable in (N;+, Vk). iff n and k are multiplicatively 
dependent, that is, if nm = kl

., for some  k, l . [48]. 

Automatic well-orderings have been studied early on, and one of the basic results 
is the following theorem by Delhommé [15]: 

Theorem 3 An ordinal α . has an automatic presentation iff α < ωω
.. Moreover, 

from an automaton recognizing the binary relation one can effectively construct a 
Cantor normal form presentation of its order type α .: 

. α = ωn1m1 + ωn2m2 + · · · + ωnkmk

with mi > 0. and n1 > n2 > · · · > nk � 0.. 

Corollary 1 The isomorphism problem for automatic well-orderings is decidable.

4 We consider here the two sorted (weak second-order) structure as a first-order structure in the 
usual way. This allows us to use the standard notion of first-order interpretation here (see e.g. [5, 
30]). 
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This result shows that automatic presentations of well-orderings are equivalent 
to Cantor normal form presentations (of ordinals below ωω

.). The theorem itself is 
provable by elementary methods, which means that automatic well-orderings are 
natural in the sense of proof theory. However, a major drawback is that they do not 
work beyond the very small ordinal ωω

., which is at the lowermost end of ordinal 
notations of interest in proof theory (it corresponds to the proof-theoretic ordinal of 
primitive recursive arithmetic). 

Can one do better? A way out is to look for more general types of presentations 
than the automatic ones. In the recent literature several other kinds of automatic-like 
structures were considered, especially: tree-automatic (which accept as inputs finite 
labelled trees), Büchi automatic (which accept as inputs infinite words), and Rabin 
automatic ones (which accept as inputs infinite binary labelled trees). A structure is 
called tree (respectively, Büchi, Rabin) automatic, if its domain and basic relations 
are recognizable by tree (respectively, Büchi, Rabin) automata. Classical results of 
Büchi [9] and Rabin [36] relate this to definability in (weak) monadic second order 
structures of, respectively, natural numbers with successor and the infinite binary 
tree. See also [5]. 

Theorem 4 (Büchi, Rabin) 

(i) A structure is Büchi automatic iff it is definable in (N,P(N); ∈, S).. 
(ii) A structure is tree-automatic iff it is definable in 

({0, 1}∗,P<ω({0, 1}∗); ∈, S0, S1).. 
(iii) A structure is Rabin automatic iff it is definable in 

({0, 1}∗,P({0, 1}∗); ∈, S0, S1).. 

The class of tree-automatic structures is genuinely larger than the class of 
automatic ones. For example, the structure of natural numbers with multiplication 
(Skolem arithmetic) is tree-automatic but not automatic. In the case of well-
orderings, however, the gains are relatively minor. For tree-automatic ordinals, 
Delhommé [15] showed that Theorem 3 can be improved by one exponent: An 
ordinal α . is tree-automatic iff α < ω(ωω)

.. 
The classes of Büchi and Rabin automatic structures are advantageous when one 

wants to represent uncountable structures. Their first-order theories are decidable 
and in general the classes have nice closure properties. For example, the structure 
of reals with addition is Büchi automatic [5]. 

Proof-theoretic ordinal notation systems are supposed to be interpreted in first-
order arithmetic (otherwise, transfinite induction schema can hardly be stated), and 
in this case we want ordinal representations to be finite objects. However, e.g. in 
the case of the binary tree, if one only considers MSO definable structures whose 
elements correspond to finite sets of words, then these will be the same as tree-
automatic (or WMSO definable) structures. Thus, prima facie there is no advantage 
in considering Büchi and Rabin representations of well-orderings. However, this 
discussion brings us to a few useful general observations. 

Firstly, the class of relations definable in decidable theories, such as MSO 
theories of the binary tree, can never be a basis of r.e. sets in the sense of



Automatic Structures and the Problem of Natural Well-orderings 101

Sect. 5. Hence, they are good candidates for avoiding pathological well-ordering 
counterexamples. The more expressive is such a decidable theory, the larger a 
class of interpretable well-orderings we potentially obtain. This draws our attention 
towards expressively strong decidable theories. 

Secondly, suppose a structure A. has a decidable monadic second-order theory 
(as opposed to its first-order theory). If a relation ≺. is interpreted in A. in such a 
way that its domain consists of elements of A. (is MSO definable), then the well-
foundedness of ≺. is expressible by the MSO formula 

. ∀X ∀x (∀y ≺ x y ∈ X → x ∈ X) → ∀x x ∈ X.

Hence, given a formula defining ≺., one can effectively check whether ≺. is a well-
ordering. Thus, the class of interpretable well-orderings will have an additional nice 
property of being effectively recognizable. 

Thirdly, because of the previous property, if a model has a decidable MSO theory 
in the language expanded by constants for each element of the domain, then one can 
enumerate all the well-orderings definable in it. Hence, their order types will be 
uniformly bound by some constructive ordinal α < ωCK

1 .. 
The only example we know of where this idea works beyond the tree-automatic 

ordinals is the so-called Caucal hierarchy. 

7 Caucal Hierarchy 

Muchnik’s theorem [43] generalizes the decidability result of Rabin by establishing 
that the decidability of the MSO theory of a structure is preserved under the iteration 
operation that maps relational structuresM = (M;R0, . . . , Rn−1). to certain natural 
structures M∗

. on finite words over its domain M . In particular, a well studied 
corollary of Muchnik’s results is the decidability of MSO theories of graphs from 
the Caucal hierarchy [13, 14]. 

Here we consider directed graphs with edges colored in finitely many colors such 
that, for all vertices x, y . and color i, there is at most one edge from x to y of that 
color. Formally, we say that a structure G. is a directed graph with colored edges if 
its signature consists of finitely many binary relations {Ri | i < n}.. Later in this 
section we will simply call them graphs. 

We have two natural operations on these graphs preserving the decidability of 
MSO theories: 

1. MSO interpretations,5 i.e., the interpretations where the first-order domain is 
interpreted by a one-dimensional MSO definable set of first-order elements and 
the relations are interpreted as MSO definable relations.

5 Transductions in the terminology of [30]. 
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2. The unfolding operation Unf., where for a graph G., the vertices of Unf(G). are all 
possible paths Path(G). through G., and we have an i-colored edge from a path 
α = (v0, . . . , vm). to β = (u0, . . . , uk). if k = m + 1., v0 = u0 ., . . ..,vm = um ., and 
in G. there is an i-colored edge from vm . to um+1 .. 

Level 0 of the Caucal hierarchy C0 . consists of all finite graphs, and level n + 1. 

of the hierarchy Cn+1 . consists of all the graphs that are MSO interpretable in the 
unfoldings of graphs from Cn .. 

From the automata-theoretic perspective, the Caucal hierarchy naturally corre-
sponds to higher-order pushdown automata first introduced by Maslov [31]. We 
call a 0-pds over a finite alphabet A (pds stands for higher order pushdown store) 
just a letter from A. A (n + 1).-pds over A is a finite sequence of n-pds. We think 
about (n + 1).-pds as a stack of n-pds. Further, we have a natural popk

. operation, 
0 < k ≤ n., removing the topmost (k − 1).-pds (if k < n. consider the topmost 
(n − 1).-pds and apply popk

. to it). The operation pushk(a). modifies the topmost 
k-pds by creating a copy of the topmost (k − 1).-pds and putting it on the top of the 
k-pds, followed by replacing the topmost 0-pds with the letter a. 

Now one can naturally define the notion of a n-pushdown automaton as a finite 
state transition device that uses a single n-pds as its memory. We do not go into 
the details here, but it is important to allow ε .-transitions, i.e., the transitions where 
the automaton can perform an operation on n-pds and transit to a new state, but is 
not reading any characters from the input. The configuration graph of a (possibly 
non-deterministic) n-pushdown automaton is the graph whose vertices are the states 
reachable from the starting state (with an empty n-pds). Its edges are labeled with 
ε . and characters of the input alphabet and correspond to the one-step transitions. 
As proved by Carayol and Wöhrle [12], level n of the Caucal hierarchy consists 
precisely of (the graphs isomorphic to) ε .-contractions of the configuration graphs of 
n-pushdown automata. 

In the previous section we connected ordinals with structures with decidable 
MSO theories by means of first-order interpretations. Although this question is also 
natural to ask for the case of the Caucal hierarchy, to the best of our knowledge it is 
open. 

In this section we will be looking at a stronger notion of representability of 
ordinals in the sense of being MSO interpretable. Structures in the Caucal hierarchy 
have decidable MSO theories and all their elements are definable. Hence, the 
remarks at the end of the previous section apply. In particular, one can effectively 
recognize well-orderings in the Caucal hierarchy, and there is a uniform bound on 
their order types. The following theorem by Braud and Carayol [6, 7] explicitly 
describes this bound. 

Define ω0 := 1. and, for k < ω ., let ωk+1 := ωωk .. Then ε0 . is the supremum of 
{ωk : k < ω}.. 
Theorem 5 An ordinal α . is MSO interpretable in a graph from the Caucal 
hierarchy iff α < ε0 .. An ordinal α . is interpretable in the n-th level of the Caucal 
hierarchy iff α < ωn+1 ..
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Remark 3 We do not really know if the Cantor normal form of an ordinal can 
be computed from its Caucal hierarchy representation. Nor do we know if the 
isomorphism problem for well-orderings in the Caucal hierarchy is decidable. 

Remark 4 We know that MSO theories of the structures in the Caucal hierarchy 
are decidable. A fortiori, this holds for the well-orderings in the Caucal hierarchy. 

By the results of Kołodziejczyk and Michalewski [25], Rabin’s theorem on 
the decidability of the MSO theory of the binary tree is surprisingly strong: it is 
unprovable in the fragment of the second-order arithmetic with 
1

3 .-comprehension 
axioms. This theory is very much stronger than PA. and its proof-theoretic ordinal 
is larger than all currently known ones. We do not really know the corresponding 
lower bound for the Caucal hierarchy, but in any case it can only be worse. 

Therefore, we are in a curious situation that Caucal hierarchy presentations, in 
general, may not be recognizably decidable within a given formal system. It puts 
some doubts on the hope that any Caucal presentation of a well-ordering would 
be provably isomorphic to a computable one (such as the canonical one based on 
Cantor normal forms). However, there is a caveat: By a well-known theorem of 
Büchi [10, 11] any countable well-order has a decidable MSO theory. This theorem 
seems to be proof-theoretically weaker than Rabin’s. So, Caucal presentations of 
well-orderings may not actually require as strong axioms as 
1

3 .-comprehension. 
In any case, there is a strange discrepancy between the order types of Caucal 

representable well-orderings and the very strong axioms needed to show that they 
are decidable. 

8 Fundamental Sequences in the Caucal Hierarchy 

As we discussed in Sect. 4, the assignment of fundamental sequences to ordinals 
within an ordinal notation system is important for the construction of subrecursive 
hierarchies of functions such as the fast-growing hierarchy. Given that such 
hierarchies play a significant role in proof theory, in this section we will discuss 
a result from [32] stating that fundamental sequences can also be represented with 
the Caucal hierarchy and yield, under some natural conditions, the hierarchies of 
functions equivalent to the one for the standard fundamental sequences assignment. 
We are very sketchy and refer the reader to [32] for more details. 

Firstly, we remark that an ordinal represented in the Caucal hierarchy can always 
be expanded by a system of fundamental sequences in the same hierarchy. We 
represent a system of fundamental sequences by the predicate FS(β, γ ). expressing 
that β . is an element of the fundamental sequence for γ .. Here we naturally assume 
that only the limit ordinals have non-empty fundamental sequences and, for any 
limit ordinal λ., the set of ordinals {β | FS(β, λ)}. has order type ω. and λ. as its limit. 
We then let λ[n]FS . denote the n-th element of the set {β | FS(β, λ)}.. 

To see that, given a well-ordering in the Caucal hierarchy, some system FS. 

exists that can be defined in the Caucal hierarchy, we consider deterministic trees. A
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deterministic tree is a tree where from each vertex there is at most one outgoing edge 
of any given color. It is known [12] that every graph from Cn . is MSO interpretable in 
a deterministic tree from Cn .. It is then fairly easy to expand an MSO interpretation 
of an ordinal in a deterministic tree by an MSO definable system of fundamental 
sequences FS.. 

A commonly considered nice property of systems of fundamental sequences is 
the so-called Bachmann property [1, 39, 42]. It demands that each λ[·] : ω → λ. is 
strictly increasing and that for any limit α . from (λ[n], λ[n + 1]]. the value α[0] �
λ[n].. As explained in [32], if a well-ordering equipped with a system of fundamental 
sequences FS. is MSO interpreted in a deterministic tree, then one can construct 
another MSO definable system FS′ ⊆ FS. with the Bachmann property. 

As before, when we have a computable ordinal equipped with system of 
computable fundamental sequences · [·]FS ., we can form the associated fast-growing 
hierarchy. If FS. satisfies the Bachmann property, then the asymptotic growth rate 
of the functions Fα . from the hierarchy grows monotonically in α . [39]. One of the 
criteria of an ordinal notation system of being natural is that it leads to the levels 
of fast-growing hierarchy having the expected growth rate reflecting the value of 
ordinal. The following theorem [32] confirms that this is the case for the Caucal 
hierarchy representations. 

Theorem 6 Suppose a structure (
,<,FS1,FS2). in the Caucal hierarchy is an 
ordinal with two systems of fundamental sequences, both satisfying the Bachmann 
property. For each i ∈ {1, 2}., let (F

FSi
α : N → N)α<
 . be the fast-growing hierarchy 

according to FSi .. Then for each α < β < 
. there is an N so large t hat

. F FS1
α (x) < F

FS2
β (x), for x � N.

Hence, all systems of fundamental sequences in the Caucal hierarchy yield fast-
growing hierarchies of similar growth rates. An important tool to get bounds on 
the hierarchy functions is the pumping lemma for higher-order pushdown automata 
proved by Parys [33]. 

The standard system of fundamental sequences for ordinals λ < ε0 . given in 
Cantor normal form is defined by: 

. λ[n] :=
{

α + ωβ · (n + 1), if λ = α + ωβ+1;
α + ωβ[n], if λ = α + ωβ and β ∈ Lim.

The standard system satisfies the Bachmann property and is MSO definable in 
(
,<). for ordinals 
 < ωω

. (but not above). Hence, we obtain the following 
corollary. 

Corollary 2 Suppose (
,<,FS). in the Caucal hierarchy is an ordinal < ωω
. 

together with a system of fundamental sequences satisfying the Bachmann property. 
Let (F FS

α : N → N)α<
 . be the fast-growing hierarchy according to · [·]FS . and
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let (Fα : N → N)α<ωω . be the fast-growing hierarchy (defined using the standard 
fundamental sequences). Then for each α < β < 
. there is an N so large t hat

. Fα(x) < F FS
β (x) and F FS

α (x) < Fβ(x), for x � N.

We do not know if the counterpart of Corollary 2 holds without the restriction 
on 
.. One can also ask similar questions about the other classes of automatically 
represented well-orders considered in Sect. 6. 

9 Automatic Well-founded Relations 

We have seen that the notion of automatic well-order provides natural ordinal 
representations, however is too restrictive for proof-theoretic applications. The 
situation is the same for well-founded partial orders [22]. In proof theory, transfinite 
induction can be stated more generally for well-founded relations rather than just 
for well-founded orders (or partial orders). 

Are automatic presentations of well-founded relations always natural? We 
answer this question negatively by employing a construction by Khoussainov and 
Minnes from [22] who showed that there exist automatic well-founded relations of 
arbitrary large ordinal rank < ωCK

1 .. 

Theorem 7 For each true �0
1 .-sentence π . there exists an automatic well-founded 

binary relation Rπ . such that PRA + TI(Rπ ,
0) � π .. 

Proof The proof is essentially an application of a construction from [22, Theorem 
1.2] to Kreisel’s example. We only sketch it here and refer to [22] for additional 
details. 

The proof relies on several general facts. Firstly, the configuration graph of a 
Turing machine is automatic. Vertices of the graph are tuples of words (representing 
the content and the position of the head on each tape). Edges represent one-step 
transitions of the machine between the configurations. 

Secondly, for each Turing machine there is a reversible three tape Turing machine 
accepting the same language. For such a machine both the in-degree and the out-
degree of the configuration graph are at most one, in fact, the graph is a union of 
chains that are either finite or of the type of natural numbers. Therefore, the graph 
is a well-founded relation (of rank � ω.). 

Given a �1 .-sentence π ., let  ≺π . denote Kreisel’s ordering on {0, 1}∗ . (as defined 
in Sect. 4), and let M. be the Turing machine computing ≺π . in the sense that on 
input (x, y). it outputs ‘yes’ or ‘no’ depending on whether x ≺π y . holds. Kreisel’s 
definition of ≺π . can be read as an algorithm for computing ≺π .. Moreover, the 
associated Turing machine M. can be represented in arithmetic in such a way that the 
result of its computation provably in PRA. meets its specification:M(x, y) = ‘yes’. 
iff x ≺π y .. Moreover, we can assume M. to be (PRA. provably) reversible.
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Let (D,E). denote the configuration graph of M.. We define the domain of the 
automatic structure A as {0, 1}∗∪D . (the union is disjoint). The relation Rπ . is defined 
as the union of E (on D) and:

• All pairs (x, z). such that x ∈ {0, 1}∗ . and z is the initial configuration ofM. on 
input (x, y)., for some y ∈ {0, 1}∗ .;

• All pairs (z, y). where y ∈ {0, 1}∗ . and z is the final configuration of an accepting 
computation ofM. on input (x, y)., for some x ∈ {0, 1}∗ .. 

Since (D,E). is automatic, it is easy to see that so is Rπ .. 
Let R∗

. denote the transitive closure of R. 

Lemma 1 For all x, y ∈ {0, 1}∗ ., if x ≺π y . then xR∗
πy .. 

Proof Suppose x ≺π y ., then M(x, y) = ‘yes’.. Let  I (x, y). denote the initial 
configuration of M. on input (x, y)., and F(x, y). its final configuration. Then we 
have a path in (A,Rπ). from x to y: xRπI (x, y)R∗

πF (x, y)Rπy .. �

Using Kreisel’s argument we see that, if π . is false, then there is a descending 

sequence w.r.t. ≺π .. By Lemma 1 it generates a descending sequence w.r.t. 
Rπ ., hence Rπ . is not well-founded. Formalizing this in PRA. yields that PRA +
TI(Rπ ,
0) � π .. 

Now we show that Rπ . is actually well-founded. Since π . is true in the standard 
model, ≺π . is isomorphic to ω.. Consider a nonempty set X ⊆ A.. If X∩{0, 1}∗ �= ∅. 

we first consider the ≺π . minimal element a ∈ X ∩ {0, 1}∗ .. By the construction of 
Rπ . (second item), the elements u such that uRπa . must be final configurations of 
accepting computations ofM(x, a)., for some x. Select any such x. Then x ≺π a . 

and, by the minimality of a, x /∈ X .. The computation chain ofM(x, a). is finite. We 
claim that its minimal element in X (if exists) will be Rπ .-minimal, otherwise a will 
be Rπ .-minimal. This is clear for all but the first element of the computation chain. 
However, if v is the initial configuration then its only Rπ .-predecessor is x, but x is 
not in X. So, v, if in  X, must b  e Rπ .-minimal. 

If X ∩ {0, 1}∗ = ∅., then X is a non-empty subset of the computation graph D, 
which is well-founded by the reversibility condition. The minimal element of X in 
D will also be Rπ . minimal in A. �


This example shows that automatic presentation of a structure is not always nice. 
Whether or not crucially depends on the choice of the relations of the structure 
one assumes to be automatic. So, this brings us back to the question, what kind of 
structures are proof-theoretic ordinals? 

10 Conclusion and Open Questions 

We would like to mention the following questions resulting from our analysis. 
We think they are interesting irrespectively of the problem of naturality of ordinal 
notation systems.
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– Are there mathematically interesting classes of structures expressively stronger 
than the Caucal hierarchy for which the MSO theory (FO theory) is decidable? We 
would like to find such structures (or to show that they do not exist) for important 
proof-theoretic ordinals such as the Feferman–Schütte ordinal, the Howard ordinal, 
etc. 

– Can one relate in an intrinsic way the Caucal hierarchy representations of 
ordinals below ε0 . and Peano arithmetic, that is, to use them directly for a proof-
theoretic analysis of PA.? For example, it seems natural to represent in the Caucal 
hierarchy the infinitary derivation trees arising from PA.-proofs and possibly the 
non-well-founded proofs in a cyclic version of PA. [44]. 

– As we have discussed above, automatic well-founded partial orders have 
very small ranks, whereas automatic well-founded binary relations do not, but 
neither do they exclude pathological counterexamples. Are there natural types of 
well-founded structures, whose automatic presentations are tame, yet much larger 
proof-theoretic ordinals are presentable? This is related to the more traditional view 
of proof-theoretic ordinals as orders equipped with an additional structure. In the 
proof-theoretic literature there are various proposals as to possible structures (see 
[4, 18, 27, 35, 37, 46]). 
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On the Counting Complexity of the Cover 
Polynomial for Simple Graphs 

Markus Bläser and Nico Mansion 

Abstract Graph polynomials are graph invariants that map graphs to polynomials. 
As an analogue of the famous Tutte polynomial for directed graphs, Chung 
and Graham (J. Comb. Theory Series B 65(2):273–290, 1995) define the cover 
polynomial CG(x, y).. Bläser and Dell (Automata, Languages and Programming, 
pp. 801–812. Springer, Berlin, 2007) prove that evaluating the cover polynomial 
is #P.-hard, except for the points (0, 0), (0,−1), (1,−1).. There the evaluation is 
easy. However, the graphs used in this reduction are not simple. Motivated by 
a connection between the cover polynomial and the drop polynomial for simple 
graphs, Chung and Graham (J. Comb. Theory Series B 126:62–82, 2017) conjecture 
that the cover polynomial is also hard when restricted to simple graphs (which do 
not allow parallel edges or loops). As our main result, we confirm this conjecture. 

1 Introduction 

Graph polynomials are functions that map directed or undirected graphs to poly-
nomials such that isomorphic graphs are always mapped to the same polynomial. 
There are many graph polynomials, however one of the most interesting ones is the 
Tutte polynomial T , see e.g. [10], as many of its points encode interesting properties 
of the given graph. For example, TG(1, 1). is the number of spanning trees of a graph 
G, TG(1, 2). the number of spanning subgraphs and TG(2, 0). the number of acyclic 
orientations of G. 

The Tutte polynomial is defined for undirected graphs. Chung and Graham [7] 
define an analogue for directed graphs, the (factorial) cover polynomial CG(x, y).. 
When we talk about the complexity of the evaluation of a graph polynomial at 
a given point, as for example TG(x, y)., we regard  x and y as constant and only 
consider the complexity in dependence of the input graph G. We write T (x, y). for 
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this problem, the problem of evaluating the Tutte polynomial at the point (x, y). 

given some input graph. 
We can view a graph polynomial as a family of computational problems, 

parameterized by the evaluation point. Given a fixed point (x, y)., we can now 
study the complexity of the map G �→ TG(x, y).. For the Tutte polynomial, Jaeger, 
Vertigan, and Welsh [13] completely classified these complexities. For almost all 
points (x, y) ∈ Q2

., the problem is #P.-hard, except for one hyperbola and four 
points. There the problem can be solved in polynomial time. Many other graph 
polynomials show a similar behaviour, like the cover polynomial [2, 3, 6], the 
interlace polynomial [4], the Bollobás-Riordan polynomial [5], the most general 
edge elimination polynomial [1, 12], and other variants of coloring polynomials 
[11]. This resulted in Makowsky’s difficult point conjecture [15]. 

1.1 Previous Results 

For the cover polynomial, the difficult point property was shown by Bläser and 
Dell [3]. They prove that the evaluation of the factorial cover polynomial is #P.-
hard everywhere, except for three polynomial time computable points and that the 
geometric cover polynomial is #P.-hard everywhere except for two easy points. 
Later, Bläser and Curticapean [2] showed that both the factorial as well as the 
geometric cover polynomial are #P.-hard for planar graphs except for a few points. 
However, during the constructions, multiple lines and self-loops are introduced, 
even if the original graph was simple. Thus, strictly speaking, the above results only 
hold for multigraphs with self-loops. Chung and Graham [8] conjectured that the 
cover polynomial is also hard when restricted to simple graphs, which do not allow 
parallel edges or self-loops. The proof of this conjecture will be our main result. 

1.2 Our Results 

In this paper, we consider the complexity of computing the factorial cover polyno-
mial for simple graphs as well as for planar, simple graphs. We prove that for simple 
graph, the same hardness classification as obtained by Bläser and Dell [3] holds. 
For simple, planar graphs, we also confirm Makowsky’s difficult point conjecture, 
however for some lower dimensional set of points, the complexity remains open (as 
in [2]). In the end, we translate our results to the geometric cover polynomial and 
the drop polynomial.
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2 Preliminaries 

Let N = {0, 1, ...}. denote the natural numbers. The graphs considered in this work 
are directed multigraphs G = (V ,E)., that is, parallel edges and self-loops are 
allowed. We will usually call the number of vertices n and the number of edges m, 
counted with multiplicities. Simple graphs are graphs without any loops or parallel 
edges. Furthermore, we call a graph planar, if one is able to draw it without any 
intersecting edges in the p lane.

2.1 Counting Complexity Basics 

The class #P. consists of all functions f : {0, 1}∗ → N., such that a polynomial time 
verifier has exactly f (x). accepting certificates of polynomial length, for all inputs x. 
For two functions f, g : {0, 1}∗ → N., we say  f Turing-reduces to g in polynomial 
time (denoted by f ≤T

P g .) if there is a deterministic oracle Turing machine that, 
given an oracle to g, computes f in polynomial time. If the oracle is only used 
once, we will call this a polynomial time many-one reduction (f ≤m

P g .). If the 
output of the oracle in a many-one reduction is f (x)., we call this a parsimonious 
reduction (f ≤P g .). The notions of hardness and completeness are defined as usual: 
A function f is #P.-hard (under Turing reductions) if ∀g ∈ #P : g ≤T

P f . and #P.-
complete if it is #P.-hard and in #P.. Hardness under the other two types of reductions 
is defined similarly. 

2.2 Polynomials 

Polynomials p(x1, ..., xm) ∈ Q[x1, ..., xm].are elements of a polynomial ring, in this 
case over Q.. Given  d+1. input-value pairs, one can compute a univariate polynomial 
p with deg(p) ≤ d . using Lagrangian interpolation that maps all inputs to their 
respective values. Furthermore, p is unique, that is, a polynomial of degree d can be 
exactly reconstructed just from d + 1. distinct input-value pairs. 

2.3 Isomorphic Graphs 

Two graphs G1 = (V1, E1). and G2 = (V2, E2). are called isomorphic if there is a 
bijection f : V1 → V2 ., such that (u, v) ∈ E1 ⇔ (f (u), f (v)) ∈ E2 .. This means 
that G1 . can be transformed into G2 . (and vice versa) by renaming the vertices.
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2.4 Graph Invariants and Graph Polynomials 

A graph invariant is a function f that maps graphs to some values such that 
isomorphic graphs get the same value. If that set is a polynomial ring, we call f 
a g raph polynomial.

2.5 The Cover Polynomial and Its Relatives 

Definition 1 (Path-cycle Cover) A path-cycle cover of a directed graph G =
(V ,E). is a set of disjoint simple paths and cycles, such that all vertices are covered 
by exactly one path or one cycle. We will denote the number of path-cycle covers of 
G with i paths and j cycles by cG(i, j).. 

Definition 2 (Factorial Cover Polynomial) The factorial cover polynomial, 
defined by Chung and Graham [7], is a twovariate polynomial and is defined 
by 

. CG(x, y) :=
n∑

i=0

n∑

j=0

cG(i, j)xiyj ,

where xi := x(x −1) · · · (x − i +1). denotes the falling factorial and n is the number 
of vertices of G .

Definition 3 (Geometric Cover Polynomial) The geometric cover polynomial of 
D’Antona and Munarini [9] is defined in a similar fashion as follows: 

. C
geo
G (x, y) :=

n∑

i=0

n∑

j=0

cG(i, j)xiyj ,

where n is the number of vertices of G .

Remark 1 When we consider the evaluation of graph polynomials like C or Cgeo
. 

at a particular point (ξ, η) ∈ Q2
., we will write C(ξ, η). and Cgeo(ξ, η). for the 

function that maps a given directed graph G to the value CG(ξ, η). and C
geo
G (ξ, η)., 

respectively. 

Definition 4 (Drop) For a graph G = (V ,E). and a permutation π : V → V ., 
we say that π . has a drop at u if (u, π(u)) ∈ E . and we denote the number of 
permutations on G which have exactly k drops by

〈
G
k

〉
..
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Definition 5 (Drop Polynomial) The drop polynomial is defined by 

. BG(x) =
n∑

k=0

〈
G

k

〉(
x + k

n

)
,

where n is the number of vertices of G and
(
x+k
n

) := (x+k)n

n! . is the extension of the 
binomial coefficient to arbitrary values x. 

We will introduce two useful operations on graphs that will be used to define the 
so-called contraction–deletion identities:

• Deletion: For a graph G = (V ,E). and an edge e ∈ E ., we define G \ e :=
(V ,E \ e)..

• Contraction: For a graph G with an edge e = (u, v)., we define G/e. as the graph 
that results from “glueing” u and v together: We replace the vertices u and v by a 
vertex uv and all edges of the form (w, u). now become edges of the form (w, uv). 

and all edges of the form (v,w′). now become edges of the form (uv,w′). for all 
vertices w and w′

.. Also note that edges of the form (u,w). or (w, v). are removed. 
(This is different to undirected graphs.) If e is a loop and thus of the form (u, u). 

we just delete u and all adjacent edges from the g raph.

The factorial cover polynomial satisfies the following contraction–deletion identi-
ties:

• If e is an edge of G that is a loop, then we ha ve

.CG(x, y) = CG\e(x, y) + yCG/e(x, y),

• and if e is not a loop, then

. CG(x, y) = CG\e(x, y) + CG/e(x, y).

Similar identities are known for the drop polynomial. 

3 The Cover Polynomial is #P.-hard for Simple Graphs 

In the following, let G be a graph. Our first main theorem is the follo wing:

Theorem 1 Let x, y ∈ Q \ {(0, 0), (0,−1), (1,−1)}.. Then C(x, y). is #P .-hard for 
simple graphs. 

We will prove this by reducing the cover polynomial for (multi)graphs to the 
cover polynomial for simple graphs. This reduction will consist of two steps: First,
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we remove loops from the graph using a function f and second, we remove parallel 
edges using a function g. They will be defined in their respective section. 

3.1 Loops

3.1.1 The Gadget 

The reduction function f maps a directed graph to a new directed graph, eliminating 
all loops by replacing any vertex u with a loop by three vertices uin, u

′, uout . and 
edges (uin, u

′), (u′, uout).. We then add as many edges (uout, uin). as there are loops 
at u. Furthermore, every edge of the form (v, u). for v 
= u. becomes (v, uin). and 
every edge (u, v). becomes (uout, v)., see Fig. 1. Intuitively, this is the opposite of 
contracting edges of a triangle twice: If u is a vertex in a graph G, then contracting 
the triangle (f (G)/(uin, u

′))/(u′, uout). reverses this operation locally on this single 
vertex. Note that we may still have parallel edges in the resulting graph. They will 
be removed in the next step. 

3.1.2 The Properties of the Gadget 

First, we consider the line (0, y).. On this line, path-cycle covers containing any 
path do not contribute to the value CG(0, y).. Thus, we only need to consider cycle 
covers. We will show that 

. ∀y : CG(0, y) = Cf (G)(0, y).

We will prove this by induction on the number of loops. Assume that G has at 
least one self-loop. Otherwise, we are done. Let G′

. be the graph obtained from G 

Fig. 1 A subgraph consisting of a vertex with �. loops and an incoming and an outgoing edge 
before applying f (left-hand side) and after applying f (right-hand side)
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Fig. 2 A cycle cover locally covering u taking a self-loop (left-hand side) and the corresponding 
local covering in f (G). (right-hand side) 

Fig. 3 A cycle cover covering u not taking a self-loop (left-hand side) and the corresponding 
covering for the triangle resulting from u in f (G). (right-hand side) 

by replacing just the self-loops of one node u by the gadget construction. Note that
f (G′) = f (G).. 

Lemma 1 There is a bijection b between cycle covers of G and cycle covers of G′
., 

such that if C is a cycle cover of G with j cycles, then b(C). is a cycle cover of G′
. 

with j cycles. 

Proof Let C be a cycle cover of G with j cycles. Let u be the vertex of G that was 
replaced by a gadget as in Fig. 1. If u is covered by a self loop ei . in C, then we 
map the cover C to a cover C′

. of G′
. that contains the triangle (uin, u

′), (u′, uout), e
′
i . 

instead. See Fig. 2 for an illustration. If u is part of a larger cycle, then this larger 
cycle contains two edges (v, u), (u,w).. (  v = w . is possible.) To obtain C′

., we  
replace them with (v, uin), (uin, u

′), (u′, uout), (uout, w)., as depicted in Fig. 3. This  
mapping is obviously injective. Moreover the mapping does not change the number 
of cycles. 

Conversely, we have (G′/(uin, u
′))/(u′, uout) = G.. Note that the node u′

. in G′
. 

can only be covered by the unique edges entering and leaving it. To close these two 
edges to a cycle, we either have to use one of the edges e′

i . or they are part of a 
larger cycle that leaves through uout . and comes back through uin .. Let  C′

. be a cycle 
cover with j cycles in G′

. and let C be the image of C′
. in G after contracting. In the 

first case u is now covered by a self-loop. In the second case, u is part of a larger 
cycle obtained by contracting the two edges (uin, u

′)), (u′, uout).. In both cases the 
number of cycles is not changed and on all other nodes C′

. and C coincide. Thus the 
mapping has an inverse and hence is a bijection. ��
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Lemma 2 There is a bijection b between cycle covers of G and cycle covers of
f (G)., such that if C is a cycle cover of G with i cycles, then b(C). is a cycle cover 
of f (G). with i cycles. 

Proof The proof is by induction on the number k of nodes with self-loops of G. 
If k = 0., then there is nothing to prove. If k = 1., then f (G) = G′

., where G′
. is 

the graph from the previous lemma and the result follows from the previous lemma. 
For the induction step, let k ≥ 2.. G′

. has k − 1. nodes with self-loops. By the 
induction hypothesis, there is a bijection between the cycle covers of G′

. and of 
f (G′). preserving the number of cycles. By the previous lemma, there is also a 
bijection between the cycle covers of G and of G′

. preserving the number of cycles. 
The claim now follows since f (G) = f (G′).. ��
Lemma 3 We have CG(0, y) = Cf (G)(0, y). for all graphs G and y ∈ Q.. 

Proof Follows directly from the last lemma, as the number of cycles contained in 
the cycle covers is invariant under b and since b is a bijection. ��

3.2 Parallel Edges 

Next, we are going to define our function g which eliminates parallel edges from 
a graph. Let G be a directed graph with n vertices and no loops. Let u,w ∈ V . be 
vertices and �u,w . be the number of edges from u to w. Now, we say that there are 
parallel edges from u to w, if �u,w > 1.. 

3.2.1 The Gadget 

Our function g maps directed graphs to directed graphs by subdividing all parallel 
edges ei . with a vertex vi ., adding an additional vertex bi . for each of them, the 
cycle (vi, bi), (bi, vi). and the loop (bi, bi).. This is done for every such instance 
of a parallel edge. The construction is illustrated in Fig. 4. 

3.3 The Properties of the Gadget 

Let G be a graph with at least one pair of nodes u,w . with parallel edges from u to 
w and let G′

. be the graph obtained from G by replacing it with our gadget. Note 
that g(G) = g(G′).. Let  � > 1. be the number of parallel edges from u to w .

Lemma 4 There is a bijection b between cycle covers of G and cycle covers of G′
., 

such that if C is a cycle cover of G with i cycles, then its image C′
. is a cycle cover 

of G′
. with � + i . cycles.
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Fig. 4 A subgraph consisting of �. parallel edges from u to w with other incoming and outgoing 
edges before applying g (left-hand side) and after applying g (right-hand side). This gadget 
introduces loops again, but these loops are simple

Proof Let C be a cycle cover of G. If  C does not contain any of the edges between u 
and w, we cover all the internal nodes of the gadget by the 2-cycles (bi, vi), (vi, bi). 

and this is the only way to cover the internal nodes, cf. Fig. 5. If  C contains one of 
the edges between u and w, s  ay ei ., then we connect u and w in G′

. via vi ., cover bi . 

by a self loop and the other inner nodes of the gadgets by 2-cycles as before. See 
Fig. 6 for an illustration. In both cases, if C has i cycles, then the new cover C′

. has 
� + i . cycles. Moreover, the mapping b is clearly injective. 

Conversely, take any cycle cover C′
. of G′

.. Note that we get G back from G′
. by 

removing all nodes bi . and adjacent edges as well as contracting all edges (u, vi). (or 
equivalently, all (vi, w).). This transforms C′

. back into a cycle cover of G in such a 
way that distinct cycle covers of G′

. are mapped to distinct cycle covers of G. Thus 
the mapping b is a b ijection. ��

Let k := ∑
(u,v)∈E
�u,v>1

�u,v . be the total number of edges that are not simple. 

Lemma 5 There is a bijection b between cycle covers of G and cycle covers of
g(G)., such that if C is a cycle cover of G with i cycles, then b(C). is a cycle cover 
of f (G). with k + i . cycles.
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Fig. 5 A cycle cover that does not take any edges from u to w before applying g (left-hand side) 
and after applying g (right-hand side)

Proof The proof is by induction on k. If  k = 0., then there is nothing to do. 
Let therefore k > 0.. Let  u,w . be a pair of vertices such that there are parallel 

edges from u to w. Le  t � > 1. be the number of parallel edges from u to w. Le  t G′
. be 

the graph obtained from G by just replacing the parallel edges between u and w by 
our gadget. Note that the number of parallel edges in G′

. is k′ := k − � < k .. Thus by 
the induction hypothesis, there is a bijection of the cycle covers of G′

. with i′ . cycles 
and the cycle covers of g(G′). with i′ + k′

. cycles. By Lemma 4, there is a bijection 
between the cycle covers of G with i cycles, and the cycle covers of G′

. with i + �. 

cycles. Thus there is a bijection between the cycle covers of G with i cycles and of
g(G′). with i + � + k′ = i + k . cycles. The claim follows, as g(G′) = g(G).. ��

Lemma 6 For all y ∈ Q., y 
= 0., and graphs G with k parallel edges in total, we 
get that CG(0, y) = 1

yk Cg(G)(0, y). 

Proof This follows directly from Lemma 5. We get the factor 1/yk
., because g 

introduces k new cycles. ��
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Fig. 6 A cycle cover when it uses an edge from u to w before applying g (left-hand side) and after 
(right-hand side)

4 Reductions 

Using f and g, we get several results:

• There is a parsimonious reduction from the cover polynomial for graphs with 
loops to the cover polynomial for graphs without loops using f as the reduction.

• There is a many-one reduction from graphs with parallel edges to graphs without 
parallel edges using g as the r eduction.

Lemma 7 For all y ∈ Q., y 
= 0., and all graphs G, there is simple graph G′
., such  

that CG(0, y). can be computed in polynomial time with one oracle call to CG′(0, y). 

and G′
. can be obtained from G in polynomial time. Moreover, if G is planar, then

G′
. is also planar. 

Proof Let y ∈ Q.. The reduction is given by f ◦ g ◦ f .: First we get rid of the 
loops by applying f . This reduction results in a graph with parallel edges, if G has 
nodes with parallel self-loops. Then we remove the parallel edges using g. Here, g 
introduces self-loops, but at most one per node. Therefore, the second application 
of f removes these self-loops without creating new parallel edges and the resulting
graph is simple.
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If G was planar, then every replacement made by f and g is planar locally and 
thus also globally. 

Let G be a graph and K := |{(u,w) ∈ E | �u,w > 1}|. be the number of edges 
with at least two parallel edges in G. Using our lemmas, we get that 

. Cf (g(f (G)))(0, y) = Cg(f (G)) = yKCf (G)(0, y) = yKCG(0, y),

So, we can construct G′
. by applying f , then g, then again f , so G′ = f (g(f (G))).. 

Now, we can compute CG(0, y). as follows: Given a graph, count the number 
of ordered pairs (u, v). with �u,v > 1. and call this number K . Then, compute 
Cf (g(f (G)))(0, y). with the oracle and output the result divided by yK

.. As this is  
obviously polynomial time bounded and we only query a single time, we have a 
polynomial-time many-one reduction. ��

Now, in order to prove our main theorem, we need to look at path-cycle covers 
instead of cycle-covers: Using a result by Chung and Graham [7], we get the 
horizontal reduction as in [3]: For a graph G, let  G(r)

. be the graph obtained by 
adding r isolated vertices to G. Then, we get that

. CG(r) (x, y) = xrCG(x − r, y).

Using this, we can prove the last lemma needed, as the graph used for the oracle 
query is (planar and) simple if the given graph is (planar and) simple: 

Lemma 8 For all x, y ∈ Q., if  x ∈ N. then we have C(x′, y) ≤m
P C(x, y). for all 

x′ ≤ x . with x′ ∈ N.. Otherwise, we have C(x′, y) ≤T
P C(x, y). for all x′ ∈ Q.. 

A proof of this reduction can be found in [3]. Now we come to the proof of one 
of our main results, the hardness of the cover polynomial for planar simple graphs. 

Theorem 2 Evaluating the cover polynomial C(x, y). is #P .-hard for planar simple 
graphs except for {(x, y) | x = y = 0 ∨ y = −1}.. 
Proof From [2], we know that evaluating C(0, y). for y ∈ Q \ {0,−1}. is #P.-hard 
for planar graphs G. 

By Lemma 7, there is a planar simple graph G′
., such that CG(0, y). can be 

computed given CG′(0, y).. Thus, the #P.-hardness carries over to planar simple 
graphs. 

Using the reduction from Lemma 8, it follows that C(x, y). is #P .-hard for planar 
simple graphs for y /∈ {0,−1}.. 

If y = 0., we know that C(1, 0). counts the number of Hamiltonian paths, which is 
#P.-hard even for planar graphs [14]. Using the last Lemma 8 again, we can stretch 
this hardness to C(x, 0). with x 
= 0.. ��

For graphs, which are not planar, we can get a complete hardness classification. 

Lemma 9 There is a reduction C(1, 0) ≤T
P C(2,−1). that maps simple graphs to 

simple graphs.
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A proof of this reduction can be found in [3]. It is easy to verify that the resulting 
graph is simple if the original graph was simple. This proves Theorem 1, stated at 
the beginning of Sect. 3. 

5 Consequences for Related Polynomials 

We have seen that the cover polynomial is #P.-hard for planar simple graphs. We 
can translate these results to the drop polynomial as well as to the geometric cover 
polynomial. 

5.1 Translation of the Hardness to the Drop Polynomial 

There is a 2-variable drop polynomial BG(x, y). that generalizes the univariate drop 
polynomial BG(x). that we defined earlier. It has two very interesting properties: 

1. BG(x) = BG(x, 1)., that is, it is indeed a generalization of BG(x).. 
2. For all simple graph G, we have that BG(x, y) = CG(x, y). for all x, y .. 

Using both of these properties, we get that BG(x) = BG(x, 1) = CG(x, 1). for 
simple graphs G. By Theorem 2, we know that the cover polynomial is #P.-hard 
for planar simple graphs except for {(x, y) | x = y = 0 ∨ y = −1}.. Note that 
this set and the line y = 1. are disjoint, so they will not be relevant for the drop 
polynomial. Using this and the equality above, this property also follows for the 
drop polynomial: 

Corollary 1 The drop polynomial is #P.-hard everywhere for simple graphs as well 
as for planar simple graphs. 

5.2 Translation of the Hardness to the Geometric Cover 
Polynomial 

We also get similar results for the geometric cover polynomial, as Cgeo(0, y) =
C(0, y). for all y ∈ Q.. We have the following horizontal reduction from [6]: For 
a graph G, the  α .-thickening Gα-thick

. is the graph obtained by replacing each edge 
with α . copies, α ∈ N \ {0}.. 
Lemma 10 For all x, y ∈ Q. and α ∈ N \ {0}., C

geo
Gα-thick(x, y) = αnC

geo
G (x/α, y).. 

One might be tempted to use our gadget from Fig. 4 to remove the parallel 
edges introduced by the thickening. However, this does not seem to work, since our 
analysis uses the fact that the given cover only has cycles. If there are also paths,
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then the local covering of the gadget depends on whether there ends a path in u (or 
whether there starts a path in w). 

However, [2, Cor. 1] shows directly that Cgeo(x, y). is #P.-hard for all x 
= 0., even  
for simple planar graphs. Thus, we get a full classification together with our results 
for the line x = 0. for the factorial cover polynomial, since Cgeo(0, y) = C(0, y). 

and C(0, y). is #P.-hard for (planar) simple graphs on the line x = 0.. 

Corollary 2 For (x, y) ∈ Q2 \ {(0, 0), (0,−1)}., Cgeo(x, y). is #P.-hard for planar 
simple graphs. 
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Polynomial Threshold Functions 
of Bounded Tree-Width: Some 
Explainability and Complexity Aspects 
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birthday. 

Abstract The tree-width of a multivariate polynomial is the tree-width of the 
hypergraph with hyperedges corresponding to its terms. Multivariate polynomials 
of bounded tree-width have been studied by Makowsky and Meer as a new 
sparsity condition that allows for polynomial solvability of problems which are 
intractable in general. We consider a variation on this theme for Boolean variables. 
A representation of a Boolean function as the sign of a polynomial is called a 
polynomial threshold representation. We discuss Boolean functions representable as 
polynomial threshold functions of bounded tree-width and present two applications 
to Bayesian network classifiers, a probabilistic graphical model. Both applications 
are in Explainable Artificial Intelligence (XAI), the research area dealing with the 
black-box nature of many recent machine learning models. We also give a separation 
result between the representational power of positive and general polynomial 
threshold functions. 

1 Introduction 

The tree-width of a multivariate polynomial is the tree-width of the hypergraph 
with hyperedges corresponding to its terms. Multivariate polynomials of bounded 
tree-width have been studied by Makowsky and Meer [32, 33] as a new sparsity 
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condition that allows for polynomial solvability of problems which are intractable 
in general. The paper is closely related to Courcelle et al. [7] and to Fischer et al. 
[14]. The topics covered are polynomials, graphs, widths, counting and logic. We  
discuss a variation on this theme, in the context of Boolean functions. Polynomials, 
graphs, widths, counting and (propositional) logic all appear, although the context 
is different. The problems considered are from Explainable Artificial Intelligence 
(XAI) and complexity theory. 

Boolean functions f : {0, 1}n → {0, 1}. can be represented by multivariate 
polynomials exactly or approximately in a many different ways over GF(2). or the 
reals. In this paper we consider polynomials over the reals. As x2 = x . for 0 and 1, 
polynomials can be assumed to be multilinear. Let 

.p(x1, . . . , xn) =
∑

I∈I
βI xI (1) 

be a multilinear polynomial, where I. is a family of subsets of [n]., βI ∈ R. and 
xI = ∏

i∈I xi .. The degree of the polynomial is the maximal number of variables in 
a term, and its size is the number of terms. One can consider the Boolean function 

. sgn(p(x1, . . . , xn)) : {0, 1}n → {0, 1},

where sgn. is the sign function (1 for nonnegative values and 0 otherwise). For 
example, 

.sgn(x1 + x2 + x3 + x4 − x1x2 − x3x4 − 2) (2) 

represents the 4-variable Boolean function which has value 1 iff (x1, x2, x3, x4). 

contains at least three 1s, or both (x1, x2). and (x3, x4). contain exactly one 1. 
Every Boolean function can be represented in this form, called a polynomial 

threshold function (PTF) representation (see Sect. 2.1). The smallest degree and 
size of polynomials representing a Boolean function are important measures of its 
complexity. A Boolean function is a degree-d polynomial threshold function if it can 
be written as the sign of a degree-d polynomial. Linear threshold functions (LTF or 
perceptrons) played an important role since the beginning of machine learning.

We consider the minimal tree-width of polynomial sign-representations as a 
measure of complexity of a Boolean functions. Consider a polynomial p as in (1). 
The term-hypergraph Hp . of polynomial p has vertex set [n]. and edge set I.. The  
tree-width of polynomial p is the tree-width of its term-hypergraph Hp .. A Boolean 
function is a tree-width-k polynomial threshold function if it can be written as the 
sign of a tree-width-k polynomial. Thus, for example, the Boolean function (2) has 
tree-width 1. 

Polynomial threshold representations are useful in many different areas. One of 
these is a probabilistic graphical model, the Bayesian network classifier (BNC) [15], 
a generalization of the Naive Bayes classifier. A Bayesian network classifier can
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be represented by a polynomial threshold function, where the terms reflect the 
graphical structure of the network (see Sect. 3). Polynomials representing the Naive 
Bayes classifier are linear. Tree Augmented Bayesian network classifiers (TAN) have 
additional edges forming a forest [15].1 They correspond to quadratic polynomial 
threshold functions (QTF), where the quadratic terms correspond to the edges 
of the forest. Bayesian network classifiers with a bounded tree-width network 
structure correspond to polynomials of bounded tree-width. Bounded tree-width 
Bayesian networks form a tractable subclass for several inference and learning 
problems [8, 24]. In this paper we consider some aspects of Bayesian network 
classifiers related to their explainability. 

Explainability Recent machine learning models, in particular deep neural net-
works, are often black boxes in the sense that they do not provide an explanation 
for the output produced, and this hinders the development of trustworthy AI. 
Standard examples are that a rejected loan applicant needs to know the reason for 
the rejection, and a physician needs to know reasons for a suggested diagnosis. 
The need for explanations has a long history in machine learning,2 but the recent 
developments amplified the relevance of this issue and brought about Explainable 
AI as a separate field of research [35]. 

How to define what is an explanation is a difficult question, which has a long 
history in the philosophy of science. The type of explanation relevant in a particular 
machine learning application is context-dependent. A post-hoc explanation provides 
an explainable model3 corresponding (exactly or approximately) to a black-box 
model. Post-hoc explanations can be global or local, depending on whether the 
whole model is explained or only its behavior on a specific input. Even if there 
is an agreed upon notion of explanation, it is usually not clear how to evaluate the 
explanations provided, one reason being the lack of ground truth (e.g., what is the 
reason for classifying an image as a cat?). 

A neural network is usually considered non-explainable and a decision tree is 
usually considered explainable (but see, for example, [28] for a discussion of this 
distinction). Probabilistic graphical models are somewhere in between, having both 
explainable and non-explainable features. A Bayesian network, on one hand, gives 
explicit graphical information about conditional independencies. On the other hand, 
probabilistic inference is hard, and usually not explainable for the user. This holds 
even for the Naive Bayes classifier. Therefore, explaining Bayesian networks has 
been studied for a long time [27].

1 Friedman et al. [15] considers trees only, but here one can use forests as well. 
2 For example, the MYCIN expert system contained an “Explanation System, which understands 
simple English questions and answers them in order to justify its decisions or instruct the 
user” [45]. 
3 In the literature an explainable model, such as a decision tree, is usually referred to as an 
interpretable model. As interpretations are used in logic in a different sense, and also for 
simplifying terminology, we use explainability for this purpose as well. 
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Explaining Bayesian Network Classifiers by Approximate OBDD A post-hoc 
approach to global explanations for Naive Bayes classifiers, proposed by [5], is to 
compile them into Ordered Binary Decision Diagrams (OBDD) [48]. This is an 
instance of knowledge compilation, transforming a knowledge representation into 
another which is more suitable for a given application [10]. Explainability aspects 
of knowledge compilation are considered in [12]. 

Besides being explainable in the local sense similarly to decision trees, OBDDs 
can also be considered as global explanations, as they provide a useful data structure 
for Boolean functions. There are efficient algorithms for deciding their properties 
and performing operations on them that are relevant for propositional reasoning 
about a model [9, 31, 48]. Thus, if a system has a component which computes a 
Boolean function, then having an OBDD representing this function can be useful 
for reasoning about how this component works as part of the system. In this sense, 
OBDD is a “reasonable” representation. 

It was shown in [21] that linear threshold functions require exponential size 
OBDDs in the worst case, so such compilation algorithms have to be exponential. 
Therefore, for efficient compilation approximations need to be considered. As 
learned models are supposed to be approximations, this requirement seems natural. 

In [6] we gave an approximation scheme compiling Bayesian network classifiers 
of bounded tree-width into OBDD. Bounded tree-width is well-known to be a 
useful parameterization for efficient computation. Here we consider its relevance 
for finding explanations efficiently, which is a different aspect. An outline of the 
algorithm is given in Sect. 4. From the point of view of knowledge representation in 
AI, the result is an example of approximate knowledge compilation. Negative results 
for approximate knowledge compilation are given in [13]. 

The algorithm is based on first translating the classifier into a PTF of bounded 
tree-width, and then translating this PTF into an approximate OBDD. The second 
step generalizes the approximate deterministic counting algorithm of [16] (an  
FPTAS, fully polynomial-time approximation scheme) for the knapsack solution 
counting problem, corresponding to the LTF case. Error is measured with respect to 
the input distribution generated by the classifier, and not the uniform distribution. 

Deterministic approximation algorithm schemes for counting the number of 
satisfying truth assignments for a class of Boolean functions work as follows. Given 
an ε > 0. and a function f from the class, an estimate is computed for the probability
P(f (x) = 1)., where x is uniformly distributed over {0, 1}n .. Multiplicative (resp., 
additive) approximation algorithms compute an estimate within a multiplicative 
error 1±ε . (resp., an additive error ±ε .). If the satisfiability problem for the class (i.e., 
deciding whether there is an x such that f (x) = 1.) is NP-complete then, assuming 
P �= NP ., polynomial time multiplicative approximation algorithms cannot exist, 
as those could be used to solve the satisfiability problem in polynomial time. Hence 
in such cases additive approximation has to be considered. In contrast to the linear 
case, for degree at least 2 the PTF satisfiability problem is NP-complete, so only 
additive approximation algorithms can be hoped for (see [42], and [11] for the QTF  
case). Tree-width provides a different parameterization.
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Explainability Evaluation for Generalized Additive Models with Interactions 
In Sect. 5 we discuss another application of polynomial threshold functions to 
explainability. A generalized additive model (GAM) is a generalization of logistic 
regression. It can be extended further to include interaction terms between the 
variables. InterpretML [36] contains an implementation of the GA2M . algorithm 
of [30], which is applied, for example, in the medical domain [4]. Its accuracy is 
competitive with more complex models, and it is also explainable in the practical, 
informal sense that the interaction terms are often meaningful for medical experts. 

We discuss an experiment aimed at a qualitative evaluation of the explainability 
of the GA2M . algorithm. Bayesian network classifiers provide a class of instances 
with ground truth. The applicability of BNC in this context is due to the con-
nection between BNC and polynomial threshold functions mentioned above. This 
connection implies that a BNC can be viewed as a generalized additive model with 
interactions, with the structure of the network corresponding to interaction terms. 
The ground truth is structured in the sense that terms not included in the basic 
representation also have a probabilistic meaning in the network. The basic setup of 
GA2M . is to handle pairwise interactions, therefore so far we have only considered 
TAN in our experiments. 

We present experimental results for a small synthetic example, using Inter-
pretML [36]. BNC is a generative model, so one can train a GA2M . on random 
examples generated from the input distribution of the BNC. The ground truth given 
by the polynomial threshold function representing the classifier can be compared 
with the polynomial produced by the GA2M . in different ways, perhaps the simplest 
being comparing the terms in the ground truth and learned polynomials. Besides 
achieving almost optimal accuracy on the example, the learned terms show a good 
correspondence to the ground truth. 

Positive Polynomial Threshold Functions A main research direction of computa-
tional complexity theory is to compare the computational power of various models 
of computation. 

A Boolean circuit computes a Boolean function using ∧,∨. and ¬. gates. The 
circuit is monotone if it contains only ∧,∨. gates and no negation. Such circuits can 
compute all monotone Boolean functions and only those. Comparing the computa-
tional power of monotone and general circuits and other computational models has 
been studied in complexity theory for a long time [39]. The problem is also referred 
to as “monotone versus positive” ([1], where it is shown that Lyndon’s theorem fails 
for finite models by a circuit lower bound). Superpolynomial separations between 
monotone and general circuits were given in [40, 41], strengthened to exponential 
separation in [46]. A survey of results on monotone circuit complexity is given 
in [22]. 

As far as we know the related problems for PTF have not been considered before. 
A PTF is  positive if it is of the form p(x1, . . . , xn) ≥ t ., where p is a polynomial with 
nonnegative coefficients and no constant term, and t is nonnegative. Positive PTF 
represent monotone functions and only those, so one can ask about comparing the 
representational power of the positive and general versions for monotone Boolean
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functions. In Sect. 6 we give an example of a QTF of linear size (and tree-width 1) 
for which every positive QTF has size Ω(n2). (and thus tree-width Ω(n).). There are 
several open problems in this direction and we mention some of those as well. 

2 Preliminaries 

In this section we give some background on Boolean functions, the notions of width 
considered and Bayesian network classifiers. 

2.1 Boolean Functions 

A Boolean function is of the form f : {0, 1}n → {0, 1}.. For  a = (a1, . . . , an) ∈
{0, 1}n . consider the polynomial pa(x) = ∏n

i=1 Iai
(xi)., where for � ∈ {0, 1}. 

.I�(z) =
{

z if � = 1

1 − z if � = 0
(3) 

over the reals. Then pa(a) = 1. and pa(b) = 0. for every b ∈ {0, 1}n . different 
from a. Thus pf (x) = ∑

a : f (a)=1 pa(x). is an exact polynomial representation of 
f , which is in fact unique among multilinear polynomials. 

The polynomial pf (x)−1/2. is a polynomial sign-representation of f . Thus every 
Boolean function has a sign-representation of degree at most n and size at most 2n

.. 
Random Boolean functions require linear degree and exponential size [38]. 

Truth values can also be represented by {±1}. instead of {0, 1}.. In this case 
x2 = 1. and so polynomials can be assumed to be multilinear as well.4 The linear 
mapping x′

i = 1 − 2xi . for i = 1, . . . , n. provides a transformation between the two 
representations. The unique {±1}. multilinear representation of a Boolean function 
is its Fourier representation [37]. Comparing both exact and polynomial threshold 
representations, degrees are preserved, but the number of terms changes. The parity 
function x1 ⊕ . . . ⊕ xn . (where ⊕. is addition in GF(2).) requires exponentially 
many terms over {0, 1}. even for a polynomial threshold representation [26], but it is 
simply the product over {±1}.. Being a tree-width-k polynomial threshold function 
is the same property over {0, 1}. and {±1}.. The transformations between the two 
representations do not increase the tree-width of the term-hypergraph, as every new 
edge is a subset of an already existing edge.

4 It is also of interest to consider other truth values, e.g. {1, 2}. (see [18, 19]), and then degrees can 
matter. 
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A Boolean function f : {0, 1}n → {0, 1}. is monotone if x ≤ y . implies f (x) ≤
f (y)., where x = (x1, . . . , xn) ≤ y = (y1, . . . , yn). iff xi ≤ yi . for every i. A PTF  
p(x) ≥ t . is positive if every coefficient of p is nonnegative, p has no constant term, 
and t is also nonnegative. A Boolean function is monotone iff it has a positive PTF 
representation. Every monotone function can be written as a monotone DNF [22]; 
replacing conjunctions with products, disjunctions with sums and using threshold 
1/2. gives a positive PTF. The other direction follows directly from the definitions. 

2.2 Widths 

For an undirected graph G = (V ,E)., a  tree-decomposition of G is given by a tree  
T and bags Bt ⊆ V . for every vertex t of T , such that for every (u, v) ∈ E . there 
exists t such that u, v ∈ Bt . and for every v ∈ V . the vertices t such that v ∈ Bt . 

form a subtree of T . The width of a tree decomposition is maxt∈V (T ) |Bt | − 1. and 
the tree-width tw(G). of G is the minimal width of tree-decompositions of G. The  
path-width pw(G). of G is defined by trees restricted to paths. There are many other 
notions of width, including those for directed graphs and hypergraphs [20]. 

The moral graph of a directed acyclic graph (DAG) G is the undirected graph
MG(G). obtained from G by adding undirected edges between co-parents and 
disregarding the direction of the original directed edges. The tree-width of G is
tw(G) = tw(MG(G)). and its path-width is pw(G) = pw(MG(G)).. This definition 
is motivated by its use in probabilistic inference in Bayesian networks [8, 24]. 

The primal graph PG(H). of a hypergraph H = (V ,E). with E ⊆ P(V ). is 
the undirected graph obtained from H by replacing every hyperedge by a clique. 
The tree-width of H is tw(H) = tw(PG(H)). and its path-width is pw(H) =
pw(PG(H)).. 

The term-hypergraph Hp . of the PTF p has vertex set [n]. and edge set I.. The  
tree-width of a PTF is the tree-width of its term-hypergraph, and similarly for path-
width. 

2.3 Bayesian Network Classifiers 

We use Xi, xi ., resp., ai ., to denote binary random variables, Boolean variables, resp., 
Boolean constants. The restriction of a vector x = (x1, . . . , xn). to a subset I of its 
coordinates is denoted by xI

.. 
A Bayesian network classifier (BNC) N is a DAG GN .over binary input variables 

X1, . . . , Xn . and a binary classifier variable C, with local conditional probabilities 
given for each vertex. These specify the conditional probability distribution of the 
variable corresponding to that vertex, depending on the values of its parents in the
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DAG. It is assumed that (C,Xi). is an edge for every i = 1, . . . , n.. The set of  
additional edges is denoted by EN .. In a  Naive Bayes Classifier EN = ∅.. In a Tree 
Augmented Naive Bayes Classifier (TAN) EN . is an in-forest, i.e., every node has at 
most one parent. Figure 2 shows a TAN with the specifications of the DAG and the 
conditional probabilities. 

The BNC generates a probability distribution over the random variables C and 
X1, . . . , Xn . as follows. First a value is generated for C according to its distribution 
(with no parents in this case), and then values are generated for X1, . . . , Xn . 

proceeding down the DAG, always using the conditional probability distribution 
corresponding to the values generated for the parents. For the TAN of Fig. 2 the 
random values are generated moving down the tree. 

Let Πi = {j : Xj is a parent of Xi}. be the set of parents of Xi . other than C. 
The family of i is {i} ∪ Πi .. Let dN = 1 + maxi |Πi |. be the maximal size of families 
in GN ., referred to as the degree of the Bayesian network. The tree-width of N is 
tw(N) = tw(MG(GN \ {C}))., its path-width is pw(N) = pw(MG(GN \ {C})).. 

The local conditional probabilities are 

. p0
c = PN(C = c), pi(

ai ,aΠi
,c

) = PN(Xi = ai | XΠi
= aΠi

, C = c),

for i = 1, . . . , n.. 
The joint distribution of the variables is 

.PN(X1 = a1, . . . , Xn = an, C = c) = p0
c

n∏

i=1

pi(
ai ,aΠi

,c
). (4) 

The marginal distribution over the input variables, also referred to as the input 
distribution, is  

. PN,X(X1 = a1, . . . , Xn = an) =
1∑

c=0

PN(X1 = a1, . . . , Xn = an, C = c).

The Bayesian network classifier corresponding to N is a Boolean function
fN(x1, . . . , xn). where fN(a1, . . . , an) = 1. iff 

. PN(a1, . . . , an, 1) ≥ PN(a1, . . . , an, 0).

Bayesian network inference and learning problems have been studied in great 
detail (see [8, 24]). In this paper we consider some explainability aspects.
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3 Bayesian Network Classifiers and Polynomial Threshold 
Functions 

In this section we formulate the representation of BNC as PTF, which is used in the 
next two sections. A unified presentation of work on this connection, going back 
to [34], is given in [47]. 

Proposition 1 Let N be a Bayesian network classifier with non-zero conditional 
probabilities. Then there is a polynomial p suc h that

. log
PN(C = 1 | X = x)

PN(C = 0 | X = x)
= p(x),

where p is of degree at most dN . and every term is a subset of a family. Thus fN . is a 
PTF of degree at most  dN .. 

Proof It holds that 

. PN(Xi = xi | XΠi
= xΠi

, C = c) =
∏

(
ai ,aΠi

)
pi(

ai ,aΠi
,c

)Iai
(xi )

∏
j∈Πi

Iaj
(xj )

.

From (4) we get 

. PN(X1 = x1, . . . , Xn = xn, C = c)

= p0
c

n∏

i=1

∏
(
ai ,aΠi

)

(
pi(

ai ,aΠi
,c

)
)Iai

(xi )
∏

j∈Πi
Iaj

(xj )

.

Then for x = (x1, . . . , xn). it holds that 

. 
PN(C = 1 | X = x)

PN(C = 0 | X = x)
= p0

1

p0
0

n∏

i=1

∏
(
ai ,aΠi

)

⎛

⎝
pi(

ai ,aΠi
,1

)

pi(
ai ,aΠi

,0
)

⎞

⎠
Iai

(xi )
∏

j∈Πi
Iaj

(xj )

.

Taking logarithms 

. log
PN(C = 1 | X = x)

PN(C = 0 | X = x)
= log

p0
1

p0
0

+
n∑

i=1

∑

(ai ,aΠi
)

× log

⎛

⎝
pi(

ai ,aΠi
,1

)

pi(
ai ,aΠi

,0
)

⎞

⎠ Iai
(xi)

∏

j∈Πi

Iaj
(xj ).

��
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Corollary 1 For a TAN with non-zero conditional probabilities fN . is a QTF of 
tree-width 1, with quadratic terms corresponding to EN .. 

Corollary 2 For BNC of tree-width k with non-zero conditional probabilities fN . is 
a PTF of path-width O(k log n).. 

Proof For every edge of the primal graph of the term-hypergraph Hp . for the PTF 
constructed above there is a family of N containing that edge, which then belongs 
to the moral graph of the classifier. The statement then follows from the fact that
pw(G) = O(tw(G) log n). for undirected graphs [25]. ��

The primal graph may be a proper subset of the moral graph due to cancellations. 

4 Approximating Bayesian Network Classifiers with OBDD 

In this section we show that Bayesian network classifiers of bounded tree-width 
can be approximated by polynomial size OBDD. We first introduce OBDD, then 
formulate the result and outline its proof. 

4.1 Ordered Binary Decision Diagrams 

An ordered binary decision diagram (OBDD) over Boolean variables x1, . . . , xn . 

computes a Boolean function f . An OBDD is a DAG with two sinks labeled 0 
and 1, and the other nodes labeled with variables. The DAG is assumed here to be 
layered, with directed edges going from a layer to the next layer, and sinks on the 
last layer. There are n+1. layers and a permutation π(i). of [n]. such that nodes on the 
i’th layer are labeled with variable xπ(i) .. On the first layer there is a single start node 
labeled xπ(1) .. Every non-sink node has two outgoing edges, labeled with 0, resp., 1. 
For every truth assignment a = (a1, . . . , an)., f (a). is the label of the sink reached 
by following edge labels corresponding to the bits in a, evaluated in the order given 
by the labels of the layers. The width of an OBDD is the maximal number of nodes 
in a layer.5 

Given an ordering π . of the variables, every Boolean function has a unique 
minimal layered OBDD, where every node of the i’th layer correspond to a 
subfunction obtained by fixing the variables above the layer. This can further be 
simplified to the reduced OBDD, where edges can “jump” layers, by deleting nodes 
with both outgoing edges leading to the same successor node, and redirecting their 
incoming edges to the successor node. The left side of Fig. 1 shows the minimal

5 Width is a relevant parameter for the computational power of OBDD: there is a jump at width 
5 [3]. 
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Fig. 1 OBDDs for function (2). (a) Minimal layered OBDD. (b) Reduced OBDD 

layered OBDD of the function (2) and the right side shows its reduced OBDD, with 
respect to the identity permutation. 

A generator OBDD (GOBDD) D generates a probability distribution ove r
{0, 1}n .. It is similar to a layered OBDD, except edges are also labeled with 
probabilities, and there is a single sink. A probability pu . is associated with every 
non-sink vertex u, and the 0-edge (resp. 1-edge) leaving u is labeled p0

u = pu . 

(resp., p1
u = 1 − pu .). For every truth assignment a = (a1, . . . , an)., the GOBDD 

determines a path from the source to the sink, and PD(a). is the product of edge 
probabilities along the path. The width of a GOBDD is the width of the underlying 
OBDD. The width of a distribution is the minimal width of GOBDDs generating it. 
Product distributions have width one. 

4.2 Result and Proof Outline 

We now state the result on approximating Bayesian network classifiers of bounded 
tree-width with OBDD over the input distribution of the classifier. As discussed 
in the introduction, the goal is to provide a “small” approximate representation 
of bounded tree-width Bayesian network classifiers which allows for efficient 
reasoning. Besides the parameters discussed earlier, the bounds also depend on the 
bit-precision q of the conditional probabilities.
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Theorem 2 ([6]) For every Bayesian network classifier of tree-width k having n 
Boolean variables and q-bit non-zero conditional probabilities, and every ε >

0. there is an OBDD of size poly
(
nk, q, 1/ε

)
. approximating the classifier with 

multiplicative error at most ε . with respect to the input distribution of the classifier. 
The OBDD can be constructed in time poly

(
nk, q, 1/ε

)
.. 

Proof Let N be a BNC with the properties given in the theorem. Consider the 
polynomial p provided by Proposition 1 and let PN,X . be the input distribution of N . 
We need to construct an approximate OBDD for sgn(p(x))., where error is measured 
with respect to the input distribution. 

Consider first the following (not necessarily minimal) layered OBDD for the 
variable ordering x1, . . . , xn ., computing sgn(p(x)). exactly. A partial truth assign-
ment a = (a1, . . . , a�). to the variables x1, . . . , x� . will lead to a node labeled by 
(s, b)., where s is the sum of the values of terms of p which contain only v ariables
from x1, . . . , x� ., and b is the set of bits from a which occur in so far undetermined 
terms containing some variables from x1, . . . , x� .. Thus partial truth assignments 
having the same (s, b). lead to the same node, as those are equivalent for the rest of 
the computation. 

This OBDD can have exponential size. In order to decrease its size, the following 
issues need to be taken into consideration: 

1. The variable ordering should be chosen so that |b|. is small. 
2. Partial sums should be computed approximately by some kind of binning, to get 

an approximate result with small error. 
3. As error is measured with respect to the input distribution, the binning process 

needs to have access to the relevant marginals at each point of the computation. 

Item 1 is related to tree-width, more precisely to path-width, as the variable 
ordering is represented by a path. The ordering used is the one given by Corollary 2 
for the primal graph of the term-hypergraph Hp .. Item 3 requires an OBDD-
like computational representation of the input distribution: the GOBDD defined 
above. However, it turns out that the GOBDD corresponding to the good path-
width ordering of the variables is not necessarily small. This requires another 
approximation, this time of the input distribution by a small-width GOBDD. 

Assume w.l.o.g. that variables are numbered according to the small path-width 
ordering and let G = ([n], E). be the primal graph. The separator of vertex �. is 

. S� = {j : j ≤ � and (j, k) ∈ E for some k > �}.

The vertex separation number vs(G). of G is the minimum of max�≤n−1 |S�|. 
over all orderings of the vertices. It holds that pw(G) = vs(G). (see [23]) . 

Lemma 1 For any assignment {a1, . . . , an, c} ∈ {0, 1}n+1
. and any � ≤ n. it holds 

that 

.PN (a� | a1, . . . , a�−1, c) = PN

(
a� | aS�−1 , c

)
.
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Note that the primal graph is undirected, but conditional probabilities are based 
upon the directed edges of the network, and so the proof of this lemma involves the 
notion of d-separation in Bayesian networks [8, 24]. 

Thus the joint distribution can be written as 

. PN(X1 = a1, . . . , Xn = an, C = c) = p0
c

n∏

�=2

PN

(
a� | aS�−1 , c

)
.

Lemma 2 The joint distribution PN(X1, . . . , Xn, C). and the conditional distribu-
tions PN(X1, . . . , Xn|C). have width nO(k)

.. 

The input distribution PN,X(a1, . . . , an). can be written as 

. PN(a1, . . . , an | 0) PN(0) + PN(a1, . . . , an | 1) PN(1),

so by Lemma 2 it is a mixture of two polynomial-width distributions. However, it is 
not necessarily of polynomial width itself [44]. Nevertheless, it can be approximated 
by a polynomial-width distribution. The edge probabilities in a GOBDD for the 
input distribution can be written as 

. PN(a� | a1, . . . , a�−1) = PN(a1, . . . , a�)

PN(a1, . . . , a�−1)
=

∑1
c=0 PN(a1, . . . , a�, c)∑1

c=0 PN(a1, . . . , a�−1, c)
.

The partial truth assignments in the last expression correspond to paths in the 
GOBDD of Lemma 2, beginning with the start node. This suggests approximating 
PN(a� | a1, . . . , a�−1). by approximating the terms on the right. This can be achieved 
by splitting the nodes of the GOBDD, in order to encode an approximation of the 
conditional probabilities along paths leading to that node. This gives the following 
approximation of the input distribution. 

Lemma 3 There is a distribution D(X1, . . . , Xn). of width poly
(
nk, q, 1/ε

)
. such 

that for every a = (a1, . . . , an). it holds that 

. (1 − ε)PD(a) ≤ PN,X(a) ≤ (1 + ε)PD(a).

The next step is to construct a “product” OBDD computing the PTF exactly 
combining the layered OBDD for the PTF and the small-width approximate 
GOBBD constructed in the previous lemma. This OBDD has exponential size. It 
also computes, for every node v, acceptance probabilities of random assignments to 
the remaining variables, starting at v. As every node corresponds to a sum s of the 
terms already evaluated, these probabilities are monotone functions of s. 

The last step is to compress the OBDD to polynomial size. Nodes of the 
final OBDD are a set of polynomially many distinguished nodes selected on 
each level, and other nodes are merged into these nodes. Distinguished nodes are 
found by binary search based on the s values, using the monotonicity property of
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the acceptance probabilities to guarantee small error. The compression process is 
“virtual”, so the intermediate OBDD does not have to be constructed. ��

5 Bayesian Network Classifiers for Evaluating the 
Explainability of Generalized Additive Models with 
Interactions 

Logistic regression for Boolean variables is a probabilistic model of the form 

. log
P(C = 1 | X = x)

P (C = 0 | X = x)
= α +

n∑

i=1

βixi,

where the coefficients are to be learned. A generalized additive model with 
interactions (GA2M .) has the more general form 

. g(P (C = 1 | X = x)) =
∑

I∈I
fI (x

I ),

where g is a given function, I. is a family of subsets of [n]. and the functions fI . are 
to be learned. 

By Proposition 1 a BNC can be viewed as logistic regression model with 
interactions. In this case the functions fI . are products. In particular, by Corollary 1, 
TAN can be written as 

. log
p0

1

p0
0

+
∑

i root

(
log

pi
01

pi
00

(1 − xi) + log
pi

11

pi
10

xi

)

+
∑

i non-root

((
log

pi
001

pi
000

(1 − xi)(1 − xf (i))

)

. +
(

log
pi

011

pi
010

(1 − xi)xf (i)

)
+

(
log

pi
101

pi
100

xi(1 − xf (i))

)
+

(
log

pi
111

pi
110

xixf (i)

) )
,

where the pi
.s are the local conditional probabilities and f (i). is the parent of i. 

BNC is a generative model, so one can generate sets of random training and test 
examples from the joint distribution starting at the classifier node and proceeding 
down the forests, choosing nodes according to the local conditional probabilities. 
Using such samples, the GA2M . algorithm can learn a logistic regression model 
q(x). with pairwise interactions.
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The accuracy of a (deterministic) classifier f over the whole domain i s

.Acc(f ) = P(X,C)∼PN
(C = f (X)) =

∑

x

PN(x, f (x)). (5) 

By its definition the polynomial p is an optimal classifier .
A GA2M . is considered to be an explainable model by analyzing the polynomial 

produced. For example, one can consider the set of terms I. and the functions fI .. In  
our case this corresponds to considering the terms and their coefficients. As there is 
a ground truth, one can consider the similarity of the target polynomial p and the 
learned polynomial q. The relevant notion of similarity is to be specified. Here we 
consider what is perhaps the simplest possibility, the fraction of common interaction 
terms .

5.1 Experimental Results on a Small Example 

In this section we present a small synthetic example of a target TAN and some 
experimental results on evaluating its similarity to the learned models. This is a 
snapshot of ongoing experiments. 

The TAN structure considered is shown in Fig. 2a, and the conditional proba-
bilities are listed in Fig. 2b. Here, for each node Xi . that depends on nodes Xj . and 
C, each conditional probability P(Xi = 1 | Xj = xj , C = c). (for xj ∈ {0, 1}. 
and for c ∈ {0, 1}.) was selected uniformly at random from the union of intervals 
( 1

7 , 2
7 ) ∪ ( 3

7 , 4
7 ) ∪ ( 5

7 , 6
7 ).. For nodes that depend only on C, P(Xi = 1 | C = c). was 

selected in the same way. Finally, we set P(C = 1) = 1
2 .. 

Fig. 2 The TAN used in the experiment. (a) Graph structure. 0 is the source node C and i is 
the node for variable Xi .. (b) Conditional probabilities. P(a | b, c). is shorthand for P(Xi = a |
Parent(Xi) = b, C = c).. Values have been rounded to 3dp
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Fig. 3 Optimal classifier versus learned classifiers: accuracy and term overlap 

We use the InterpretML software package [36] Python implementation of 
GA2M ., referred to as explainable boosting machines (EBM).6 The number of 
interaction terms is specified to be 12, the number of edges between the X-variables. 
All other settings were left as default. To ensure accurate arithmetic with the 
TAN, particularly with repeated multiplication, all operations were performed with 
Python’s decimal module. Pgmpy [2] was used to build the graph structure of the 
TAN, and NetworkX [17] was used for visualization. Classifiers were trained on 
samples of sizes up to 2000 (out of 214

. possible inputs), with step size 5, using 
fivefold cross validation. Accuracies are shown by the dashed curve. 

Accuracies over the whole domain (as in (5)) are also shown on the top part of 
Fig. 3. The accuracy of the target classifier p(x). is 0.9266, corresponding the top 
line. The accuracies of the learned classifiers q(x). (averaged over the fivefolds) are 
shown by the thick middle curve. 

The explanation quality of the classifiers produced is measured by the fraction 
of interaction terms which are common to p and q, for every sample size averaged 
over the fivefolds. The percentages are shown by the set of points in the lower half 
of Fig. 3. The percentages are growing with sample size and stabilize around 70%.. 

In order to get more detailed information, we present the coefficients of the 
optimal classifier p and three classifiers q1, q2, q3 . obtained from sample size 1600 
in Tables 1 and 2 showing the affine, resp., quadratic terms. The accuracy of the 
classifiers is 0.9215, 0.9212 and 0.9198, respectively. 

Based on Tables 1 and 2, we can make the following observations. 

• The signs of the constant term do not always agree. The signs of the linear terms 
always agree, with the exceptions of x11 . and x13 ..

6 GA2M . returns functions fi, fij . as step functions and are rewritten in polynomial form. 
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Table 1 Coefficients of affine terms of BNC polynomial (p) and some example GA2M . 
polynomials ( q1 ., q2 ., and  q3 .) 

Const x1 . x2 . x3 . x4 . x5 . x6 . x7 . x8 . x9 . x10 . x11 . x12 . x13 . x14 . 

p 0.11 1.87 −.2.53 −.1.71 −.2.82 2.08 1.56 −.1.17 −.1.93 3.96 −.1.94 −.0.35 2.87 0.10 −.1.20 

q1 . −.0.46 1.84 −.1.90 −.1.48 −.2.03 1.27 1.41 −.1.21 −.0.92 3.69 −.1.35 −.0.39 2.92 −.0.37 −.0.46 

q2 . 0.45 2.18 −.2.97 −.2.36 −.2.86 2.19 1.14 −.0.88 −.0.85 3.61 −.0.99 −.0.50 2.36 0.35 −.0.50 

q3 . −.0.41 2.27 −.2.26 −.1.68 −.2.69 2.09 1.39 −.1.37 −.1.61 4.02 −.1.88 0.29 4.05 −.0.66 −.1.07 

• Of the 12 interaction terms present in p, 8 always appear in the GA2M . 

polynomials. Their sign is always correct. The intersection sizes are 8, 9, 10, 
respectively. 

• The coefficients of terms of p missing or having incorrect sign are smaller than 
other coef ficients.

• The accuracy of the affine parts are 0.7525 for p, and 0.7648, 0.7654, 0.7640 for 
q1, q2, q3 ., respectively, so the affine parts of p are worse than those of q1, q2, q3 .. 
This seems to be due to the fact that GA2M ., in a greedy manner, produces the 
affine terms first [29]. 

• A comparison of the terms missing from p with the new terms added in q1, q2, q3 . 

shows that in several cases these can be paired up in such a way that a missing 
(parent, child) pair corresponds to a (grandparent, grandchild) or a (sibling1, 
sibling2) pair. For example, in q1 ., the term  x1x3 . is missing, but x1x7 . is added. 

In summary, on this small example, using a simple evaluation, the GA2M . 

polynomials seem to have good explainability properties. It seems to be of interest 
to have a theoretical understanding of these properties. Extensions to Bayesian 
networks for real-world applications (see, e.g., [43]) could also be considered. 

6 A Complexity Lower Bound for Positive Polynomial 
Threshold Representations 

In this section we give a separation result between the sizes of positive and general 
QTF representations of an explicitly defined monotone Boolean function. The 
weight of x ∈ {0, 1}n . is |x| = ∑n

i=1 xi .. If |x| = �. then |x|. is on level �.. The  
Boolean threshold function T hn

�(x). has value 1 iff |x| ≥ �.. 
Let n = 2k . and 

. fn(x) = T hk+1(x) ∨
⎛

⎝T hk(x) ∧
k∧

j=1

(x̄2j−1 ∨ x̄2j )

⎞

⎠ .

A PTF representation of the function f4(x). is given in (2).
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Theorem 3 The function fn . 

(a) is a monotone Boolean function, 
(b) is a QTF of size O(n). (and tree-width 1), 
(c) has a positive QTF representation of size O(n2)., 
(d) every positive QTF representation of fn . has size Ω(n2). (and so tree-width 

Ω(n).). 

Proof For (a) note that fn . is a slice function, i.e., for some level �. it is 0 on level 
� − 1. and below, it is 1 on level � + 1. and above, and so the only non-constant level 
is level �.. Every slice function is monotone. 

Part (b) follows by considering the polynomial 

. p(x) =
n∑

i=1

xi −
⎛

⎝1

k

k∑

j=1

x2j−1x2j

⎞

⎠ − k.

The hyperedges of the term hypergraph are the singletons and the matching M =
{(2j − 1, 2j) : 1 ≤ j ≤ k}.. 

Part (c) follows by considering 

. 

n∑

i=1

xi + 1
(
k
2

)
∑

(i,j) �∈M

xixj ≥ k + 1.

For Part (d) assume that p(x) ≥ t . is a positive QTF representation of fn .. The  
claim follows if we show that for every i, j ., where 1 ≤ i, j ≤ k ., the polynomial p 
contains a mixed term x2i−ax2j−b . for some a, b ∈ {0, 1}. between the i’th and j ’th 
blocks of odd and even bits. Assume w.l.o.g. that i = 1, j = 2. and there is no mixed 
term between the first two blocks. Let z = (0, 1, 0, 1, . . .). be the alternating truth 
assignment to the variables x5, . . . , xn .. Then by definition 

. p(0, 0, 1, 1, z) < t, p(1, 1, 0, 0, z) < t, p(1, 0, 1, 0, z) ≥ t, p(0, 1, 0, 1, z) ≥ t.

Let γi,j . be the coefficient of xixj .. Then it holds that γ1,3 = γ2,4 = 0.. Thus 

. p(0, 0, 1, 1, z) + p(1, 1, 0, 0, z) = p(1, 0, 1, 0, z) + p(0, 1, 0, 1, z) + γ1,2 + γ3,4,

a contradiction. ��
A first open question is to determine the size of higher degree positive PTF 

representations of fn .. More generally, larger separations between positive and 
general PTF complexities would be of interest.
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Some Equalities are More Equal than 
Others 

Ariel Cohen 

All particles of matter were, in the beginning, equal to one 
another both in size and motion; and I leave no inequality in the 
universe except for. . . 

— Descartes, Principles of Philosophy 

Abstract Equality is an extremely useful relation: once we know that a = b., we  
can draw a great deal of important conclusions. However, it is rarely possible to 
conclude logically that, indeed, a = b.. In this essay I discuss the notion of sameness 
by default: that it is sometimes beneficial to assume that two individuals are the same 
unless proved to be different. I demonstrate how an informal and rather procedural 
presentation of the idea turned, under the supervision of, and later, in collaboration 
with Prof. János Makowsky, into two rigorously formalized relations with important 
theoretical and applied implications. 

1 A Personal Note 

My acquaintance with Prof. János Makowsky’s goes back to 1990, when I was an 
undergraduate student in computer science at the Technion. My main interest was 
computational linguistics, but of course there weren’t too many courses on the topic, 
so I looked for courses that might sound interesting. A course taught by János caught 
my eye: Automated Theorem Proving. 

For the final project of this course I was to pick a relevant article and critically 
evaluate it. I chose a paper that related automated theorem proving to natural 
language processing. While the paper described an interesting application, it 
provided little formal analysis. So, to be honest, the paper was not really appropriate 
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for the course, and János would have been perfectly within his rights if he had 
refused to approve it. 

But he did the exact opposite: he accepted the paper with enthusiasm, and took 
it upon himself to supervise my work on it. Under his guidance I was able to see the 
formal implications of the paper and to investigate them rigorously. Eventually, what 
started as a modest term paper became a research article on which we collaborated, 
together with Prof. Michael Kaminski. 

This was my first foray, as a young student, into “real” research. I learned a great 
deal from János about how academic research is done and, more importantly, ought 
to be done. And later, what I have learned enabled me to take these results and apply 
them to computational linguistics, thus, in a sense, coming back a full circle. In this 
brief essay I would like to give you a taste of this journey. 

2 Equality 

Equality is, perhaps, the most fundamental and most intuitive of relations. Formally, 
it is an equivalence relation: 

• Reflexive: ∀x x = x . 

• Symmetric: ∀x∀y (x = y → y = x). 

• Transitive: ∀x∀y∀z ((x = y ∧ y = z) → x = z). 

In addition, equality is substitutive: for every predicate P : 

• ∀x∀y ((P (x) ∧ x = y) → P(y)).. 

So, equality is an extremely powerful relation. If we know that a = b., we can 
conclude a great deal. But how do we know that a = b . in the first place? On what 
basis can we conclude this? 

Leibniz famously proposed his principle of the Identity of Indiscernibles: if  a and 
b share all their properties, then they are equal. In essence, this principle states that 
substitutivity is not only a necessary condition for equality, but it is also a sufficient 
one. 

Leibniz’s principle implies a possible procedure for ascertaining that a and b are 
equal. We start by assuming that a and b are different, and we try to determine in 
what way they are different: we try to find a predicate that holds of a but not of b 
(or vice versa). Only if we try and fail, can we conclude that a and b are equal. Note 
that, in order to apply this procedure, we have to know all the properties of a and b. 
If we are not sure about the truth value of P(a). or of P(b). for some predicate P , we  
cannot conclude that a = b.. This, of course, is an extremely strong requirement. So, 
in practice, we can very rarely use Leibiniz’s principle: we only know that a = b. 

when we are simply told this. 
But there is an alternative. We can approach the problem from the opposite 

direction: assume that two expressions are equal, unless we can show that they are 
different. Let us call this idea, informally, sameness by default.
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As far as I know, this idea was originally presented by Charniak [8]. Charniak’s 
point of origin is a specific problem: analyzing the motivation for actions described 
in natural language texts. For example: “If we were told that someone wanted to 
smoke a cigarette, and we then saw her light a match, we would want to understand 
that she lighted the match in order to light the cigarette, and she wanted to do that 
in order to smoke it” (p. 275). The procedure he proposes for motivation analysis 
is, very roughly, as follows. Plans about typical activities are stored in the system. 
For example, the plan for smoking a cigarette includes igniting a light source, and 
using it to light the cigarette. Then, when we are told that the person lit a match, we 
have to identify the match as the light source in the plan. Since the description we 
are given rarely makes such an identification explicit, we cannot conclude logically 
that this was the object. But Charniak proposes that, unless we know something to 
the contrary, we should nonetheless conclude that it is. 

So, according to Charniak, if we cannot conclude that two terms are different, 
we assume that they are equal. He calls the relation that holds between two such 
terms nonmonotonic equality. However, it should be pointed out that Charniak’s 
paper is concerned with the implementation of nonmontonic equality for the specific 
problem of motivation analysis, and says little about the logical properties of this 
relation. 

When I presented this paper in class, Prof. Makowsky was quick to point out this 
fact. Under his guidance and supervision, we started to formalize this relation, and 
identify its logical properties; at a later date Prof. Michael Kaminski joined us. 

We have been able to come up with two alternative ways to formalize sameness 
by default, and have been able to identify and prove a number of interesting 
properties of these formalizations. Our results have been presented in [13], and 
formalized more fully in [14] and [15]. But before presenting these results, a few 
words about the logical apparatus we used are in order. 

3 Default Logic 

As the tool for formalizing this notion, we chose one of the better known and most 
widely studied logics for defeasible reasoning, Default Logic [30]. A substantial 
body of theoretical work has been devoted to Default Logic, and a number of 
theorem provers have been implemented. 

A default theory is a pair (D,A)., where D is a set of defaults and A is a set of 
first-order sentences. Defaults are expressions of the form

.
α(x) : β1(x), . . . , βm(x)

γ (x)
, (1)
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where α(x)., β1(x), . . . , βm(x)., and γ (x). are formulas of first-order logic whose 
free variables are among x = x1, . . . , xn .. Note that the presence of α(x). is 
optional. The formula α(x). is called the prerequisite of the default rule, the formulas 
β1(x), . . . , βm(x). are called the justifications, and the formula γ (x). is called the 
conclusion. A default is closed if none of α, β1, . . . , βm ., and γ . contains a free 
variable. Otherwise it is open. 

The intuitive meaning of (1) is this: for every n-tuple of objects t = t1, . . . , tn ., 
if α(t). is believed, and the βi(t).s are consistent with one’s beliefs, then one is 
permitted to deduce γ (t).. 

For example, the following rule says that if something is a bird, and you don’t 
know anything to the contrary, you may believe that it flies: 

.
bird(x) : fly(x)

fly(x)
(2) 

A useful feature of some formalizations of Default Logic (e.g., [5]) is the 
possibility of assigning priorities to defaults. Intuitively, this means that if default 
d1 . outranks default d2 ., then it applies first. While ranking is a very useful device, 
specifically for our purposes here, it is important to emphasize that it does not add 
to the formal power of the system: for every ranked default theory, an equivalent 
unranked default theory can be constructed [17]. 

We wanted to handle terms in their full generality, including terms containing 
variables. Hence, the default theory needed was open. Whereas the semantics of 
closed defaults has been quite thoroughly investigated, much less is known about 
open ones. For our semantics, we used Herbrand models, originally used to provide 
semantics for first order logic. Suppose we have a first order language L., and we 
augment it with a set of new constants, b, calling the resulting language Lb .. The set  
of all closed terms of the language Lb . is called the Herbrand universe of Lb . and is 
denoted T Lb

.. A  Herbrand b-model is a set of closed atomic formulas of Lb .. This  
definition can be extended to Default Logic, following [23] and [18]. 

Like other default theories, Herbrand models can provide a semantics for 
sameness by default. A clarification, however, is in order. Since the Herbrand 
universe of a language Lb . is the set of all closed terms of Lb ., then, by definition, in 
a Herbrand model no two terms are identical. But in our default theory, two terms 
may be considered the same by default. Is this a contradiction? The answer is no. 
We took equality, which forms the basis of sameness, to be any relation that satisfies 
the equality axioms, and not necessarily identity.1 Hence, there is no problem about 
two terms being equal, even though they are not identical. 

Crucial to the interpretation of Default Logic is the notion of an extension. 
Roughly speaking, an extension of a default theory is a set of statements containing 
all the logical entailments of the theory, plus as many of its default consequences as

1 Of course, we can a have a non-Herbrand model where equality is identity—such models are 
called normal, see [25, p. 100] for details. 
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can be consistently believed. A default theory may have more than one extension, as 
in the well known Nixon diamond. Suppose we have the following set of defaults: 

.

{
Quaker(x) : pacifist(x)

pacifist(x)
,

Republican(x) : ¬pacifist(x)

¬pacifist(x)

}
. (3) 

The first rule says that Quakers are pacifist by default, and the second rule says 
that, by default, Republicans are not pacifist. If Nixon is both a Quaker and a 
Republican, in one extension he will be a pacifist, and in another he won’t be. So, is 
Nixon a pacifist or isn’t he? 

When faced with multiple extensions, there are two general strategies we can use 
to decide which conclusions to accept: skeptical or credulous reasoning. Skeptical 
reasoning means accepting only what is true in all extensions. So, we will believe 
neither that Nixon is a pacifist, nor that he is not a pacifist. Credulous reasoning 
means picking one extension, based on whatever principles one deems appropriate, 
and accepting its conclusions. This means we will pick one extension, perhaps using 
our knowledge of Nixon’s statements and actions, and based on this extension, 
conclude whether he is a pacifist or not. 

Using Default Logic, we proposed two formalizations of sameness be default: 
Indistinguishability by Default and Equality by Default. 

4 Indistinguishhability by Default 

One formalization is called Indistinguishability by Default, indicated by ∼., a  
binary predicate symbol that is new to the underlying language, and defined by 
the following two defaults: 

Definition 1 Indistinguishability by Default 

.

{ : x = y

x ∼ y
,
x �= y :
x �∼ y

}
. (4) 

Note that in the first default, the equality is a justification, while in the second 
default, the inequality is a prerequisite. 

Indistinguishability by default has several desirable properties. One of them 
is that a default theory representing Indistinguishability by Default has a unique 
extension. This means that it is clear what the conclusions of the theory are in 
any given case, and there is no need to decide between credulous and skeptical 
reasoning—both are equivalent. 

Moreover, note that the relation is part of the language; hence, it can appear as 
part of formulas, and, of course, be in the scope of quantifiers. It has additional 
interesting formal properties, such as reflexivity and symmetry, and while it is not
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transitive, it is semi-transitive: if, for three terms t1 ., t2 ., and t3 ., we cannot conclude 
t1 �= t2 ∨ t2 �= t3 ., we can conclude t1 ∼ t3 ..2 

5 Equality by Default 

An alternative we have proposed and formalized is Equality by Default. This, second 
formalization is an extension (modification) of the ordinary language equality by 
a similar default: two objects are equal if and only if their non-equality cannot 
be proved from the known facts. Formally, Equality by Default is defined by the 
following default rule: 

Definition 2 Equality by Default 

.
: x = y

x = y
. (5) 

Unlike Indistinguishability by Default, Equality by Default is really an equality 
relation: in each extension it satisfies the equality axioms—it is reflexive, symmet-
ric, transitive, and substitutive. This has the immediate consequence that, unlike the 
case of Indistinguishability by Default, the existence of a unique extension is not 
guaranteed. 

6 Anaphora 

6.1 Linguistic Background 

In this section I would like to demonstrate the applicability of the two formalizations 
of the relation to a specific practical problem: anaphora resolution in natural 
language processing. 

Often, the reference of an expression in natural language cannot be determined 
on its own, but only through the interpretation of another expression. For example, 
in (1), the pronoun he can only be interpreted once we realize that it refers back to 
the man who came in. 

(1) A man came in. He sat down. 

This phenomenon, where one expression refers to another, is called anaphora, and 
the problem of identifying the antecedent which an anaphoric trigger refers to is 
called anaphora resolution. Since anaphora is pervasive in natural language, any

2 Obviously, this property would hold if ∼. were transitive. 
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computer program that attempts to understand natural language should use some 
method of anaphora resolution. 

It must be noted that sometimes a pronoun has no antecedent in the discourse: 

(2) Look out, he is going to hit you! 

In this case, the reference of the pronoun is not given by the discourse, and the 
hearer must figure it out from the non-linguistic context. Such uses of pronouns are 
called deictic. 

However, sometimes even when a candidate antecedent is provided by the 
discourse, it is not appropriate, for a variety of reasons. For example, consider the 
following discourse: 

(3) A man came in. He saw the man. 

For syntactic reasons, the referents of he and the man must be different: only one 
of them can refer to the man who came in—and the other must refer to some other 
individual. 

It appears, then, that we try to identify a pronoun with an antecedent, unless there 
is an indication that they are different—which is precisely the notion underlying 
sameness by default. 

This notion is necessary for the following reason. Research in anaphora resolu-
tion has raised a number of heuristics, usually called preferences, which suggest that 
a particular candidate is likely to be the correct antecedent. 

For example, a syntactic subject is more likely to be the correct antecedent: 

(4) The customer lost patience and called the waiter. He didn’t want to listen to 
reason. 

In principle, the antecedent of the pronoun could be either the customer or the 
waiter. But the former is much more likely; and note that it is the subject of the 
sentence. 

Another such preference is topicality: 

(5) Scientists have proven that temperature does not affect the nutritional 
composition of milk: babies can drink cold milk. If the baby does not thrive 
on cold milk, boil it. 

Note that, in this case, the subject the baby is not a likely antecedent, and a much 
more plausible candidate is cold milk. Although cold milk is not a subject, it is a 
topic, since the passage is about milk and its proper temperature. 

Sometimes the important factor is not the syntactic position of the candidate 
itself, but whether it has the same syntactic position as that of the pronoun: 

(6) a. The cook combined chocolate with vanilla, but he had combined it with 
strawberry last time. 

b. The cook combined chocolate with vanilla, but he had combined straw-
berry with it last time.
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In (6a), the pronoun it is a direct object, and its plausible antecedent is also a direct 
object, chocolate; in (6b), it is an indirect object, and its most likely antecedent is 
the indirect object vanilla. 

The point is that there are various preferences suggesting plausible antecedents. 
In the early period of anaphora resolution, which lasted until the early 1990s, 
such preferences were explicitly programmed; more recently, data-driven systems 
have been developed, which, using machine learning techniques, acquired the 
preferences automatically, and they were, in general, not transparently represented 
in the computer.3 

Sometimes, however, the correct antecedent is not suggested by any of the 
preferences: it is neither topical, nor a subject, nor does its syntactic position parallel 
that of the trigger, etc. In such cases, the antecedent is simply chosen as a last resort, 
since the other potential candidates are ruled out. Without this “last resort” rule, no 
antecedent would be chosen. 

However, it is not clear how to formalize this “last resort” rule in such a way 
that it could be implemented; although some linguists have used it for their study of 
anaphora, they have failed to formalize it. 

For example, such a rule has been proposed in [31, p. 603], where it is called 
“Don’t Overlook Anaphoric Possibilities (DOAP)”. This rule says essentially that, 
when we encounter an anaphoric trigger, we must try to find an antecedent. 
However, neither DOAP, nor other similar rules in the linguistics literature, have 
ever been formalized. 

6.2 Sameness by Default and Anaphora 

An anaphora resolution system based on an appropriate formalization of sameness 
by default will have important advantages, as discussed below. However, it might be 
objected that sameness by default is too liberal, in that it allows too many elements to 
be the same by default. This, however, is not the case. Sameness by default does not 
apply in isolation; any reasonable system drawing inferences from natural language 
will require many more defaults, some of which deal specifically with anaphora, 
while others don’t. We will assign low priority to sameness by default, so that, if 
other defaults can apply, they will; then, inappropriate equalities will be ruled out, 
and rather few equalities will remain. 

In other words, sameness by default is a principle of last resort: it will not apply 
if another rule suggests an antecedent. It is, therefore, an attractive way to formalize 
rules like DOAP.

3 See [27] and [24] for good overviews. 
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Consider the following examples: 

(7) a. John saw Bill. He greeted him. 
b. John hates him. 
c. John doesn’t have a car. It is red. 
d. A man came into the bar. She was upset. 

The most likely interpretation of (7a) is that he refers to John, and him refers to Bill, 
hence they are not the same. This interpretation may be generated by a preference 
for antecedents that share the grammatical position of the pronoun, as we have 
seen above. Since in (7a) a preference rule applies, sameness by default will not 
apply, and we are in no danger of concluding erroneously that the referents of the 
two pronouns are the same. Sentence (7b) does not have an interpretation where 
him is equated with John, for syntactic reasons. In (7c), the pronoun it should not 
be equated with the discourse referent representing the indefinite a car, because, 
according to a well established linguistic theory [19], the indefinite is not accessible 
to the pronoun. The discourse in (7d) is an example where the pronoun cannot be 
associated with the antecedent because of a gender mismatch. If all such constraints 
are formalized, as indeed they must be for any anaphora resolution system (either 
explicitly programmed or automatically acquired), and given a higher priority than 
sameness by default, inadmissible antecedents will be ruled out. 

Thus, although sameness by default appears very permissive, in fact it allows 
rather few elements to be equal by default. These are intended to be anaphoric 
triggers and their potential antecedents, when no antecedent is suggested by an 
anaphora resolution factor. 

6.3 The Importance of Formalization 

But still, one may ask: why is it so important to formalize this relation? Why can’t 
we simply implement it without the formalization? 

Indeed, model builders are a case in point. The simplest way to show that a theory 
is consistent is to construct a model for it, and this is what model builders do. For 
reasons of economy, model builders attempt4 to build a minimal model, i.e., a model 
that does not postulate the existence of more entities than is necessary.5 

Take, for example, the following set of formulas: A = {P(a), P (b),¬P(c)}.. The  
task of a model builder is to construct a model for A. It will start with the smallest 
possible domain—a singleton. Clearly, no such model will be able to satisfy all the 
formulas in A. The model builder will then attempt to construct a model with two 
elements, and this time it will succeed. For example, the builder might construct a

4 Though they do not always succeed, see, e.g., [6] for discussion. 
5 Very often, model builders also attempt to generate a model that is minimal in another sense, 
namely in terms of the statements that are true in the model, but this does not concern us here. 
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model whose domain consists of the elements d1 . and d2 . and whose interpretation 
function I has the following values: I (a) = I (b) = d1 ., I (c) = d2 ., I (P ) = {d1}.. 
This model will clearly satisfy the set of formulas A. 

Note that, in this model, the constants a and b are mapped onto the same domain
element d1 .. Of course, we could also have a model with three elements, where a 
and b have different interpretations. This, indeed, is the model expected under the 
unique name assumption [29], stating that two objects are different unless they can 
be proved to be equal. 

Such a model, however, is not minimal, and will not generally be generated by a 
model builder. In contrast with the unique name assumption, in a minimal model we 
assume that two elements are the same, unless they can be proved to be different. 
Thus, a and c are different, because one of them has a property, namely P , which 
the other lacks; but a and b are assumed to be the same element, since no property
distinguishes between them.

One might say, then, that the notion of sameness by default is implicit in the 
workings of model builders, without the need for properly formalizing it. Indeed, 
model builders, and the minimal models they generate, have been used to resolve 
anaphora [4, 20, 21]. Why is there a need for the rigorous formalization we have 
performed? 

One obvious reason is theoretical: formalization allows one to define precisely 
what the relation does, when it can apply, and what conclusions can be drawn from 
it. 

But even for the those who are only interested in a practical application, 
formalization may turn out to be indispensable. This is certainly the case for the 
application of anaphora resolution. 

The reason is that model builders can only generate first order models; in 
particular, they cannot be applied to nonmonotonic logics. But it is well known that 
most, perhaps all rules for anaphora resolution are defeasible. For example (from 
[3]): 

(8) The Vice-President entered the President’s office. He was nervous and clutching 
his briefcase. After all, he couldn’t fire the Vice-President without making 
trouble for himself with the chairman of the board. 

The pronoun in the second sentence has two potential antecedents: the Vice-
President or the President. Clearly the Vice-President is preferred: it has the same 
syntactic position (subject) as the pronoun, and it is more salient. However, by the 
time the third sentence is processed, it is clear that this choice is wrong, and the 
intended antecedent is, in fact, the President. 

Such examples abound; and they indicate that all anaphora resolution factors, or 
almost all of them, are best thought of as defaults, which may be overridden. It is 
therefore attractive to model anaphora resolution as a system of prioritized defaults 
(e.g., [7, 22, 26, 28]). Hence, only a principled formalization of sameness by default 
in a logical nonmonotonic system, such as we have carried out, can actually be 
implemented in a practical system aimed at anaphora resolution.
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6.4 Which Formalization to Choose? 

We have been able to provide two different formalizations of sameness by default. 
But which one would be appropriate for anaphora resolution? 

As described above, we have been able to prove several interesting properties 
of Indistinguishability by Default. An additional result we have proved, which is 
particularly relevant for anaphora resolution, is the existence of an element that is 
indistinguishable by default from every element. 

This theorem provides an account of the availability of deictic readings, i.e., 
readings where the anaphoric trigger does not have an antecedent, but refers to 
some individual whom the speaker may indicate by, say, pointing. Since there is 
an element that is indistinguishable by default from every element, this means that 
there is always an element, about which nothing is said in the discourse, and yet can 
consistently be identified with any trigger. 

At first sight, therefore, the relation of Indistinguishability by Default seems an 
attractive choice to apply to the problem of anaphora resolution. However, despite 
its formally attractive properties, Indistinguishability by Default may ultimately be 
inappropriate for this application. 

The problem lies precisely in the fact that Indistinguishability by Default is a 
new relation and, consequently, is denoted by a new symbol. Therefore, no axiom is 
associated with this relation and knowing t1 ∼ t2 . tells us very little: there are few 
conclusions which can be drawn from this fact. 

Also, since indistinguishability is not equality, we cannot maintain, even by 
default, that, if t1 ∼ t2 ., then t1 . and t2 . denote the same individual. 

This is particularly problematic for the application of anaphora resolution. 
Suppose we decided, by default, to identify pronoun u with individual a. Suppose 
that we also know of some property P that P(a).. We would like to conclude P(u).; 
however, this does not follow in our system, not even nonmonotonically. 

For these reasons, Indistinguishability by Default, despite its formal elegance, 
is too weak to tackle the application we are considering. Therefore, Equality by 
Default, the more powerful relation, is better suited to represent the association of a 
pronoun with an antecedent [9–12]. 

But, one may ask, what about the deictic reading, where the pronoun refers to 
some individual not mentioned in the discourse? When we considered the relation 
between pronoun and antecedent to be Indistinguishability by Default, we could use 
a proved result to help us; there is no counterpart of such a proposition for Equality 
by Default, and yet we can still account for the deictic reading in the following way. 

According to the semantics of open default theories we used [18], the theory 
domain is a Herbrand universe of the original language augmented with a set of 
new objects. Because of these new elements, deictic interpretations of pronouns are 
always possible: each of the new elements may be equal by default to any pronoun. 
Hence, we have a logical explanation for a linguistic phenomenon—the universal 
availability of deictic readings.
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6.5 Dealing with Multiple Extensions 

Resolving anaphora, using this formalization, becomes the problem of inferring 
equality between two elements. We will draw this inference by default, using 
Equality by Default. 

Recall that there are two logical strategies for dealing with multiple extensions: 
credulous and skeptical reasoning. It turns out that these two approaches indicate 
two different strategies for dealing with unresolved anaphora. If there is exactly one 
appropriate candidate, the system should identify it. But what if there is more than 
one? 

Automatic systems for anaphora resolution usually assign a score to each can-
didate antecedent. The score is based on the combined effect of the constraints and 
preferences—which, like mentioned above, used to be explicitly programmed and 
these days are usually acquired automatically. Then, the candidate with the highest 
score that is above a certain threshold is selected. What happens if no candidate 
receives a score that is above the threshold? Some systems pick the candidate with 
the highest scope anyway; other systems leave the anaphora unresolved. 

When these choices are formalized in terms of Equality by Default, they reduce 
to credulous and skeptical reasoning, respectively. This has an important advantage. 

To see this, consider the following example: 

(9) John and Bill met at the ice cream parlor. He was upset. 

Our default theory will have two extensions: in one of them, the pronoun is equated 
with John, and in the other—with Bill. 

How do we deal with these extensions? We may decide to force a decision for 
one or the other; for example, we can decide that the most recent antecedent (Bill) 
is appropriate, or that the first one mentioned (John) is more prominent, hence 
preferred. So, in effect, we would apply credulous reasoning and pick one extension. 

Note that, by the axioms of equality, once such a choice is made, any property 
of the antecedent becomes also a property of the trigger. For example, if we choose 
the extension where he is equated with Bill, and if Bill is bald, it will immediately 
follow that he is bald. 

There are cases, however, when the anaphora is genuinely ambiguous, and we 
may have no reason to prefer one reading over the other. But even if we decide 
not to resolve the anaphora, there are still inferences we can make. For example, 
given (9), we want to conclude that whoever the pronoun refers to was at the ice 
cream parlor. 

In this case, it makes sense to apply skeptical reasoning, and accept only what 
is true in all extensions. In one extension, the pronoun is equated with John; but 
we know, from the first sentence, that John was at the ice cream parlor. In the 
other extension, the pronoun is equated with Bill; but again, we know, from the first 
sentences, that Bill was at the ice cream parlor. Hence, we will generate the desired 
inference, since in both extensions, the pronoun has the properties that its antecedent
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has, and in both extensions, these properties include the property of being at the ice 
cream parlor. 

Computational linguists have for a while realized that, for many applications, it 
is not necessary to provide a complete analysis of the text. A lot of useful inferences 
can be generated even when the text receives only a partial processing, and some 
aspects of it remain unspecified. To this end, a number of systems of unspecified 
representations have been proposed: first for explicit, knowledge-based systems 
(e.g., [2, 16]), and, more recently, for statistical, machine-learning systems (e.g., 
[1]). When Equality by Default is integrated into an anaphora resolution system, it 
provides the benefit of underspecification for free, without the need to devise and 
implement such special representations. 

7 Conclusion 

In this essay I described the transformation of an informal idea to a rigorously 
defined relation, and the use of this relation for a specific application: anaphora 
resolution. 

The moral of the story, and, perhaps the most important lesson I have learned 
from János, is the necessity for formalization: whatever concept you are considering, 
even if your goal is a practical application rather than a theoretical result, it is 
absolutely necessary to define your terms in a rigorous way, so that you can actually 
prove the properties of your proposal, what it does, and what follows from it. 

References 

1. Alshawi, H., Chang, P.C., Ringgaard, M.: Deterministic statistical mapping of sentences to 
underspecified semantics. In: Computing Meaning, vol. 4. Springer, Dordrecht (2004) 

2. Alshawi, H., Crouch, R.: Monotonic semantic interpretation. In: Proceedings of the 30th 
Annual Meeting of the Association for Computational Linguistics, pp. 32–39. Newark, 
Delaware (1992) 

3. Asher, N.: Linguistic understanding and non-monotonic reasoning. In: Proceedings of the 1st 
International Workshop on Nonmonotonic Reasoning. New Paltz (1984) 

4. Baumgartner, P., Kühn, M.: Abducing coreference by model construction. J. Language 
Comput. 1(2), 175–190 (2000) 

5. Brewka, G.: Adding priorities and specificity to Default Logic. In: Pereira, L., Pearce, D. (eds.) 
Proceedings of the 4th European Workshop on Logics in Articial Intelligence (JELIA-94), pp. 
247–260 (1994) 

6. Bry, F., Yahya, A.: Positive unit hyperresolution tableaux and their application to minimal 
model generation. J. Automated Reasoning 25, 35–82 (2000) 

7. Byron, D., Gegg-Harrison, W.: Evaluating optimality theory for pronoun resolution algorithm 
specification. In: Proceedings of the Discourse Anaphora and Reference Resolution Confer-
ence (DAARC2004), pp. 27–32 (2004) 

8. Charniak, E.: Motivation analysis, abductive unification and nonmonotonic equality. Artif. 
Intell. 34, 275–295 (1988)



160 A. Cohen

9. Cohen, A.: Anaphora resolution and minimal models. In: Bos, J., Koller, A. (eds.) Proceedings 
of the 5th International Conference on Inference in Computational Semantics—ICOS–5, pp. 
7–16 (2006) 

10. Cohen, A.: An application of Default Logic to anaphora resolution. Presented at The Israeli 
Seminar in Computational Linguistics—Iscol (2006) 

11. Cohen, A.: Anaphora resolution as equality by default. In: Branco, A. (ed.) Anaphora: 
Analysis, Algorithms and Applications. Lecture Notes in Artificial Intelligence, pp. 44–58. 
Springer-Verlag, Berlin (2007) 

12. Cohen, A.: Anaphora resolution by default. In: Proceedings of IWCS-7 (the 7th International 
Workshop on Computational Semantics), pp. 53–64. Tilburg, The Netherlands (2007) 

13. Cohen, A., Makowsky, J.A.: Two approaches to nonmonotonic equality. Technical Report CIS-
9317, Technion—Israel Institute of Technology, 1993 

14. Cohen, A., Kaminski, M., Makowsky, J.A.: Indistinguishability by default. In: Artemov, S., 
Barringer, H., d’Avila Garcez, A.S., Lamb, L.C., Woods, J. (eds.) We Will Show Them: Essays 
in Honour of Dov Gabbay, pp. 415–428. College Publications (2005) 

15. Cohen, A., Kaminski, M., Makowsky, J.A.: Notions of sameness by default and their 
application to anaphora, vagueness, and uncertain reasoning. J. Logic Language Inf. 285–306 
(2008) 

16. Copestake, A., Flickinger, D., Sag, I., Pollard, C.: Minimal recursion semantics: an introduc-
tion. Res. Language Comput. 3(23), 281–332 (2005) 

17. Delgrande, J.P., Schaub, T.: Expressing preferences in Default Logic. Artif. Intell. 123, 41–87 
(2000) 

18. Kaminski, M.: A comparative study of open default theories. Artif. Intell. 77, 285–319 (1995) 
19. Kamp, H., Reyle, U.: From Discourse to Logic. Kluwer Academic Publishers, Dordrecht 

(1993) 
20. Kohlhase, M.: Model generation for discourse representation theory. In: Horn, W. (ed.) 

Proceedings of the 14th European Conference on Artifical Intelligence, pp. 441–445 (2000) 
21. Konrad, K.: Model Generation for Natural Language Interpretation and Analysis. Ph.D. Thesis, 

University of Saarlandes, Saarbrücken, 2000 
22. Lascarides, A., Asher, N.: Temporal interpretation, discourse relations and common sense 

entailments. Linguist. Philos. 16, 437–493 (1993) 
23. Lifschitz, V.: On open defaults. In: Lloyd, J.W. (ed.) Computational Logic: Symposium 

Proceedings, pp. 80–95. Springer–Verlag, Berlin (1990) 
24. Poesio, M., Stuckardt, R., Versley, Y.: Anaphora Resolution: Algorithms, Resources and 

Applications. Springer, Berlin (2016) 
25. Mendelson, E.: Introduction to Mathematical Logic. Chapman and Hall, London (1997) 
26. Mitkov, R.: An uncertainty reasoning approach for anaphora resolution. In: Proceedings of 

the Natural Language Processing Pacific Rim Symposium (NLPRS’95), pp. 149–154. Seoul, 
Korea (1995) 

27. Mitkov, R.: Anaphora Resolution. Longman, London (2002) 
28. Poesio, M.: Semantic ambiguity and perceived ambiguity. In: van Deemter, K., Peters, S. (eds.) 

Semantic Ambiguity and Underspecification, pp. 159–201. CSLI, Stanford (1996) 
29. Reiter, R.: Equality and domain closure in first order databases. J. ACM 27, 235–249 (1980) 
30. Reiter, R.: A logic for default reasoning. Artif. Intell. 13, 81–132 (1980) 
31. Williams, E.: Blocking and anaphora. Linguist. Inquiry 28, 577–628 (1997)



On the Bipartition Polynomials 
for Rooted Caterpillars 

Bruno Courcelle and Irène Durand 

Abstract The bipartition polynomial B(G, u, v,w). associated with a finite simple 
undirected graph G has been defined by Dod, Kotek, Preen and Tittmann. It is a 
common generalization of the domination polynomial, the Ising polynomial and 
a few others. These authors conjecture that for a finite tree T , B(T , u, v,w). deter-
mines T up to isomorphism. We prove a weak form of the conjecture for caterpillars 
and we propose a method for extending the proof to rooted trees. A caterpillar is a 
path with additional pendent edges. For that, we introduce an alternative polynomial
Q(G, u, v,w). that is symmetric in the sense that Q(G, u, v,w) = Q(G, v, u,w). 

and is equivalent to B(G, u, v,w). (up to algebraic transformations). We can thus 
work on the conjecture with Q instead of B. This polynomial can be computed by 
a finite automaton on binary terms denoting finite rooted trees. 

1 Intro duction

In this article graphs are finite, undirected without loops or parallel edges. The 
bipartition polynomial B(G, u, v,w). associated with such a graph G has been 
defined in [2]. It is a common generalization of the domination polynomial, the 
Ising polynomial and a few others. 

A monomial upvqwm
. in B(G, u, v,w). says that there is a bipartite subgraph 

having m edges whose two sets of vertices are X and Y , such that X is included in a
set X′

. of p vertices that is disjoint with Y of cardinality q, furthermore, each verte x
of X ∪ Y . is an end of some edge of the considered subgraph. 

It is conjectured in [2] that for a tree T , the polynomial B(T , u, v,w). determines 
T up to isomorphism. We prove a weak form of the conjecture for caterpillars. A 
caterpillar is a path with additional pendent edges.
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For that, we introduce an alternative polynomial Q(G, u, v,w). that is symmetric 
in the sense that Q(G, u, v,w) = Q(G, v, u,w). and is equivalent to B(G, u, v,w).. 
It is defined like B except that we require that X = X′

.. As  X and Y play symmetric 
roles in the definition of Q, we have Q(G, u, v,w) = Q(G, v, u,w).. 

Easy algebraic transformations relate Q(G, u, v,w). and B(G, u, v,w). for G 
without isolated vertices, or having a single vertex. Hence all properties of B proved 
in [2] can be translated for Q. In particular, one can determine from Q(G, u, v,w). 

the number of vertices, the number of edges, the degree sequence, the number 
of connected components, and the set of numbers of vertices of the connected 
components of G, but not G itself (up to isomorphism).

We consider the conjecture from [2] that B(G). (that is B(G, u, v,w). in short) 
determines G if it is a tree, hence, equivalently that Q(G). determines G in this case.

We study it for rooted trees. We express Q(T ). as the sum Q0(T ) + Q1(T ) +
Q2(T ). where Q0(T )., Q1(T ). and Q2(T ). are associated respectively with the cases 
where the root is not in X ∪ Y ., is in X or is in Y .

We establish recursive definitions and we show how these three subpolynomials 
of Q(T ). can be computed by a finite automaton on binary terms that define rooted 
trees, by using the methods of [1]. 

For helping to solve the main conjecture, we define a subpolynomial of Q(T ). 

corresponding to counting the subtrees of T as opposed to the subforests. As it has 
less monomials, understanding its behaviour may be easier .

Our main results are as follows: 

1. for a rooted caterpillar T , the polynomial Q1(T ). determines it, 
2. for every rooted tree T , the computations of Q(T ),Q0(T ),Q1(T ). and Q2(T ). 

can be done by using a deterministic automaton having 6 states, that takes as 
input a binary term defining T . 

2 Bipartition Polynomials 

We recall from the introduction that graphs are undirected, finite and without loops 
and parallel edges. The number of vertices of the current graph or tree is always n. 

Definition 2.1 (Bipartition Polynomial) For a graph G = (V ,E). we define 
B(G, u, v,w) := ∑

α(X,Y,F ) u|X|v|Y |w|F |
. where α(X, Y, F ). means that: 

X is a set of vertices, 
F is a set of edges between X and V − X ., 
and Y is the set of ends not in X of the edges in F . 

We write B(G). for B(G, u, v,w).. 

Examples 2.2 B(•) = 1 + u. where •. denotes an isolated vertex. 
B(e) = 1 + 2u + u2 + 2uvw . for an edge e.
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Proposition 2.3 The following values concerning G can be computed fr om
B(G).: 

(1) the number of vertices, 
(2) the number of edges, 
(3) the degree sequence, whence, the number of isolated vertices, 
(4) the number of connected components, and 
(5) the set of numbers of vertices of the connected components. 

Proofs See [2]. ��
Fact 2.4 ([2]) There exist two graphs having both 22 vertices, the same bipartition 
polynomial and that are not isomorphic. 

Conjecture 2.5 ([2]) Two trees are isomorphic if they have the same bipartition 
polynomials. 

It has been checked for trees up to 14 vertices. 

2.1 An Equivalent Polynomial 

Definition 2.6 (An Alternative Bipartition Polynomial) We define Q(G, u, v,w)

:= ∑
β(X,Y,F ) u|X|v|Y |w|F |

. where β(X, Y, F ). means α(X, Y, F )∧. “every vertex in 
X is the end of an edge in F ”.

The coefficient of a monomial upvqwm
. is the number of triples (X, Y, F ). 

such that β(X, Y, F ). holds and (p, q,m) = (|X| , |Y | , |F |).. We write Q(G). for 
Q(G, u, v,w). if no ambiguity can occur. 

Remarks and Examples 2.7 

(1) If F is empty, so must be X and Y .
(2) Q(•) = 1. (F must be empty) and Q(e) = 1 + 2uvw.. 

(3) Q(G) = Q(G ∪ •). for every graph G. 
(4) The monomials of Q(G). are either 1 or upvqwm

. where p + q ≤ min(n, 2m).. 

For trees, we also have m + 1 ≤ p + q.. 

(5) As β(X, Y, F ) ⇐⇒ β(Y,X, F ),. we have Q(G, u, v,w) = Q(G, v, u,w).. 

Moreover Q(G). is 1 + a sum of polynomials of the form (upvq + uqvp)wm
.. 

Hence, for each m > 0., there is in Q(G). an even number of monomials of the 
form upvqwm.. We consider 2uv = uv + uv . as consisting of 2 monomials. 

(6) The number of vertices that are not isolated can be determined from Q(G).: it is  
the maximun number p + q . such that upvqwm

. is a monomial for some m. The  
corresponding values of m are the numbers of edges of the spanning bipartite 
subgraphs of G.



164 B. Courcelle and I. Durand

Proposition 2.8 For a graph G having n vertices, B(G). and Q(G). can be 
computed from each other by the following formulas: 

(1) B(G, u, v, w) = (1 + u)n Q(G, u 
1+u

, v
1+u

,w). 

(2) Q(G, u, v, w) = (1 − u)n B(G, u 
1−u

, v
1−u

,w). 

Proof The polynomial B can be expressed as follows (compare with Q ):
B(G, u, v,w) := ∑

β(X,Y,F )∧δ(X,Y,W) u|X|+|W |v|Y |w|F |
. where β(X, Y, F ). is as 

in Definition 2.6 and δ(X, Y,W) ⇐⇒ W ∩ (X ∪ Y ) = ∅.. 
Hence, we obtain B(G). by replacing in Q(G). each monomial upvqwr

. by up(1+
u)n−p−qvqwr

.. Formula (1) follows. 
Conversely, by using (1) we get 
(1−u)nB(G, u

1−u
, v

1−u
,w) =. (1−u)n(1+ u

1−u
)nQ(G,

u/(1−u)
1+u/(1−u)

, v
1+u/(1−u)

, w). 

which is equal to Q(G, u, v,w).. ��
For investigating Conjecture 2.5, we can use Q instead of B. 
A Q-polynomial is one of the form Q(G). for some graph G. 

Proposition 2.9 

(1) If G1, ...,Gk . are the connected components of G,. then Q(G) = Q(G1) × ... ×
Q(Gk).. 

(2) If G is connected and bipartite, then Q(G). is not the product of two Q-
polynomials not equal to 1. 

We need some facts. Note that we consider polynomials with positive integer 
coefficients. 

Definition 2.10 For a polynomial P(u, v,w). we define Maxw(P ). as the sum of 
monomials of P where w has maximal deg ree. Hence Maxw(PR) = Maxw(P ) ×
Maxw(R).. 

Examples and Remarks 2.11 

(1) Q(K3) = 1+6uvw+3uv2w2 +3u2vw 2.. Hence, Maxw(Q(K3)) = 3uv2w2 +
3u2vw2.. 

We let Sp . denotes the star with p leaves connected to the root. T hen,
Q(S3) = 1 + u((1 + vw)3 − 1) + v((1 + uw)3 − 1). and Maxw(Q(S3)) =
uv3w3 + u3vw3.. 

(2) The number of edges m of a graph G is half the number of monomials in Q(G). 

of the form uvw. A graph G is bipartite if and only if the maximum degree of 
w in Q(G). is m. Hence, from Q(G)., one can determine if G is bipartite. 

For a connected bipartite graph G = (V1, V2, E). where |E| = m �= 0,. 

|V1| = p,. |V2| = q,. we have Maxw(Q(G)) = wm(upvq + uqvp).. For a 
bipartite graph G without isolated vertices that is not connected, Maxw(Q(G)). 

is not of this form as it must contain at least 4 monomials.
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(3) For any Q-polynomial P,. we have Maxw(P ) = wm1P ′
. where P ′

. is a 
symmetric polynomial in u, v . having at least 2 monomials. 

(4) For a tree T we have : Q(T, 1/2, 1/2, w − 1) = 21−n(1 + w)n−1.. 

Proof Based on [4] proving that a connected graph G is a tree if and only i f
B(G, 1, 1, w − 1) = 2(1 + w)n−1.. With Proposition 2.8, we get the result. 

Conversely, by the same computation and for G without isolated vertices, i f
Q(G, 1/2, 1/2, w − 1) = 21−n(1 + w)n−1

. then G is a tree. ��
Proof of Proposition 2.9: 

(1) is clear from the definition. 
(2) Let G be bipartite and connected.

Assume for a contradiction that Q(G) = PR .for two Q-polynomials in N[u, v,w]. 
not equal to 1. Then Maxw(Q(G)) = wm(upvq + uqvp) = Maxw(P ) ×
Maxw(R) = wm1P ′wm2R′

. where m = m1 + m2,Maxw(P ) = wm1P ′
. and 

Maxw(R) = wm2R′
., cf. Remark 2.11(3). 

Hence upvq + uqvp = P ′ × R′.. Its only possible factorizations in polynomials 
in N[u, v,w]. are with P ′ = uavb

. and R′ = up−avq−b + uq−avp−b (.or vice-versa). 
Then P = 1 + ... + wm1uavb

. and R = 1 + . . . + wm2(up−avq−b + uq−avp−b). but 
then P is not a Q-polynomial. ��

3 Trees 

We call nodes the vertices of a tree. 

Definition 3.1 (Splitting Q(T ).) For a rooted tree T with root r , and i = 0, 1, 2., 
we define 

Qi(T , u, v,w) := ∑
βi(X,Y,F ) u|X|v|Y |w|F |

. where 
β0(X, Y, F ) :⇐⇒ β(X, Y, F ) ∧ r /∈ X ∪ Y,. 

β1(X, Y, F ) :⇐⇒ β(X, Y, F ) ∧ r ∈ X,. 

β2(X, Y, F ) :⇐⇒ β(X, Y, F ) ∧ r ∈ Y.. 

Hence : Q1(T , u, v,w) = Q2(T , v, u,w). and Q(T, u, v,w) = Q0(T , u, v,w) +
Q1(T , u, v,w) + Q2(T , u, v,w).. 

Lemma 3.2 The degree of the root of T is p if and only if Q1(T ). has exactly p 
monomials where w has degree 1 (these monomials must be all of the form uv w).

Facts 3.3 If r is the root of T , then Q0(T , u, v,w) = Q(T − r, u, v,w). and it is a 
product of p  Q  -polynomials.

Definition 3.4 (Rooted Trees Defined by Binary Terms) The nullary symbol •. 

denotes S0 ., a single node that is the root. If A and B are disjoint rooted trees, then
A�B . denotes A ∪ B . augmented with one edge between the roots of A and B; the  
root of A�B . is defined as that of A.
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It is clear that every rooted tree T is denoted by a term t written with �. and •.. 
The nodes of T are in bijection with the occurrences in t of •. and its edges with 
those of �.. 

Examples and Remarks 3.5 

(1) If B is a rooted tree, then • �B . is B with a new edge x − rootB . such that x 
is the root of • �B .. Similarly, B�•. defines B with a new edge x − rootB . and 
rootB . is the root of the new tree. 

(2) We have the following partial commutativity rule: 
(A�B)�C = (A�C)�B.. 

(3) Every rooted tree T can be expressed as follo ws:
T = (. . . ((•�A1)�A2)� . . .)�Ap . 

where p is the degree of the root. This expression is unique up to the partial 
commutativity rule (2).

(4) Q(A�B) = Q(B�A).. 

Proposition 3.6 (Inductive Computations) We recall that Q2(T ). is obtained from 
Q1(T ). by exchanging u and v .

(1) Q1(•) = 0. and Q0(•) = 1.. 
(2) For rooted rooted trees A and B, we have

Q1(A�B) = Q1(A)Q(B) + w(Q1(A) + uQ0(A))(Q2(B) + vQ0(B))., 
Q0(A�B) = Q0(A)Q(B)., 

where Q(B) = Q0(B) + Q1(B) + Q2(B).. 

(3) For every p > 0. and rooted tree B, we also have: 

Q1(Sp) = u((1 + vw)p − 1)., 
Q0(Sp) = 1., 
Q(Sp) = u((1 + vw)p − 1) + v((1 + uw)p − 1) + 1.. 

Q1(Sp�B) = u((1 + vw)p − 1)Q(B) + uw(1 + vw)p(Q2(B) + vQ0(B))., 
Q0(Sp�B) = Q(B) = Q0(B) + Q1(B) + Q2(B).. 

Proof 

(1) Easy to obtain from the definitions. 
(2) Can be derived from (1) or checked directly from the definitions. ��
Remark 3.7 (1) If T = ((•�A)�B)�C,. we have 

Q0(T ) = Q(A)Q(B)Q(C).. 
Q1(T ) + uQ0(T ) =. 

u(Q(A) + wQ2(A) + vwQ0(A))[Q(B) + wQ2(B) + vwQ0(B)]. 
(Q(C) + wQ2(C) + vwQ0(C)).. 

From Q1(T ),. we can get Q2(T ). and so, Q0(T ) = Q(T ) − Q1(T ) − Q2(T ).. 
If the factorization of Q0(T ). is unique, we can get Q(A),Q(B). and Q(C). from 

it. Then, from Q1(T ). we may get the factors Q(A)+wQ2(A)+vwQ0(A),.Q(B)+
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wQ2(B)+vwQ0(B). and Q(C)+wQ2(C)+vwQ0(C). if, again, we have a unique 
factorization. 

These observations suggest a method to prove the following: 

Conjecture 3.8 For a rooted tree T , the pair (Q(T )., Q1(T )). determines T up to 
isomorphism.

Recall that knowing Q(T ). and Q1(T ). is equivalent to knowing Q0(T )., Q1(T ). 

and Q2(T ).. 

Remark 3.9 Let us give construction rules for Q0(T )., Q1(T ). and Q2(T ). if T :=
A//B//C . defined as the union of disjoint rooted trees A,B,C . whose three roots 
are fused to form the root of T . (The operation //. is not expressible by a term written 
only with the operation �..) 

Q0(T ) = Q0(A)Q0(B)Q0(C).. 
u2(Q1(T ) + uQ0(T )) =. 

(Q1(A) + uQ0(A))[Q1(B) + uQ0(B)](Q1(C) + uQ2(C)).. 

More generally: 
Q0(A1//...//Ap) = Q0(A1) × ... × Q0(Ap).. 
up−1(Q1(A1//...//Ap) + uQ0(A1//...//Ap)) =. 

(Q1(A1) + uQ0(A1)) × ... × (Q1(Ap) + uQ0(Ap)).. 

Since the expression of T = A//B//C . is not unique (the operation //. is 
associative), so neither is the factorization Q0(A)Q0(B)Q0(C). of Q0(T ).. ��

4 Caterpillars 

Definition 4.1 (Rooted Caterpillars) A rooted caterpillar C is a rooted tree 
consisting of a nonempty path P (having at least one edge) and, possibly, additional 
pendent edges attached to some nodes of this path. The root is an end of the path P . 

More precisely, we denote C by (dk, dk−1 .,... , d1). where k > 0., di > 0. for 
i = 1.,...,k. The path P is xk − xk−1−. ... − x1 ., the root is x1 ., a node xj . has dj − 1. 

pendent edges outside of P if j < k ., and dk . such edges if j = k .. The number of 
nodes is thus d1 + d2+. ... + dk + 1.. If  k = 1., then C is the star Sd1 . consisting of one 
node adjacent to d1 . leaves. 

The length �en(C). of C is the length of a longest path from the root. Hence it is 
k. See Example 4.2 and Fig. 1 for an example. 

We denote by C � p . where p > 0. the rooted subcaterpillar that is the union 
of the paths from the root of C having length at most p. Its root is x1 .. Hence, 
C � �en(C) = C .. 

A rooted subcaterpillar C′ = (V ′, F ). of C = (V ,E). can be defined by a triple 
(X, Y, F ). such that X ∪ Y = V ′ ⊆ V, F ⊆ E ., β1(X, Y, F ) ∨ β2(X, Y, F ). holds 
(cf. Definition 3.1 for β1. and β2.) and |F | − 1 = |X| + |Y | .. The latter condition 
ensures the connectedness of the corresponding subgraph. These triples yield the 
monomials of Q1(C) + Q2(C). of the form uavbwa+b−1

., a, b > 0.. Hence, from
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Fig. 1 Example of a 
caterpillar of length 5. It is 
discussed in Example 4.2 

Q1(C) + Q2(C)., one can determine the number of subcaterpillars having a given 
number of edges. 

Example 4.2 Figure 1 shows C = (3, 3, 2, 3, 1). of length k = 5.. Then C � 3 =
(2, 3, 1). .It consists of nodes x1, x2, x3, x4 . and 3 nodes adjacent to x2 . and x3 .. 

The subgraph C′
. induced on {x1, x2, x3, x4, x5, y1, y2}. is a subcaterpillar, 

denoted by (2, 1, 2, 1).. The corresponding monomial in Q1(C). is u5v2w6
.. Let  

us remove from C′
. the edge x3 − x4 ., so defining D. This graph is not connected, 

hence is not a subcaterpillar. It yields the two monomials u4v3w5
. and u5v2w5

. of 
Q1(C). because x4 . can be put either in X or in Y .

Proposition 4.3 The length of a rooted caterpillar C can be determined fr om
Q(C).. 

Proof From Q(C)., one can check whether C is Sp .. If this is not the case, then C is 
denoted by (dk, dk−1, ..., d1). where k > 1.. Its length is k. Its number n of nodes is
d1 +d2 + ... +dk +1.. Its number n1 . of nodes of degree 1 is d1 +d2 + ... +dk +1−k .. 
The numbers n and n1 . can be determined from Q(C). by Proposition 2.3. So can be 
the length equal to n − n1 .. ��
Lemma 4.4 Let B be a rooted tree and p ≥ 0.. From Q1(Sp�B). and Q(Sp�B),. 

one can determine Q1(B). and Q(B).. 

Proof From Q1(Sp�B). one can get p by Lemma 3.2 and Q2(Sp�B). by Definition 
3.1. Hence one gets Q0(Sp�B) = Q(Sp�B) − Q1(Sp�B) − Q2(Sp�B). . 

We have uwQ2(B)(1+wv)p = Q1(Sp�B)−uQ0(Sp�B)((1+wv)p −1). and 
Q(B) = Q0(Sp�B)., which gives Q2(B)., whence also Q1(B).. ��
Proposition 4.5 Two rooted caterpillars C and D are isomorphic if and only if
Q(C) = Q(D). and Q1(C) = Q1(D).. 

Proof Assume Q(C) = Q(D). and Q1(C) = Q1(D).. One can check if one of 
C or D is a star. If so, the other is isomorphic. Otherwise, let us express t hem
as C = Sp�C′

. and D = Sq�D′
.. Since Q(C) = Q(D)., we have  p = q .. By
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Lemma 4.4, we have Q(C′) = Q(D′). and Q1(C
′) = Q1(D

′).. The result follows 
by induction. ��

This gives a special case of Conjecture 3.8. Actually, we can do better. 

Theorem 4.6 Two rooted caterpillars C and D are isomorphic if and only if
Q1(C) = Q1(D).. 

Lemma 4.7 Let C be a caterpillar (dk, ..., d1). of which we know (only) Q1(C).. 

(1) We can determine n, d1 . and check if k = 1.. 
(2) For p ≤ k . and from the knowledge of the top part C � p = (dp, ..., d1)., we can 

determine if p = k . (in this case we know C) and, otherwise, we can determine 
dp+1 .. 

(3) We can determine successively d1, ..., dk . hence C. 

Proof 

(1) The number n of nodes is the maximum value of p + q . such that upvqwm
. is a 

monomial of Q1(G). for some m. By Lemma 3.2, we get the degree d1 . of the 
root. If n = d1 + 1., then k = 1. and C = Sd1 .. 

(2) We know Q1(C).. Assume that we know the top part C � p = (dp, . . . , d1). for 
some p ≤ k .. If n = dp + . . . + d1 + 1,. then C = (dp, . . . , d1). and p = k .. 

Otherwise, the rooted subcaterpillars of C having p + 1. edges are of two 
forms: 

(i) either a subcaterpillar of C consisting of a path y−xp+1−xp−xp−1−. . .−x1 . 

for some y adjacent to xp+1 . and there are dp+1 . such cases, 
(ii) or a subcaterpillar of C � p = (dp, . . . , d1).. 

As we know C � p ., we know Q1(C � p),. hence the number sp . of 
subcaterpillars of type (ii). 

The monomials in Q1(C). of the form uavbwp+1
. with p + 1 = a + b − 1. 

correspond to the rooted subcaterpillars having p+1. edges, hence their number 
is sp + dp+1 .. As we know kp ., we get dp+1 .. 

(3) We can determine d1 . by (1) and then d2, . . . , dk ., hence C. ��
This lemma proves Theorem 4.6. In the example of Fig. 1, there are d5 = 3. paths 

of type (i). The corresponding monomials are u3v3w5
.. (Some subcaterpillars of type 

(ii) yield the same monomials). 

5 Computing Q0,Q1,Q2 . by a Deterministic Automaton 

We use the tools of [1] for computations in rooted trees, not only those defining 
caterpillars. 

In a logical structure S, the  multispectrum of a formula ϕ(X, Y,Z). where 
X, Y,Z . are set variables is the multiset of triples (|X| , |Y | , |Z|). such that S |�
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ϕ(X, Y, Z ).. The associated polynomial Pϕ,S(u, v,w). is defined as the sum of the 
monomials u|X|v|Y |w|Z|

. such that S |� ϕ(X, Y,Z).. The coefficient of u|X|v|Y |w|Z|
. 

in Pϕ,S(u, v,w). is thus the number of triples (|X| , |Y | , |Z|). such that (X, Y,Z). 

satisfies ϕ . in S. Hence, we can see Pϕ,S . as a compact notation of the multispectrum 
of ϕ . in S. Logical descriptions of graph polynomials have been investigated by 
Makowsky et al. in [3]. 

Let us go back to rooted trees. Each of them is defined by a term t in T ({�, •})., 
the set of finite terms written with the binary operation symbol �. and the nullary 
symbol •., cf. Definition 3.4. For an example, the term t = �(•,�(•, •)). defines 
the caterpillar (1,2) that is a path of length 2. Such an expression is not unique by 
Remark 3.5(2). 

We let val(t) = T . be the tree defined by a term t . The nodes of T are the leaves 
of t , considered as an ordered tree in the standard way, hence the occurrences of
•.; the root of T is the leftmost leaf of t . The edges of T are the occurrences of �., 
hence, the internal nodes of t . 

The formulas βi(X, Y, F )., i = 0, 1, 2., are to be checked in trees val(t).. 
However they can be rewritten as γ i(X, Y, F ). to be checked in the logical structure 
representing t . Actually, we use logically expressed properties of terms rather than 
explicit logical formulas. We have: 

Qi(val(t), u, v, w) = ∑
γ i(X,Y,F ) u

|X|v|Y |w|F |
. 

where X, Y . denote sets of leaves of t (seen as a tree) and F sets of internal nodes.
Hence, Qi(val(t), u, v,w). is a compact notation for the multispectrum of γ i . in t 
(cf. [1]), as observed above. 

Example 5.1 We have: Q(K3) = 1 + 6uvw + 3uv2w2 + 3u2vw2.. correspond-
ing multispectrum of γ 0(X, Y, F ) ∨ γ 1(X, Y, F ) ∨ γ 2(X, Y, F ). is the multiset 
{(0,0,0):1, (1,1,1):6, (1,2,2):3, (2,1,2):3} where (1,2,2):3 means that the triple 
(1,2,2) has 3 occurrences, giving the term 3uv2w2

. in Q(K3).. 

Following the general method of [1], we represent the set variables X, Y, F . in 
terms over {�, •}. by Boolean labels. We label each leaf (holding •.) by a pair of  
Booleans as follows: 

(1,0) to mean that the corresponding node is in X − Y ., 
(0,1) to mean that the corresponding node is in Y − X ., 
(0,0) to mean that the corresponding node is not in X ∪ Y ., 
(1,1) means that the corresponding node is in X ∩ Y.. 

However, each formula γ i(X, Y, F ). is false if X ∩ Y . is not empty, hence, this 
last case has no reason to occur and only three node labels are actually useful. 

We label an internal node (an occurrence of �). by a Boolean as follows: 

0 to mean that the corresponding edge is not in F , 
1 to mean that the corresponding edge is in F .
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We define as follows a deterministic automaton A. on labelled terms: 

(a) Its states are c0, c1, c2, d1, d2, Error .. Its accepting states are c0, c1, c2. whose 
corresponding multispectra define respectively Q0,Q1,Q2.. 

(b) We want that, at a node x of a labelled term t (its labels encode a triple
(X, Y, F ).): 

(b.1) the state is ci if and only if the subterm t/x . satisfies γ i(X′, Y ′, F ′). where 
X′, Y ′, F ′

. are the restrictions of X, Y, F . in t/x .. 
(b.2) The state is di, here i = 1, 2,. if and only if the subterm t/x . satisfies 

γ i(X′, Y ′, F ′). where X′, Y ′, F ′
. are as above except that no edge in F ′

. is 
incident to the root of val(t/x).; this root belongs to X if i = 1. and to Y if 
i = 2.. 

If t/x . is •., the corresponding (isolated node) can be in X, without any incident 
edge, and the associated state is d1. Such a node may later on, by some labelled 
operation (�, 1),. be made adjacent to a node in Y . Otherwise, an error will occur 
and the labelled term will not contribute to the construction of any polynomial. We 
have the rule: 

(�, 0)[d2, d1] → Error.. 

The node holding the state d1 has no incident edge below it and cannot have any 
above. To the opposite, we have: 

(�, 1)[d2, d1] → c2.. 

Here is the automaton. The transitions on nullaries are as follows: 

(•, 00) → c0. 

(•, 10) → d1. 

(•, 01) → d2. 

(•, 11) → Error.. 

The last rule is of no use in an implementation where only the labels 00, 10 and 
01 can be attached to nullaries. The transitions on �. are as follows: 

(�, 0)[c0, s] → c0. for s = c0, c1, c2,. 

(�, 0)[c1, s] → c1. for s = c0, c1, c2,. 

(�, 0)[c2, s] → c2. for s = c0, c1, c2,. 

(�, 0)[d1, s] → d1. for s = c0, c1, c2,. 

(�, 0)[d2, s] → d2. for s = c0, c1, c2,. 

(�, 1)[c1, c2] → c1., 
(�, 1)[c1, d2] → c1., 
(�, 1)[c2, c1] → c2,. 

(�, 1)[c2, d1] → c2., 
(�, 1)[d1, c2] → c1., 
(�, 1)[d1, d2] → c1., 
(�, 1)[d2, c1] → c2., 
(�, 1)[d2, d1] → c2.,
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All other transitions (an example is given above) yield Error , and Error prop-
agates bottom-up. There are 26 transitions not yielding Error . These transitions 
correspond to the inductive rules of Proposition 3.6. 

For an example, the r ule:

Q1(A�B) = Q1(A)Q0(B) + Q1(A)Q1(B) + Q1(A)Q2(B)+. 

wQ1(A)Q2(B) + wQ1(A)vQ0(B)+. 

wuQ0(A)Q2(B) + wuQ0(A)vQ0(B).. 

yields the following transitions: 

(�, 0)[c1, s] → c1. for s = c0, c1, c2,. 

(�, 1)[c1, c2] → c1., 
(�, 1)[c1, d2] → c1., 
(�, 1)[d1, c2] → c1., 
(�, 1)[d1, d2] → c1., 

The counting computation of A. with accepting state ci yields the multispectrum 
of γ i . hence Qi(val(t)). for any t in T ({�, •})., a term without Boolean labels. 

Example 5.2 Let t = �(•,�(•, •)). defining the caterpillar (1,2), a path of length 
2. We give three examples of labellings of t and the corresponding runs of the 
automaton. The states at the root are in the second column.

t =. �. •. �. •. •. Triple/monomial 

Label 0 00 1 10 01 

State c0 c0 c1 d1 d2 (1,1,1) / uvw in Q0 . 

Label 1 10 0 01 10 

State Error d1 Error d2 d1 None 

Label 1 10 1 01 10 

State c1 d1 c2 d2 d1 (2,1,2) / u2vw2 . in Q1 . 

6 Two Subpolynomials of Q 

This section suggests research directions in view of proving the conjecture, at least 
for caterpillars. We consider two subpolynomials of Q for trees T .

6.1 Counting Full Sets of Edges 

We let Qf ull(T ). consist of the monomials uavbwm
. of Q(T ). such that a + b . is the 

number of nodes. It corresponds to considering triples (X, Y, F ). such that every 
node is an end of some edge in F . Hence it is a subpolynomial of Q1(T ) + Q2(T )..
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An automaton for computing it is obtained from A. by replacing state c0 by  Error . 
The accepting states are c1 and c2. 

Question 6.1 For caterpillars T , does Qf ull(T ). determine T ? 

6.2 Counting Subtrees 

We now restrict the polynomials Q to triples inducing connected subgraphs of trees, 
hence to subtrees by defining Qconn(T , u, v,w) := ∑

μ(X,Y,F ) u|X|v|Y |w|F |
. where 

μ(X, Y, F ). means that (X, Y, F ). induces a subgraph as in Definition 2.6, except 
that this subgraph must now be connected and nonempty. 

The coefficient of a monomial upvqwm
. is the number of triples (X, Y, F ). such 

that μ(X, Y, F ).holds and (p, q,m) = (|X| , |Y | , |F |). .We must have m = p+q−1. 

as a connected subgraph is a tree. 

Fact 6.2 Qconn(T ,  u,  v,w). is the sum of the monomials upvqwm
. of Q(T, u, v,w). 

such that m = p + q − 1.. 

We do not know whether Q(T ). is computable from Qconn(T ).. 

Conjecture 6.3 Two trees T and R are isomorphic if and only if Qconn(T ) =
Qconn(R).. 

This conjecture implies Conjecture 2.5. 
We define a deterministic automaton B . on labelled terms intended to compute 

Qconn(T , u, v,w).. It differs from A. defined above (we name states in a different 
way although there are some similarities). 

(1) Its states are a1, a2, f 1, f 2, b, e. and Error . 
(2) Its accepting states are a1, a2, b. whose corresponding multispectra define 

collectively Qconn.. 

The state e correspond to subtrees of T with no node in X or Y , no edge in F . 
The states f 1, f 2. correspond to isolated vertices in the subgraph (X′, Y ′, F ′). that 
are in X′

. and Y ′
. respectively. The states a1, a2 . correspond to subtrees induced by 

(X′, Y ′, F ′). whose root is that of the tree val(t). and is in X′
., resp. Y ′

.. The state b 
corresponds to the case where some subtree T ′

. meets the required conditions but its 
root is not that of T . 

Here is the automaton. The transitions on nullaries are:

(•, 00) → e . 

(•, 10) → f 1. 

(•, 01) → f 2. 

(•, 11) → Error..
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The last one is of no use in an implementation where only the labels 00, 10 and 01 
can be attached to nullaries. The transitions on �. are: 

(�, 0)[e, e] → e., 
(�, 0)[e, s] → b. for s = a1, a2, b,. 

(�, 0)[s, e] → s . for s = a1, a2, b, f 1, f 2.. 

(�, 1)[a1, a2] → a1., 
(�, 1)[a1, f 2] → a1., 
(�, 1)[a2, a1] → a2,. 

(�, 1)[a2, f 1] → a2., 
(�, 1)[f 1, f 2] → a1., 
(�, 1)[f 2, f 1] → a2., 
(�, 1)[f 1, a2] → a1., 
(�, 1)[f 2, a1] → a2.. 

The counting computation of B . with accepting states a1, a2, b. yields 
Qconn(val(t)). for any t in T ({�, •}). (hence without the Boolean labels). 

Example 6.4 Let t = �(•,�(•, •)). that defines the caterpillar (1,2), a path of 
length 2. 

t =. �. •. �. •. •. Triple/monomial 

Label 0 00 1 10 01 

State b e a1 f 1 f 2 (1,1,1) / uvw in Qconn . 

Label 1 10 0 01 10 

State Error f 1 Error f 2 f 1 None 

Label 1 10 1 01 10 

State a1 f 1 a2 f 2 f 1 (2,1,2) / u2vw2 . in Qconn . 

The advantage of Qconn(T ). over Q(T ). is that it has much less monomials, hence 
it is easier to compare Qconn(T ). and Qconn(R). in concrete cases. 

Examples 6.5 We compare C := (1, 2, 1, 1, 1). and D := (2, 1, 1, 1, 1).. 
Qconn(C) = 12uvw + 6uv2w2 + 6u2vw2 + uv3w3 + u3vw3 + 10u2v2w3

.+ 
5u2v3w4 +5u3v2w4 +u2v4w5 +u4v2w5 +4u3v3w5 +u3v4w6 +u4v3w6.. 

The polynomial Q(C). contains 1+36+22+22+4+4+24+8+8+6+6 = 141. 

additional monomials (where 36u2v2w2
. counts for 36). 

We have Qconn(C) − Qconn(D) = 2u2v2w3 + u2v3w4 + u3v2w4,. which shows 
in particular that Qconn(D). is a subpolynomial of Qconn(C).. ��

The restrictions Qf ull . and Qconn . are somewhat orthogonal: combining them 
yields a polynomial with two monomials that carries almost no information.
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7 Conclusion 

We made small progress towards the proofs of Conjecture 2.5 by Dod et al. [2], and 
some related ones. 
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NP-completeness by First-order 
and Quantifier-free Interpretations 
and Related Topics 

Elias Dahlhaus 

Abstract We consider two signatures (sets of relational symbols) L1 . and L2 .. 
A  map  I that maps each finite L1 .-structure to a finite L2 .-structure is called an 
interpretation if for each L1 .-structure M , the domain of I (M). is the disjoint union 
of powers of the domain of M and the relations of I (M). are defined by first-
order formulas over the relations of M (the formulas do not depend on the special 
M). It has been shown that many reductions to NP-complete decision problems 
are interpretations. As examples, the problems Satisfiability, Clique, and Hamilton 
Cycle all are NP-complete via interpretations. Here, we show that also Graph 
Colouring and Exact Cover are complete in NP with respect to interpretations. 
It also could be shown that 3-Satisfiability is not NP-complete with respect to 
interpretations if it is described in a certain way as a class of finite structures If 
we model 3-Satisfiability the same way as the satisfiability problem then it is not 
trivially clear that it is not NP-complete through interpretations as reductions. In 
this article, we will show that 3-Satisfiability under this representation neither is 
NP-complete by interpretations. On the other hand, 3-Satisfiability can be modelled 
as a class of finite models that is defined by an existential second order formula 
with a universal first-order part. It will be shown that 3-Satisfiability is complete by 
quantifier-free interpretations in such classes of finite models. As consequence, also 
3-colouring is complete in that class by quantifier-free interpretations. Also some 
variations of 3-Satisfiability are complete in that class by interpretations. It will be 
mentioned that interpretations can be used for trivial proofs that many NP-complete 
decision problems cannot be formulated in logics like Least-Fix ed-Point.
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1 Introduction 

A still unsolved research problem in theoretical computer science is whether 
nondeterministic polynomial time NP and deterministic polynomial time P are 
identical classes. Certain decision problems in NP, like the satisfiability problem 
for propositional formulas (SAT for short) or the travelling salesman problem (TSP) 
have the property that each decision problem being in NP can be reduced to each of 
them by a polynomial time algorithm. Such decision problems are also called NP-
complete (see [19]). Here, the NP-completeness of SAT is proved by constructing, 
for each nondeterministic Turing machine that has a polynomial time bound, a 
polynomial time computable map that constructs, for each input, a propositional 
formula that is satisfiable if and only if there is a computation path that leads to an 
accepting state. 

To prove other NP-completeness results, one reduces a known NP-complete 
decision problem to the decision problem for which NP-completeness has to be 
shown. Fagin [13] considered decision problems in NP as classes of finite models of 
a fixed similarity type. For example, decision problems on graphs can be considered 
as classes of finite models of the similarity type containing one binary relation 
symbol. Fagin now showed that an isomorphism closed class of finite models is in 
NP if and only if it is the class of finite models satisfying a certain existential second 
order formula. It might be interesting to consider the fine structure of reductions 
to NP-complete decision problems. Lovász and Gács [21] were the first showing 
that every class of finite models that can be defined by an existential second order 
formula (being in NP) can be reduced to SAT by a first-order definable reduction 
(called elementary reduction in [21], here it is called an interpretation). In [7, 8]  it  
has been shown that CNF-SAT (the satisfiability problem for conjunctive normal 
forms), CLIQUE, and Hamilton Cycle all are NP-complete by quantifier-free 
definable reductions (also called quantifier-free interpretation). On the other hand, 
3-SAT (the restriction of the satisfiability problem of conjunctive normal forms 
with 3 literals per clause) is not NP-complete with respect to first-order definable 
interpretations. In [18], Immerman showed that certain decision problems are 
complete in NL and P with respect to interpretations if a total ordering on the domain 
belongs to the similarity type of the decision problem to be reduced. Interpretations 
are also used to show that Least-Fixed-Point formulas can be transformed into a 
so-called Skolem normal form [9], see also [20]. A certain decision problem was 
shown to be complete in Least-Fixed-Point by quantifier-free interpretations, and the 
formulation of this decision problem by a Skolem normal form leads to a Skolem 
normal form for all decision problems that can be formulated as a Least-Fixed-
Point problem. For further readings on Least-Fixed-Points, we refer to [16]. Here, 
we consider both, decision problems that are and that are not NP-complete with 
respect to interpretations. An interesting connection between interpretations and 
generalized quantifiers is discussed in great detail in [22] and also in [10], linking 
our approach to finite model theory. The paper is intended to give an overview on the 
usefulness of interpretations. At the same time, it solves some minor open research
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problems. The main goal is to show that interpretations are a useful tool to classify 
NP-complete problems and also to simplify proofs in finite model theory. 

1.1 Outline of the Paper 

In Sect. 2, we first collect decision problems known to be NP-complete with respect 
to interpretations. These are CNF-SAT, CLIQUE and Hamilton Cycle. Next, NP-
completeness of Graph colouring with respect to quantifier-free interpretations 
will be shown. Furthermore, some more decision problems being NP-complete 
by interpretations are listed. In Section 3, we consider decision problems that are 
NP-complete but not NP-complete with respect to interpretations. It is shown that 
3-SAT is not NP-complete with respect to interpretations, also if we model 3-
SAT as a general CNF-SAT with 3 literals per clause and not as in [7, 8], where 
the clauses were modelled by ternary relations on the variable set. This solves a 
problem of I.A. Stewart [26]. It is also shown that 3-SAT as in the formulation 
in [7, 8] is complete for decision problems expressible by existential second-order 
formulas with a universal first-order body in prenex normal form by quantifier-free 
interpretations. This is also true both for 3-colouring (the question whether a certain 
graph is colourable by three colours?) and for generalized satisfiability problems 
satisfying certain conditions [24]. Finally, it will be mentioned that the status of 
3-Dimensional Matching is open. In Sect. 4, we argue how interpretations can be 
used to show that none of the decisions problem such as 3-SAT, 3-colouring and 
also any decision problem being NP-complete by interpretations can be expressed 
in logics related to P such as the Least-Fixed-Point. In particular, the simplicity of 
the corresponding proof is interesting. 

2 Interpretations 

2.1 Basic Definitions 

A similarity type or signature is a set L = {(R1, n1), . . . , (Rq, nq)}. of relation 
symbols Ri . together with their arity ni .. The class of structures of a signature L is 
denoted by Mod(L).. Here, we are interested in finite structures of a fixed similarity 
type. We denote the class of finite structures of a similarity type L by Modf in(L).. 
A  map I : Mod(L) → Mod(L′). is called an interpretation if each structure 
(M,R1, . . . , Rk). of signature L maps to a structure (M ′, R′

1, . . . , R
′
k′). that satisfies 

the following properties: 

1. M ′
. is the disjoint union of first-order definable subsets of powers of M , i.e., 

M ′ = ⋃
i{(i, x1, . . . , xki

) : xj ∈ M, j = 1, . . . , ki , φi(x1, . . . , xki
). is valid in 

(M,R1, . . . , Rk)}.. Here, each φi(x1, . . . , xki
). is a first-order formula on L.
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In most cases, M ′
. is the disjoint union of powers of M.. 

2. The relations R′
i . are defined by first-order formulas over L using the relations

R1, . . . , Rk .. More precisely, for each relation symbol R′
j . with arity m and each

i1, . . . , im ., there is a first-order formula ψi1,...,im(y1, . . . , ym)). that is satisfied 
in (M,R1, . . . , Rk). if and only if R′

j ((i1, y1), . . . , (im, ym)). is satisfied in 
(M ′, R′

1, . . . , R
′
k′)..  The y1, . . . , ym . are tuples of elements of the domain M . 

If the formulas defining an interpretation I are quantifier-free then we call I a 
quantifier-free interpr etation.

Remark 1 Any interpretation can be computed in logarithmic space if we restrict 
it to finite structures. 

Theorem 1 ([13]) A class of finite structures of a fixed similarity type and being 
closed under isomorphisms is in NP if and only if it is the class of finite structures 
satisfying a certain existential second order formula. The formula begins with 
existential quantifiers over relations followed by a first-order formula. 

We now consider the question which NP-complete decision problems are NP-
complete by (quantifier-free) interpretations, i.e., to which NP-complete decision 
problems one can reduce any decision problem in NP by an interpretation. Here, we 
say that an interpretation I reduces a decision problemM ⊆ Modf in(L).given as set 
of finite structures over L, to a decision problemM′ ⊆ Modf in(L

′). if the following 
holds: For any (M,R1, . . . , Rk) ∈ Modf in(L).,  we  have (M,R1, . . . , Rk) ∈ M. if 
and only if I (M,R1, . . . , Rk) ∈ M′.. We then also call M. the source problem and 
M′

. the target problem of the interpretation I . 

2.2 Known Completeness Results 

First results dealing with interpretations as reductions to NP-complete decision 
problems were given by Lovász and Gács [21]. They described the satisfiability 
problem for propositional formulas as a class of finite structures and showed 
its completeness by interpretations. In a short remark, they mentioned that the 
satisfiability problem of propositional formula (as switching circuits) can easily 
be reduced to satisfiability of conjunctive normal forms. In [7, 8], the problems 
SAT, CLIQUE and the (directed) Hamiltonian Cycle problem were described as 
classes of finite models that could be shown to be NP-complete by quantifier-free 
interpretations. We describe once more these decision problems as classes of finite 
structures. We assume that the reader is familiar with the classical formulation of 
these decision problems as given, for example, in [19].
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SAT 
1. Unary relation symbols: C as a relation symbol for the clauses, V as a relation 

symbol for the v ariables
2. Binary relation symbols: P(c, v). meaning that v appears as a non-negated 

variable in clause c and N(c, v).meaning that v appears negated in c .
A formulation of SAT by an existential second order formula then is as follows: 

. ∃W∀c(C(c) → ∃x(V (x) ∧ ((P (c, x) ∧ W(x)) ∨ (N(c, x) ∧ ¬W(x))

CLIQUE 
1. We are given two unary relation symbols V and N . V represents the set of 

vertices. N represents the size of the clique we are l ooking for.
2. A binary relation symbol E represents the adjacency of two ve rtices.

A formulation by an existential second order formula then is as follows: 
∃I : [∀n (N(n) → ∃!v(V (v) ∧ I (n, v)))] ∧
∀n1, n2, v1, v2 [(I (n1, v1) ∧ I (n2, v2) ∧ n1 
= n2) → (v1 
= v2 ∧ E(v1, v2))] .. 

Hamilton Cycle is a class of directed graphs modelled as finite structures 
over the signature that contains one binary relation symbol and nothing else. The 
formulation by an existential second order formula is left to the interested reader. 

Theorem 2 ([7, 8]) SAT, CLIQUE, and Hamilton Cycle are NP-complete with 
respect to quantifier-free interpretations. 

2.3 Further Decision Problems being NP-complete by 
Interpretations 

We consider some additional NP-complete decision problems that are also complete 
by interpretations. 

2.3.1 Graph Colouring (Chromatic Number) 

As decision problem, it is the question whether given a graph G = (V ,E). and 
natural number n, can the vertices of G be coloured by at most n colours, such that 
adjacent vertices have diff erent colours?

Again, we formulate the problem as one for a class of finite structures. 

1. Introduce two unary relation symbols V and N representing the vertices and the 
available colours, respectiv ely.

2. A binary relation symbol E represents adjacent vertices.



182 E. Dahlhaus

Graph Colouring now can be expressed by the existential second-order formula 
∃C∀v [V (v) → ∃!c(N(c) ∧ C(v, c))]∧. 

∀v,w, c, d [(E(v,w) ∧ v 
= w ∧ C(v, c) ∧ C(w, d)) → c 
= d] .. 
As exemplification of typical reasoning in the area we present a full proof of 

Theorem 3 Graph Colouring is NP-complete by quantifier-free interpretations. 

Proof As starting remark it seems that the reduction from 3-SAT to Graph Colour-
ing given in [19] is not correct. So we design a reduction by our own. This reduction 
moreover is a quantifier-free interpretation. Let an instance (M, V,C, P,N).of SAT 
be given. 

We may assume that there exist no clause c containing a variable v such that both
N(c, v). and P(c, v). are satisfied. Otherwise this clause is inherently satisfied and 
we could erase it. The graph to be coloured and the number of colours are defined 
as follows: 

1. We introduce two vertices T and F (for true and false) and a copy of V as a set 
of indifferent vertices Ind. All these vertices are m ade pairwise adjacent.

2. For each variable v, we introduce a vertex v+
. and a vertex v−

. representing v and 
its negation, respectively. v+

. and v−
. are adjacent, and both are adjacent to all 

vertices in Ind. 
3. For each clause c, we provide a copy Indc∪{Tc, Fc}.of Ind∪{T , F }..The vertices 

of each copy are pairwise adjacent. If (c, v) ∈ P . then for the corresponding 
vertex vc . in Indc . an edge v+vc . is provided. If (c, v) ∈ N ., then an edge v−vc . is 
provided. All other vc . and Fc . are adjacent to F . Tc . is adjacent to all vertices in 
Ind ∪ {F }.. 

4. The set of colours is Ind ∪ {T,F }., so its number is the number of variables plus 
2.. 

From a satisfying assignment of (M, V,C, P,N).one gets a colouring as follows. 
If a variable v is assigned to be true then v+

. gets the same colour as T and v−
. gets 

the same colour as F . Otherwise, v+
. gets the same colour as F and v−

. gets the 
same colour as T . Note that v+

. and v−
. can only be coloured by the colours of T 

or F , because they are both adjacent to all vertices in Ind. Tc . must have the same 
colour as T . Indc ∪ {Tc, Fc}. can be coloured consistently if and only if there is an 
edge v+vc . or an edge v−vc . such that v+

. and v−
. has the colour of T , respectively. 

For each clause c,  pick  a  v such that (c, v) ∈ P . or (c, v) ∈ N .; in the first case, v is 
true and in the second case v is false. In both cases, vc . gets the same colour as F . 
The remaining vertices in Indc ∪ {Fc}. get the remaining colours in Ind  arbitrarily. 

Vice versa, assume that the above graph can be coloured by as many colours as 
elements of Ind ∪ {T , F }.. Then v+

. and v−
. get both the colours of T or F , because 

they are both adjacent to all vertices in Ind. One of v+
. and v−

. has the colour of 
T , the other has the colour of F . Since Tc . is adjacent to all vertices in Ind ∪ {F }., 
it has the same colour as T . Since Fc . is adjacent to F,Fc . has not the same colour 
as F . Therefore, one of the vertices in Indc . has the colour of F . The variable v 
corresponding to such an element in Indc . must appear in clause c, because only 
in that case, vc . is not adjacent to F . The particular node among v+

. and v−
. being
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adjacent to vc .must have the colour of T . This is true for each clause, and therefore 
we get a satisfying assignment. 

It remains to show that the above reduction is a quantifier-free interpretation. 
Let (M, V,C, P,N). be an instance of SAT and let (M ′, V ′, E′, N ′). be the instance 
of Graph Colouring obtained by the above reduction. Then the domain M ′

. is the 
union of V ′

. and N ′
.. V ′

. is the disjoint union of Ind, the set of vertices v+
.,  the  set  

of vertices v−
. ,  the Indc . ,  the  set  of  all Tc .,  the  set  of  all Fc ., and {T }. and {F }..  It  

is therefore the disjoint union of three copies of V , one copy of C × V . (the union 
of all Indc . ), two copies of C, and two copies of M0

. (which is a one element set). 
Therefore, V ′

. is a disjoint union of quantifier-free definable subsets of powers of M . 
Here, N ′

. is a subset of V ′
.. So the domain M ′

. is identical to V ′
.. Thus, M ′

. satisfies 
the conditions of a quantifier-free interpretation. 

Clearly, V ′
. is definable by quantifier-free formulas in the language of SAT. For 

each copy of a power of M , it is a formula that is always true. N ′
. is defined in Ind  

by a unary formula and in {T }. and {F }. by 0-ary formulas that are always true. For 
all other copies of powers of M , we provide formulas that are always false. 

It remains to show that E′
. can be defined by quantifier-free formulas in the 

language of SAT. For each pair of copies of powers of M , we define a quantifier-free 
formula that is valid for x in the one copy and each y in the other copy if and only 
if xy is in E′

.. Note that x and y are tuples of elements of M . For example, if K is 
the copy of M that contains Ind  then for x and y in K , xy is in E′

. if and only if 
V (x)∧V (y)∧x 
= y ..  LetK1 .be the copy of M containing the v+

. and let K2 .be copy 
of M containing the v−

.. Then for v+
1 . in K1 . and v

−
2 . in K2 ., v

+
1 v−

2 . is in E′
. if and only 

if v2 = v1 . and V (v2). and V (v1).. For the vertices v+
. (or v−

.) and w in Ind, only
V (v). and V (w). have to be satisfied to be joined by an edge in E′

.. The requirement 
that Indc ∪ {Tc, Fc}. is a complete subgraph can be expressed as follows: 

– vcwd ∈ E′
. if and only if c = d ∧ v 
= w ∧ V (v) ∧ V (w) ∧ C(c) ∧ C(d).. 

– TcFd ∈ E′
. if and only if c = d ∧ C(c) ∧ C(d). 

– vcFd ∈ E′
. if and only if c = d ∧ V (v) ∧ C(c) ∧ C(d). 

The edges related to the appearance of a variable or negated variable in a clause 
are defined as follows: 

– v+wc ∈ E ′ . if and only if v = w ∧ P(c, v). 

– v−wc ∈ E ′ . if and only if v = w ∧ N(c, v). 

– wcF ∈ E ′ . if and only if V (w) ∧ C(c) ∧ ¬P(c,w) ∧ ¬N(c,w). 

– FcF ∈ E ′ . is always true. 

This finishes the proof. �


2.3.2 Reductions Known from Literature 

One can easily verify that the reduction from Graph Colouring to Exact Cover 
given in [21] is a quantifier-free interpretation. As consequence, Exact Cover is 
complete in NP by quantifier-free interpretations. The following decision problems
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share this property: Set Packing, Node Cover, Set Covering, Feedback Node Set, 
Feedback Arc Set, Clique Cover, Hitting Set, Undirected Hamilton Circuit. For all 
these problems, the reductions mentioned in [19] can be verified to be quantifier-
free interpretations in the same way as done in Theorem 1. Note that the proof of 
the NP-completeness of Directed Hamilton Cycle in [19] gives a reduction from 
Vertex Cover that uses the order of the nodes. But as mentioned before, Directed 
Hamilton Cycle is NP-complete by quantifier-free interpretations. The reduction 
from Directed Hamilton Cycle to Undirected Hamilton Cycle in [19] is a quantifier-
free interpretation, and therefore also Undirected Hamilton Cycle is NP-complete 
by quantifier-free interpretations. 

2.3.3 Homogeneous Interpretations 

In many references an interpretation maps a structure (M,R1, . . . , Rk). of L to a 
structure (M ′, R′

1, . . . , R
′
l ). that satisfies the following properties: 

1. M ′
. is a first-order definable subset of a power of M and 

2. the relations R′
i . are defined by first-order formulas over L. 

In the finite model theory community there is a consensus that any interpretation 
can be transformed into a homogeneous interpretation. However, nowhere in the 
literature, we were able to find a proof that this always is possible. Most reductions 
to NP-complete decision problems are done by local replacements (see[15]). 
In many cases it can be recognized immediately that such a reduction is an 
interpretation, in many cases, however, not a homogeneous interpretation. On the 
other hand, one often immediately can show that if an homogeneous interpretation 
reduces one decision problem to another and if the latter is expressible in a certain 
logic then also the former problem is expressible in that logic. 

Call an interpretation semi-homogeneous if the domain M ′
. is the disjoint union of 

first-order definable subsets of the same power ofM . Under the condition that no M0
. 

is a part of the domain M ′
.of I ((M,R1, . . . , Rk).one can show that the interpretation 

I can be transformed into a semi-homogeneous interpretation. In order to make a 
subset of Mq

. a subset of Mr
. with r > q ., for each tuple in this subset we add 

r − q . copies of the first component to the tuple. First-order definability and also 
quantifier-free definability are preserved. 

We now show how to transform an interpretation that reduces to an NP-complete 
decision problem into a homogeneous one. 

1. Consider the reduction to SAT and replace the domain of the SAT-instance by 
the Cartesian product with (x1, x2) : x1, x2 ∈ M,x1 
= x2 . and obtain n(n − 1). 
copies of the original SAT-instance. Here, n is the number of elements of the 
domain M of the instance of the decision problem to be reduced. This extended 
SAT-instance is satisfiable if and only if the original SAT-instance is satisfiable.
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2. Next, reduce the extended SAT-instance to the original decision problem and 
make the concatenation of the reduction to the extended SAT-instance and of the 
reduction to the other NP-complete decision problem semi-homogeneous. 

3. Note that in the concatenation of these two reductions, the domain of the target 
instance is the disjoint union 

. 
⋃

i

{(i, x1, . . . , xk) : xj ∈ M, j = 1, . . . , k, (M,R1, . . . , Rk)

satisfies φi(x1, . . . , xk)}
There are always two components xp . and xq . that are unequal. Without loss of 
generality, we may assume x1 
= x2 .. If the domain of the target instance is the 
union of m powers of M, we replace in any (i, x1, . . . , xk). the entry x1 . by i copies 
of x1 . and the entry x2 . by m − i . copies of x2 .. We may remove the entry i. The first 
m entries of any tuple give all the information to which i it belongs. This defines a 
homogeneous interpretation. 

3 NP-Complete Decision Problems that Are Not 
NP-Complete by Inter pretations

3.1 3-SAT as a Class of Finite Models 

One can model 3-SAT in different ways. One possibility is to consider those 
instances (M, V,C, P,N)., such that for each clause c there are at most three 
variables v with (c, v) ∈ P ∪ N .. This version of 3-SAT is also called SAT(3). 
The other possibility is to model the clauses as triples of variables. More precisely, 
we introduce a relation symbol P0(x, y, z).meaning that all variables x, y, z. appear 
non-negated, a relation symbol P1(x, y, z).meaning that x appears as a negated and
y, z. appear non-negated, a relation symbol P2(x, y, z). meaning that x, y . appear 
negated and z appears non-negated, and a relation symbol P3(x, y, z). meaning that 
all variables appear negated. An existential second order formulation of 3-SAT then 
reads 

. 

∃V ′∀x, y, z : {P0(x, y, z) → (V ′(x) ∨ V ′(y) ∨ V ′(z))
}∧

{P1(x, y, z) → (¬V ′(x) ∨ V ′(y) ∨ V ′(z))
}∧

{P2(x, y, z) → (¬V ′(x) ∨ ¬V ′(y) ∨ V ′(z))
}∧

{P3(x, y, z) → (¬V ′(x) ∨ ¬V ′(y) ∨ ¬V ′(z)))
}

This version of 3-SAT is called 3-SAT-triples. 

Theorem 4 ([7, 8]) 3-SAT-triples is not complete in NP by (first-order) interpreta-
tions.
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The main proof argument is that 3-SAT-triples has an existential second order 
formulation that has a purely universally quantified first-order part in prenex normal 
form, i.e., can be expressed by a �1

1�
0
1 .-formula. The class EVEN of finite models 

with a domain of even size cannot be reduced to 3-SAT-triples, because any 
interpretation from EVEN to 3-SAT-triples can be transformed to a quantifier-free 
interpretation that coincides with the given first-order interpretation up to finitely 
many domain cardinalities. This is true because every first-order formula on a 
similarity type that contains only unary relation symbols can be transformed to a 
quantifier-free formula by a quantifier elimination argument, see for example [23]. 
Therefore, EVEN coincides with the class of finite domains satisfying a certain 
�1

1�
0
1 .-formula up to finitely many cardinalities. Consequently, EVEN is closed by 

sub-objects up to finitely many exceptions, yielding a contradiction. 

Theorem 5 There is a (first-order) interpretation that reduces SAT(3) to 3-SAT-
triples. 

Proof The reduction can be done as follows. Consider any clause c.  If  c has more 
than three literals then c is ignored. If c has one literal that is a non-negated variable 
x then we put (x, x, x). into P0 ..  If  c contains one literal and that literal is the negation 
of variable x then (x, x, x). is put into P3 ..  If  c contains two literals and they are 
both non-negated variables x and y, or both negation of these variables, we put
(x, x, y). and (y, y, x). into P0 . and P3 ., respectively. If c contains the non-negated 
variable x and the negated variable y, then (y, x, x). is put into P1 ..  If  c contains 
three non-negated variables as literals, or three negated variables as literals, say
x, y, z., then any permutation of (x, y, z). is put into P0 . and P3 ., respectively. If c 
contains one negated variable x and two non negated variables y and z then (x, y, z). 

and (x, z, y). are put into P1 ..  If  c contains two negated variables x and y and one 
non-negated variable z then (x, y, z). and (y, x, z). are put into P2 .. It is easily seen 
that for instances of SAT with at most 3 literals per clause the reduction maps 
to 3-SAT-triples instances with the same meaning. It is also easily seen that the 
reduction is a first-order interpretation. Note, however, that this is not a quantifier-
free interpretation. �


An immediate consequence is 

Corollary 1 SAT(3) is not NP-complete by (first-order) interpretations. 

Otherwise, 3-SAT-triples would be NP-complete by first-order interpretations. 
We call a class of finite models expressible by a �1

1�
0
1 .-formula to be �1

1�
0
1 .-

complete if every class of finite models expressible by a �1
1�

0
1 .-formula can be 

reduced to it by a quantifier-free interpretation. 

Theorem 6 Each class of finite structures expressible by a �1
1�

0
1 .-formula can be 

reduced to 3-SAT-triples by a quantifier-free interpretation. 

Proof Consider a �1
1�

0
1 .-formula ∃X1 . . . , Xk∀y1 . . . , ylφ .. We may assume that φ . 

is in conjunctive normal form, say φ = φ1 ∧ . . . ∧ φm . and each φi = ∨{Li
j , j =

1, . . . , pi}. is a disjunction of elementary formulas and negated elementary formulas.
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Each φi . can be transformed into a formula ψi → ψ ′
i ., where ψi . is a conjunction of 

elementary formulas and negated elementary formulas containing only fixed relation 
symbols, and ψ ′

i . is a disjunction of elementary formulas and negated elementary 
formulas containing only existentially quantified relation symbols. We may assume 
that ψ ′

i = ∨{Li
j , j = 1, . . . , qi}.. As in the reduction of SAT to 3-SAT [19], we 

may replace ψ ′
i .by a conjunction of clauses with at most three elementary or negated 

elementary formulas. We add, for each ψ ′
i ., qi − 1. additional existentially quantified 

relation symbols R
j
i (y1, . . . , yl). and replace ψ ′

i . with qi > 3. by the conjunction of 

clauses Cj
i .with C1

i = L1
i ∨ R1

i (y1, . . . , yl). , C
qi

i = ¬R
qi−1
i (y1, . . . , yl) ∨ L

qi

i . , and 

C
j
i = ¬R

j−1
i (y1, . . . , yl) ∨ L

j
l ∨ R

j
i (y1, . . . , yl). . 

As in the proof of the NP-completeness of SAT by interpretations [7, 8], we 
get a quantifier-free interpretation that reduces to 3-SAT-triples. If V1, . . . , Vm . are 
the existentially quantified relation symbols then the domain of 3-SAT-triples is 
the disjoint union

⋃
i Mni .. M is the domain of the source decision problem, and

ni . is the arity of Vi .. For each y1, . . . , yl . and each clause C
j
i ., one gets a triple of 

individuals in P0, . . . , P3 . , if the precondition ψi . is satisfied. �

The 3-Colouring problem can be expressed by a �1

1�
0
1 .-formula and conse-

quently is not NP-complete by interpretations. The same holds for the problem 
1-in-3-SAT: Given a set X of variables and a set C of triples of elements of X, 
is there an assignment of the elements of X by true and false such that for each
c = (x, y, z) ∈ C ., exactly one of the variables x,y,z is assigned to be true? 

Both 1-in-3-SAT and 3-SAT-triples can be seen in a more general context 
(see[24], and also [1] for further considerations). Let S be a finite set of (logical) 
relations on {0, 1}. of any arity. An S-clause is an R(x1, . . . , xk)., where k is the arity 
of the relation R that belongs to S and x1, . . . , xk . are variables. An S-formula is a 
conjunction of S-clauses, and SAT(S) consists of all S-formulas that are satisfiable. 

Theorem 7 3-Colouring is �1
1�

0
1 .-complete. 

Proof Consider the reduction from 3-SAT to 3-Colouring in [14]. We design a 
reduction from 3-SAT-triples to 3-Colouring and show that this reduction is a 
quantifier-free interpretation. Let (V , P0, P1, P2P3). be an instance of 3-SAT-triples. 
Then we can construct a graph that is 3-colourable if and only if the instance of 
3-SAT-triples is satisfiable: 

1. Provide three vertices T , F,B . that are pairwise joined by an edge. T stands for 
true, F stands for false, and B stands for base.

2. For each variable v, we provide v and its negation ¬v . as vertices. Both are joined 
by an edge to B, and v and ¬v . are joined by an edge. In a 3-Colouring, v and ¬v . 

can only have the colours of T or of F .
3. For each clause six vertices a, b, c, d, e, f . are introduced, where a, b, c. and 

d, e, f . each are triangles of pairwise adjacent vertices. Furthermore, a and the 
first literal (variable or negated variable) of the clause are adjacent, b and the 
second literal of the clause are adjacent, e and the third literal of the clause are 
adjacent, c and d are adjacent, and f is adjacent to F and B. In a 3-Colouring,
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if the first and the second literal have the colour of F then one of a or b has the 
colour of T and the other has the colour of B, c has the colour of F . If one of the 
first two literals has the colour of T then it is possible to colour c with the colour 
of T . By the same argument, f can get the colour of T if and only if the third 
literal or c has the colour of T . This is equivalent to the statement that one of the
literals has the colour of T .

Now, the vertex set Vcol . is defined as 

. 

{T , F,B} ∪ V ∪ {¬v, v ∈ V }∪
{a, b, c, d, e, f } × ({(0, x, y, z), (0, x, y, z);P0(x, y, z)}∪

{(1, x, y, z) : P1(x, y, z)} ∪ {(2, x, y, z) : P2(x, y, z)} ∪ {(3, x, y, z) : P3(x, y, z)}.

The edge set Ecol . is defined as 

. 

{T F, T B, FB} ∪ {v¬v, v ∈ V } ∪ {Bv : v ∈ V } ∪ {B¬v, v ∈ V }∪
{(a, i, x, y, z)(b, i, x, y, z), (a, i, x, y, z)(c, i, x, y, z), (b, i, x, y, z)(c, i, x, y, z),

(c, i, x, y, z)(d, i, x, y, z), (d, i, x, y, z)(e, i, x, y, z), (d, i, x, y, z)(f, i, x, y, z) :
where Pi(x, y, z), i = 0, . . . 3}∪

{(a, 0, x, y, z)x : P0(x, y, z)} ∪ {(a, i, x, y, z)¬x : Pi(x, y, z), i 
= 0}∪
{(b, i, x, y, z)y : Pi(x, y, z), i ≤ 1} ∪ {(b, i, x, y, z)¬y : Pi(x, y, z), i > 1}∪
{(e, i, x, y, z)z : Pi(x, y, z), i ≤ 2} ∪ {(e, i, x, y, z)¬y : Pi(x, y, z), i > 2}∪
{F(f, i, x, y, z), B(f, i, x, y, z) : Pi(x, y, z)}

The reader may verify that this graph is exactly the graph that is constructed in 
[14] to reduce 3-SAT to 3-Colouring. It is also easily verified that the vertex set and 
the edge set can be defined by quantifier-free formulas of the language of 3-SAT-
triples. �


If F(x1, . . . , xk, y1, . . . , yl). is an S-formula with the Boolean variables 
x1, . . . , xk, y1, . . . , yl ., then ∃y1, . . . , yl : F(x1, . . . , xk, y1, . . . , yl). is called an 
existential S-formula. Schaefer [24] proved the following cases of SAT(S) to be 
polynomial time solvable: 

1. Every relation in S is valid if all entries are 0. 
2. Every relation in S is valid if all entries are 1. 
3. Every relation in S is weakly positive, i.e., is equivalent to a conjunction of 

clauses with at most one negated variable. 
4. Every relation in S is weakly negative, i.e., is equivalent to a conjunction of 

clauses with at most one non-negated variable. 
5. Every relation in S is bijunctive, i.e., equivalent to a conjunction of clauses with 

at most two literals per clause. 
6. Every relation in S is affine, i.e., equivalent to a conjunction of linear equations 

over the finite field with two elements.
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The so-called Dichotomy Theorem now states 

Theorem 8 ([24]) If none of the conditions 1–6 is satisfied for S then each logical 
relation can be expressed by an existential S-formula. 

Corollary 2 If none of the conditions 1–6 is satisfied for S then SAT(S) is �1
1�

0
1 .-

complete. 

Proof The NP-completeness proof in [24] presents a reduction that can 
be transformed into a quantifier-free interpretation that reduces 3-SAT-
triples to SAT(S). Consider an instance (V , P0, P1, P2, P3). of 3-SAT-triples. 
Each Pi(x1, x2, x3). as Boolean function is equivalent to an S-formula 
∃yi

1, . . . , y
i
kFi(x1, x2, x3, y

i
1, . . . , y

i
ki

)., where Fi(x1, x2, x3, y
i
1, . . . , y

i
ki

). is a 

conjunction of S-clauses in variables x1, x2, x3,. y
i
1, . . . , y

i
ki

.. Each such S-clause 
is an s(z1, . . . , zl). and is represented by a relation Rs(z1, . . . , zl). in the signature 
of SAT(S). We now can construct an interpretation reducing 3-SAT-triples to 
SAT(S): 

1. For all three variables v1, v2, v3 . in V with Pi(v1, v2, v3)., we introduce additional 
variables y

i,(v1,v2,v3)
1 , . . . , y

i,(v1,v2,v3)
ki

.. These are k1 + k2 + k3 . copies of V 3
. and 

they are definable quantifier-freely. 
2. For each s(z1, . . . , zl). present in the definition of Pi ., Rs(z

(v1,v2,v3)
1 , . . . ,

z
(v1,v2,v3)
1 ). is satisfied if Pi(v1, v2, v3). is satisfied, z

(v1,v2,v3)
q . is vj . if zi = xj . 

and is y
i,(v1,v2,v3)
j . if zq = yi

j .. 

It is easily checked that this defines a quantifier-free interpretation. �

Corollary 3 1-in-3-SAT is �1

1�
0
1 .-complete. 

3.2 What Is the Status of 3-Dimensional Matching? 

The 3-Dimensional Matching 3DM problem [19] asks for three given sets A,B,C . 

of the same size and a ternary relation R ⊆ A × B × C ., whether there exists a 
subrelation R′ ⊂ R ., such that each x ∈ A∪B∪C . appears in exactly one tuple in R′

.. 
The reduction to 3DM in [19] showing its NP-completeness is not an interpretation, 
because it uses more than only the relations of the source decision problem. On 
the other hand, 3DM is not in �1

1�
0
1 .. This can easily verified by the fact that 3DM 

is not closed by substructures. Any known reduction from SAT or Exact Cover to 
it can not be transformed into a first-order interpretation. But it remains an open 
research problem to prove (or disprove) whether 3DM is NP-complete with respect 
to first-order interpretations. 

A decision problem that is related to 3DM is Exact Cover by 3-Sets, which is the 
restriction of Exact Cover to sets of size 3. As with 3-SAT, it can be modelled in two 
ways as a class of finite models. One such way is to consider a structure consisting 
of a ground set together with a ternary relation. The other possibility is to restrict
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the model for Exact Cover to sets of size 3. 3DM can be seen as a special case of 
Exact Cover modelled as a ground set with a ternary relation. It can also be reduced 
to Exact cover by an quantifier-free interpretation. Here, the domain of the Exact 
Cover instance is A ∪ B ∪ C . and each triple in R is made a set of size 3.

Exact Cover can be seen as a special kind of a satisfiability problem called 1-in-
SAT: Given a set of variables and a set of clauses, find an assignment of the variables 
such that each clause contains exactly one true variable. A transformation to Exact 
Cover can be designed via 

1. making the clauses corresponding to the domain of the Exact Cover instance and 
2. letting variables correspond to the sets of the Exact Cover instance. A clause is 

considered to be in the set corresponding to a variable if the variable is in the 
clause. 

Exact Cover by 3-sets can be considered as the dual decision problem of 1-in-
3-SAT: While for 1-in-3-SAT the number of variables per clauses is restricted, in 
Exact Cover by 3-Sets the number of clauses per variables is restricted. 

4 Conclusions 

Interpretations can be used to prove that certain decision problems (classes of finite 
models) cannot be expressed in a certain logic, i.e., using a particular type of logic 
formulas. In [3] it has been shown that there is no term in Least Fixed-Point with 
Counting that 7/8 + ε .-approximates Max-3-SAT. 

Let Lω∞,ω . be the closure of first-order logic by possibly infinite conjunction and 
possibly infinite disjunction restricted to formulas that use only a finite number of 
variables. Note that Lω∞,ω . includes Least-Fixed-Point. Dawar mentioned in [11] that 
3-colouring is not only not Lω∞,ω .-expressible [4] but neither expressible in Lω∞,ω . 

with counting. For more details see [4, 17]. We can state the following result. 

Theorem 9 No decision problem being either �1
1�

0
1 .-complete or complete in NP 

by interpretations can be expressed in Lω∞,ω . with counting, and therefore neither 
can be expressed in Least-Fixed-Point with counting or in Least-Fixed-Point logic. 

Problems covered by the previous theorem include 3-Colouring, 3-SAT, SAT, 
CLIQUE, Hamilton Cycle, Graph Colouring, and Exact Cover. For the decision 
problems that are complete in NP by quantifier-free interpretations, an easy proof 
of not being expressible in Least-Fixed-Point might have been reachable already 
in 1983 by finding one decision problem being in NP that is not Least-Fixed-Point 
expressible, combining the results in [5, 6] with the results of [7, 8]. Nevertheless, 
a proof that Hamiltonian Cycle is not Least-Fixed-Point expressible based on 
Ehrenfeucht games was published in 1987 [12]. For decision problems that are 
�1

1�
0
1 . -complete, a �1

1�
0
1 .-expressible decision problem had to be found, where 

it was possible to show that it is not expressible in Lω∞,ω . with counting [4, 7, 17].
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Note that Lω∞,ω . includes all decision problems expressible by a symmetric linear 
program. An immediate consequence is that no �1

1�
0
1 .-complete decision problem 

and no decision problem that is NP.complete by interpretations can be solved by a 
symmetric linear program. 

Interpretations for a long time played only a minor role in finite model theory. 
Interpretations as reductions were known since 1977 [21]. But the pioneering paper 
by Lovász and Gács did not attract that interest as it should have. I would like 
to mention that I was not aware of the paper of Lovász and Gács [21] when 
I submitted my doctoral Dissertation [7], although I asked several experts who 
were familiar with the topic of finite model theory. The paper of Immerman [18] 
was one of the first papers after the one by Lovász and Gács [21] that deals 
with interpretations. In the later 1990’ies, Dawar published two significant papers 
showing that interpretations are quite a useful tool. In [11], a short proof is presented 
that Hamiltonian Cycle is not in Lω∞,ω .. The previous theorem was not formulated 
explicitly. But I could imagine that experts in finite model theory are aware of 
such result. For further readings on interpretations and generalized quantifiers, we 
refer also to [22] and [10]. The major result at the end are necessary and sufficient 
conditions that a complexity class closed under interpretations contains decision 
problems that are complete in that complexity class by interpretations. 
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Bounded Languages Over Infinite 
Alphabets 

Yoav Danieli and Michael Kaminski 

Dedicated to Johann Makowsky 
on the occasion of his 75th . birthday. 

Abstract It is shown that the problem whether there is a bound on the lengths of 
the words in the language accepted by an alternating one-window finite-memory 
automaton is decidable. The decision procedure relies on a kind of the pumping 
lemma for languages over infinite alphabets. 

1 Introduction 

Finite-memory automata [5, 6] are a generalization of the classical Rabin-Scott 
finite-state automata [11] to  infinite alphabets. In addition to a finite set of “proper” 
states, finite-memory automata are equipped with a finite set of registers, called in 
[5, 6] and in this paper windows, which at any stage of a computation (automaton’s 
run) contain a symbol from the infinite alphabet. By restricting the power of the 
automaton to comparing the input symbol with the contents of the registers and 
copying the input symbol to a register, without the ability to perform any operations, 
the automaton is only able to “remember” a finite set of input symbols. Thus, 
the languages accepted by finite-memory automata possess many of the desirable 
properties of regular languages and therefore, are referred to as quasi-regular 
languages. 

An important facet of finite-memory automata is a certain indistinguishability 
view of the infinite alphabet embedded in the modus operandi of the automaton. The 
language accepted by an automaton is invariant under automorphisms of the infinite 
alphabet. Thus, the actual symbols occurring in the input are of no real significance. 
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Only the initial and repetition patterns matter. This follows from the nature of the 
restriction to copying and comparison (reminiscent of term-unification). If a new 
symbol (i.e., one not in any window) is copied and later successfully compared, any 
other new symbol, appearing in the same position, would cause the same transitions. 

This paper deals with the alternating versions of finite-memory automata [9, 10]. 
These automata are tightly related to the linear and branching temporal logics with 
the freeze quantifier, see [1, 2]. Whereas the emptiness problem for alternating 
two-window finite-memory automata is undecidable, see [10, Theorem 5.1], it 
was shown in [1, 2] that the emptiness problem for alternating one-window finite-
memory automata is decidable.1 The proofs in [1, 2] are based on reductions to 
other decision problems and are very involved. An alternative, relatively simple, 
and self-contained proof was presented in [3]. 

In this paper, we modify the decision procedure from [3] to decide whether 
the language accepted by a one-window alternating finite-memory automaton is 
bounded, i.e., whether there is a bound on the lengths of the words in that language. 

Theorem 1 The boundness problem for alternating one-window finite-memory 
automata is decidable. 

Whereas, over finite alphabets, a language is bounded if and only if it is finite, 
over infinite alphabets, bounded languages are not necessarily finite, e.g., the 
language consisting of all words of length one. Thus, boundness can be thought 
of as an infinite alphabet counterpart of the finiteness of ordinary regular languages. 

Before addressing the boundness problem, we briefly recall the decision pro-
cedure of emptiness from [3]. For an alternating one-window finite-memory 
automaton A., this procedure computes a positive integer N such that for each wo rd
σ ∈ L(A). longer than N , L(A). contains a word shorter than σ ., see Lemma 1 in the 
next section. 

Thus, L(A) �= ∅. if and only if L(A). contains a word shorter than N . Then the 
emptiness of L(A). is reduced to the emptiness of the restriction of L(A). to an N -
symbol alphabet that is regular. 

In some sense, our approach for deciding the boundness problem is “reversal” to 
that of [3]. Namely, for an alternating one-window finite-memory automaton A., our 
procedure computes a positive integer NA . such that for each word σ ∈ L(A). longer 
than NA ., L(A). contains a word longer than σ .. Thus, L(A). is unbounded if and 
only if contains a word longer than NA ., which, as shown in the sequel, is decidable. 
We elaborate what we mean by shortening and lengthening in Sect. 3, after giving 
necessary definitions in Sect. 2. 

Namely, this paper is organized as follows. In the next section we recall the 
definition of alternating finite-memory automata and prove some of its basic 
properties needed for our decision procedure. The decision procedure itself is 
presented at the end of Sect. 3, whereas in the beginning of this section we compare

1 Decidability of this problem implies decidability of the emptiness problem for top-view k-pebble 
automata, see [12, 13]. 
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our approach to that of [3]. Section 4 contains the proof of the “lengthening” lemma 
(Lemma 2) stated in Sect. 3. Finally, in Sect. 5, we show that the boundness problem 
for alternating finite-memory automata with two windows is undecidable. 

2 Alternating Finite-Memory Automata 

In this section, we recall the definition of alternating finite-memory automata and 
prove its basic properties needed for our decision procedure. 

We restrict ourselves to one-register automata with which we deal in this paper. 
Like in the classical finite alphabet case, these automata have a finite set of proper 
states in which the “real computation” is done. In addition, the automaton is 
equipped with a register storing a symbol from the infinite alphabet. We refer to 
the register as the “window,” see [5, 6]. 

Throughout this paper we use the following conventions. 

• � . is a fixed infinite alphabet. 
• Symbols in � . are denoted by σ ., θ ., or  δ . (sometimes indexed or primed). 
• Bold lower-case Greek letters σ ., τ ., and υ . denote words over � .. 
• Symbols which occur in a word denoted by a boldface letter are always denoted 

by the same non-boldface letter with an appropriate subscript. For example, 
symbols which occur in σ ′

. are denoted by σ ′
i .. 

Definition 1 (Cf. [6, Definition 1]) An alternating one-window finite-memory 
automaton (over � .) is a system A = 〈S, s0, F,�, δ, μ�,μ=, μ�=〉. whose com-
ponents are as follows. 

• S is a finite set of states .
• s0 ∈ S . is the initial state. 
• F ⊆ S . is the set of accepting states. 
• � ⊂ � . is a finite set of distinguished symbols. 
• δ ∈ � \ �. is the initial window assignment. 

• μ� : S × � → 2 2
S
., μ= : S → 22S

., and μ�= : S → 2
(
2S

)2
. are the transition 

functions. 
The intuitive meaning of these functions is as follows. Let A. read a symbol σ . 

being in state s with a symbol θ . stored in the window. 

– If σ ∈ �., then, for some Q ∈ μ�(s, σ )., the computation splits to the 
computations from all states in Q with θ . in the window. 

– If σ = θ ., then, for some Q ∈ μ=(s)., the computation splits to the 
computations from all states in Q with the same θ . in the window. 

– If σ �∈ �∪{θ}., then, for some (Q′,Q′′) ∈ μ �=(s)., the computation splits to the 
computations from all states in Q′

. with θ . in the window and the computations 
from all states in Q′′

. with the current input symbol σ . in the window. 

Remark 1 Note that symbols from �. are recognized by μ� ., and, therefore, never 
appear in the window.
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In accordance with the above intuitive meaning of the transition functions, an 
actual state of A. is an element of S×(�\�)., where the state component of the pair is 
the current state and the symbol component is the symbol stored in the window. Thus 
A. has infinitely many states, which are pairs (s, σ )., where s ∈ S . and σ ∈ (� \ �).. 
These are called configurations of A.. 

The transition functions μ� ., μ= ., and μ�= . induce the following transition function 

μc : (S × (� \ �)) × � → 22(S×(�\�))
.. 

• If σ ∈ �., then 

. μc((s, θ), σ ) = {Q × {θ} : Q ∈ μ�(s, σ )}.

• If σ = θ ., then 

. μc((s, θ), σ ) = {Q × {θ} : Q ∈ μ=(s)} ..

• If σ �∈ � ∪ {θ}., then 

. μc((s, θ), σ ) = {Q′ × {θ} ∪ Q′′ × {σ } : (Q′,Q′′) ∈ μ �=(s)}.

Remark 2 Note that μc((s, θ), σ ). is a finite collection of finite sets of configura-
tions. 

Next, we extend μc
. to finite sets of configurations in the standard “alternating” 

manner. Let C = {c1, c2, . . . , ck}. be a set of configurations, σ ∈ � ., and let 
μc(ci, σ ) = {Ci,1, Ci,2, . . . , Ci,mi

}., i = 1, 2, . . . , k .. Then μc(C, σ ). consists 

of all finite sets of configurations of the form
k⋃

i=1
Ci,ji

., ji = 1, 2, . . . , mi .. 

That is, C′ ∈ μc(C, σ )., if there is a collection of finite sets of configurations 
{C1,j1, C2,j2 , . . . , Ck,jk

}., Ci,ji
∈ μc(ci, σ )., i = 1, 2, . . . , k ., such that C′ =

k⋃

i=1
Ci,ji

.. 

Now, we can define the notion of a run of A.. Let C be a finite set of configurations 
and let σ = σ1σ2 · · · σn ∈ �∗

.. A C-run (or just a run, if C is clear from the context) 
of A. on σ . is a sequence of finite sets of configurations C0, C1, . . . , Cn ., where 

• C0 = C . and 
• Ci+1 ∈ μc (Ci,  σi+1)., i = 0, 1, . . . , n − 1.. 

This run is accepting, if Cn ⊆ F ×� ., i.e., Cn . is a set of accepting configurations, 
and the automaton C-accepts a word σ ∈ �∗

., if there is an accepting C-run of A. 

on σ .. 
The set of all words C-accepted by A. is denoted by L(AC)..
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For a one-element set of configurations {c}., we write just Ac . for A{c} .. It  
immediately follows form the definition that 

.L(AC) =
⋂

c∈C

L(Ac) .. (1) 

Finally, we define the language L(A). of A. as the language L
(
A(s0,δ)

)
.. 

Proposition 1 below immediately follows from the definition of acceptance. 

Proposition 1 (Cf. [6, Lemma A.2]) Let C and C′
. be finite sets of configurations 

such that C ⊆ C′
.. Then L(AC′) ⊆ L(AC).. 

The proof of Theorem 1 is based on the following closure property of accepted 
languages. To state it we need Definitions 2 and 3 below. 

Definition 2 Let α . be an automorphism of � .. We extend α . to configurations by 
α(s, σ ) = (s, α(σ )). and then to finite sets of configurations by 

. α(C) = {α(c) : c ∈ C} .

Definition 3 Automorphisms of � . which are invariant on �. are called �.-auto-
morphisms. 

Proposition 2 (Cf. [6, Lemma A.4]) Let A. be an alternating one-window finite-
memory automaton, σ = σ1σ2 · · · σn ∈ �∗

., C be a finite set of configurations of A., 
C0, C1, . . . , Cn . be a C-run of A. on σ ., and let α . be a �.-automorphism of � .. Then 
α(C0), α(C1), . . . , α(Cn). is an α(C).-run of A. on α(σ ).. 

The proof of the proposition is similar to that of [6, Lemma 1] and is omitted. 

Corollary 1 (Cf. [6, Lemma A.4]) Let C be a finite set of configurations of A. and 
let α . be a �.-automorphism of � .. Then α(L(AC)) = L(Aα(C))..2 

Remark 3 Proposition 2 and Corollary 1 show that emptiness is invariant under 
�.-automorphisms. For this reason, in [1, 2] symbols of the infinite alphabet � . are 
equivalently replaced with the sets of positions which they occupy in the input word. 

Finally, the paragraph following Theorem 1 can be elaborated as follows. 
Consider a relation ∼. on �∗

. defined by σ ∼ τ . if and only if there exists an 
automorphism α . of � . such that σ = α(τ ).. Obviously, ∼. is an equivalence relation 
and a language L is bounded if and only if L/∼. is finite. 

3 Boundness vs. Emptiness and the Decision Procedure 

We precede the decision procedure with a comparison of our approach to that in [3]. 
The latter is summarized in the following “shortening” lemma.

2 In particular, if C = {(s0, δ)}. and α(δ) = δ ., then α(L(A)) = L(A).. 



198 Y. Danieli and M. Kaminski

Lemma 1 ([3]) Let A. be an alternating one-window finite-memory automaton. 
There is a computable constant NA . such that for every word σ ∈ L(A). that is 
longer than NA ., there exist a decomposition σ = τυϕ . of σ . and a �.-automorphism 
α . of � . satisfying 

• |τυ| ≤  N A ., 
• |υ| > 0., and 
• τα(ϕ) ∈ L( A).. 

Roughly speaking, for the proof of Lemma 1, in [3], it has been shown that, for 
sufficiently long word σ = σ1σ2 · · · σn . and a run C0, C1, . . . , Cn . of A. on σ ., there 
exist nonnegative integers i and j , 0 ≤ i < j ≤ n., and a �.-automorphism α . of � . 

such that α(Ci) ⊆ Cj .. Having such i, j , and α ., the argument in [3] is as follows.  
If C0, C1, . . . , Cn . is an accepting run of A. on σ ., then, σj , σj+1 · · · σn ∈ L(ACj

)., 
implying, by Corollary 1, α−1(σjσj+1 · · · σn) ∈ L(Aα−1(Cj )).. This, together with 

Ci ⊆ α−1(Cj )., implies, by Proposition 1, α−1(σjσj+1 · · · σn) ∈ L(ACi
)., that, in  

turn, implies σ1σ2 · · · σiα
−1(σjσj+1 · · · σn) ∈ L(A).. 

As we have mentioned in the introduction, our approach is a “reversal” of that 
of [3]. Namely, whereas the decision procedure in [3] is based on iteratively 
“shortening” sufficiently long words in the language, resulting in a word (if exists) 
shorter than a computable constant, in this paper we “lengthen” the language words 
longer than a computable constant. For this, we show that, for sufficiently long word 
σ = σ1σ2 · · · σn . and a run C0, C1, . . . , Cn . of A. on σ ., there exist nonnegative 
integers i and j , 0 ≤ i < j ≤ n., and a �.-automorphism α . of � . such that 
α(Cj ) ⊆ Ci .. Then, by Corollary 1, σ1σ2 · · · σj−1α

−1(σiσi+1 · · · σn) ∈ L(A).. 
Note that, whereas the decision procedure in [3] is based on iteratively “short-

ening” prefixes of sufficiently long words in the language, resulting in a word (if 
exists) shorter than a computable constant, in contrast, we “lengthen” suffices of 
the language words longer than a computable constant. The reason for passing from 
prefixes to suffices is illustrated by the example below showing that it is not always 
possible to extend every segment of a word while staying in the language. 

This example involves the language 

. Ldiff = {σ1σ2 · · · σn ∈ �∗ : for all i, j = 1, 2, . . . , n such that i �= j, σi �= σj }
(see [6, Proposition 5]) and the following notation. 

For word σ = σ1σ2 · · · σn ∈ �∗
., we denote by [σ ]. the set of symbols occurring 

in σ .: 

. [σ ] = {σ1, σ2, . . . , σn}
and call this set the contents of σ .. 

Example 1 Consider the language: 

. L⊆ = {σ#τ : σ , τ ∈ Ldiff and [σ ] ⊆ [τ ] ⊂ � \ {#}}

(see [4, Example 3]).
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This language is accepted by an alternating one-window finite-memory automa-
ton, by verifying that #. appears in the input word exactly once, the prefix before #. 

and the suffix after #. do not have more then one appearance of any symbol, and that 
every symbol appearing before #. also appears after #..3 

Let σ#σ ∈ L⊆ .. Then, the prefix σ . before #. cannot be extended such that the 
resulting word still remains in the language. This is because the symbols in the 
extension must differ from the contents of the suffix σ .. 

In contrast, any extension of the suffix σ . with symbols not belonging to its 
contents, still keeps the resulting word in L⊆ .. 

A similar argument shows that deleting symbols from the prefix σ . leaves the 
resulting word in the language, but deleting symbols from the suffix σ . does not. In 
fact, symbol deletions in [3] are only in the bounded prefix. 

Example 1 (that motivates our “reversal” approach) is generalized in the “length-
ening” lemma below that focuses on an appropriate suffix of the word. 

Lemma 2 Let A. be an alternating one-window finite-memory automaton. There is 
a computable constant NA . such that for every word σ ∈ L(A). that is longer than 
NA ., there exist a decomposition σ = τυϕ . of σ . and a �.-automorphism α . of � . 

satisfying 

• |υϕ| ≤  N A ., 
• |υ| > 0., and 
• τυα−1(υϕ) ∈ L( A).. 

Based on this lemma, whose proof is postponed to the next section, the decision 
procedure for boundness is as follows. 

Proof of Theorem 1 Let A. be an alternating one-window finite-memory automaton 
and let NA . be the constant provided by Lemma 2. Then L(A). is bounded if and only 
if 

. L(A) ∩ �NA�∗ = ∅.

Indeed, if the above intersection is empty, then L(A). is bounded (by NA .). 
Otherwise, L(A). contains a word longer than NA ., implying, by Lemma 2, that 
it contains infinitely many words with pairwise distinct lengths. That is, L(A). is 
unbounded. 

Obviously, �NA�∗
. is accepted by a one-window finite-memory automaton. 

Thus, the intersection L(A) ∩ �NA�∗
. is accepted by an alternating one-window 

finite-memory automaton, because languages accepted by an alternating one-
window finite-memory automaton are closed under Boolean operations. That is, 
boundness is reduced to emptiness, that by Genkin et al. [3, Theorem 1] is decidable.

��

3 Note that the restriction of languages Ldiff . and L⊆ . to any finite alphabet is finite. Thus, the 
boundness problem cannot be trivially reduced to the ordinary finite alphabet counterpart. 
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4 Proof of Lemma 2 

The proof of Lemma 2 consists of four parts. First, we introduce the necessary 
notation and prove a proposition underlying the motivation of the partial order 
defined in the second part. Based on this partial order, in the third part, we define 
the backward automaton’s runs and establish their basic properties. The proof of the 
lemma itself is presented in the last part. 

4.1 Notation and a Motivating Result 

Let A = 〈S, s0, F,�, δ, μ�,μ=, μ�=〉. be an alternating one-window finite-memory 
automaton. Following [3], we introduce the notation below. 

For a finite set C of configurations of A., we denote by S(C). and �(C). the 
following set of states and the subset of � \ �., respectively. 

.S(C) = {s ∈ S : for some σ ∈ �, (s, σ ) ∈ C} (2) 

and 

.�(C) = {σ ∈ � \ � : for some s ∈ S, (s, σ ) ∈ C}. (3) 

That is, S(C). and �(C). consist of all states and all elements of � \ �., respectively, 
which occur in configurations from C. 

It immediately follows from (3) that for any �.-automorphism α . of � ., 

.α(�(C)) = �(α(C)). (4) 

Consider the relation ≡C .on �(C). such that σ ≡C σ ′
. if and only if the following 

holds. 

• For each s ∈ S ., (s, σ ) ∈ C . if and only if (s, σ ′) ∈ C .. 

Obviously, ≡C . is an equivalence relation. The equivalence classes of ≡C . can 
be described as follows. Let σ ∈ � \ �. and let the subset Sσ (C). of S be defined by

.Sσ (C) = {s : (s, σ ) ∈ C}. (5) 

It follows from (2) that S(C) = ⋃

σ∈�(C)

Sσ (C).. 

Then σ ≡C σ ′
. if and only if Sσ (C) = Sσ ′

(C)..
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Next, let P be a nonempty subset of S and let the subset �P (C). of �(C). be 
defined by 

.�P (C) = {σ : Sσ (C) = P }. (6) 

Then, for any �.-automorphism α . of � ., 

.α(�P (C)) = �P (α(C)), (7) 

cf. (4). 

Remark 4 Note that, if C′ ⊆ C′′
., then, for each be a nonempty subset P of S ,

�P (C′) ⊆ �P (C′′).. 

It follows from (3) and (6) that 

.�(C) =
⋃

P⊆2S\{∅}
�P (C) (8) 

and the equivalence classes of ≡C . are in one-to-one correspondence with those 
subsets P of S for which �P (C). is nonempty. Actually, in the sequel we deal with 
‖�P (C)‖.—the number of elements of �P (C)., where P is a nonempty subset of 
S. These non-negative integers are the values of the function fC : 2S \ ∅ → N., 4 

defined by 

. fC(P ) = ‖�P (C)‖.

Remark 5 This function can be thought of as a (2‖S‖ − 1).-dimensional vector 
whose components correspond to the nonempty subsets of S: the component 
corresponding to subset P is ‖�P (C)‖.. 

Remark 6 Note that, by (7), for a  �.-automorphism α . of � ., fα(C)(P ) = fC(P ).. 

We fix A. throughout the rest of this paper. 
The idea lying behind the “backward” acceptance relies on the following propo-

sition, stating that if a word σ . of length n is accepted from a set of configurations 
C, then it is also accepted from any set of configurations that, roughly speaking, 
coincides with C on the symbols from [σ ]..

4 This function is the component f �̄
C . of the pair of functions

(
f �

C , f �̄
C

)
., also denoted fC ., defined  

in [3], where the first component f �
C . addresses the configurations having a symbol from �. in 

the window. However, it was wrong to introduce this component, because, by the definition of the 
automaton’s run, symbols from �. cannot appear in the window, see Remark 1. Removing  f �

C . from 
the definition of fC . in [3] does not affect the decision procedure. 
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Proposition 3 Let C′
. be a finite set of configurations, σ ∈ L(AC′)., |σ | = n ≥ 1., 

and let C′′
. be a finite set of configurations satisfying the conditions below. 

• For all σ ∈ [σ ] \ �., 

.Sσ (C′′) ⊆ Sσ (C′). (9) 

• For all P ⊆ S . such that ‖�P (C′′)‖ ≤ n., 

.�P
(
C′′) ⊆ �P

(
C′) . (10) 

• For all P ⊆ S . such that ‖�P (C′′)‖ > n., 

.‖�P (C′)‖ > n. (11) 

Then σ ∈ L(AC′′).. 

Proof By (1), we have to show that for each configuration c′′ = [s′′, σ ′′] ∈ C′′
., 

σ ∈ L(Ac′′).. We distinguish between the cases of σ ′′ ∈ [σ ]. and σ ′′ /∈ [σ ].. 
Assume σ ′′ ∈ [σ ].. Then, by (9), 

. s′′ ∈ Sσ ′′
(C′′) ⊆ Sσ ′′

(C′),

implying c′′ = [s′′, σ ′′] ∈ C′
.. Thus, σ ∈ L(Ac′′).. 

Assume σ ′′ /∈ [σ ]. and let P = Sσ ′′
(C′′).. 

If ‖�P (C′′)‖ ≤ n., then, by (10), 

. σ ′′ ∈ �P (C′′) ⊆ �P (C′),

implying c′′ = [s′′, σ ′′] ∈ C′
., because, by the definition of P , it contains s′′

.. Thus, 
like above, σ ∈ L(Ac′′).. 

Finally, if ‖�P (C′′)‖ > n., then, by (11), 

. ‖�P (C′)‖ > n,

as well. Therefore, there is σ ′ ∈ �P (C′). that is not in [σ ].. Let  α . be the 
automorphism swapping σ ′′

. with σ ′
.. Since, by the definition of P , it contains s′′

., 
configuration c′ = [s′′, σ ′]. is in C′

., implying 

.σ ∈ L(Ac′).
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Since both σ ′
. and σ ′′

. appear in the automaton window, they are not in �., implying 
that α . is, indeed, a �.-automorphism. Therefore, by Corollary 1, 

. α(σ ) ∈ L(Aα(c′)) = L(Ac′′).

Since σ ′, σ ′′ /∈ [σ ]., α(σ ) = σ ., and σ ∈ L(Ac′′). follows. ��

4.2 A Partial Order 

By Proposition 3, when an automaton runs on a word of length n, the actual size of 
�P (C)., if greater than n, does not matter. This motivates the definitions below, cf. 
the similar definitions in [7, Section IV A], where the infinite set of vectors with 
non-negative integer components are “converted” into a finite set of vectors with 
bounded components, by representing the values greater than the bound by a single 
symbol ω .. 

Definition 4 We extend the order <. from N. to the set N ∪ {ω}. by 

. n < ω,

for all non-negative integers n, and, for a set X and two f unctions f, g : X →
N ∪ {ω}., we write f ≤ g ., if for all x ∈ X ., f (x) ≤ g(x).. 

Definition 5 For a function f : X → N. and a non-negative integer n, we define 
the function [f ∧ n] : X → {0, 1, . . . , n, ω}. by 

. [f ∧ n](x) =
{

f (x), if f (x) ≤ n

ω, if f (x) > n
.

Lemma 3 For a function f : X → N. and non-negative integers m and n suc h that
m < n., [f ∧ n] ≤ [f ∧ m].. 
Proof Let x ∈ X .. If f (x) ≤ m., then both [f ∧m](x). and [f ∧n](x). are f (x).; and, 
if m < f (x)., then [f ∧ m](x) = ω ., implying 

. [f ∧ n](x) ≤ [f ∧ m](x),

because ω . is the maximal element of N ∪ {ω}.. ��
Proposition 4 Let C′

. and C′′
. be finite sets of configurations and let n be a non-

negative integer such that

.[fC′′ ∧ n] ≤ [fC′ ∧ n]. (12)
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Then, for any finite subset �′
. of � \�. there exists a �.-automorphism α . such that 

• for all non-empty subsets P of S, for which ‖�P (C′′)‖ ≤ n., 

.α(�P (C′′)) ⊆ �P (C′), (13) 

• for all non-empty subsets P of S, for which ‖�P (C′′)‖ > n., there exist n + 1. 

pairwise distinct symbols {θP, 1, . . . , θP, n+1} ⊆ �P (C′′). such that for all i =
1, . . . , n + 1., 

.α(θP, i) ∈ �P (C′), (14) 

and 
• for all σ ∈ �′

., 

.Sα−1(σ )(C′′) ⊆ Sσ (C′). (15) 

Proof For every P ⊆ S . for which ‖�P (C′′)‖ ≤ n., by the definition of [fC′′ ∧ n]. 
and (12), 

. fC′′(P ) = [fC′′ ∧ n](P ) ≤ [fC′ ∧ n](P ),

implying 

. ‖�P (C′′)‖ ≤ ‖�P (C′)‖.

Thus, there is a one-to-one mapping αP : �P (C′′) → �P (C′).. 
For P ⊆ S . such that ‖�P (C′′)‖ > n., by the definition of [fC′′ ∧ n]., [fC′′ ∧

n](P ) = ω. implying, by (12), [fC′ ∧ n](P ) = ω. as well. Thus, both ‖�P (C′)‖. and 
‖�P (C′′)‖.are strictly greater than n and we can pick n+1.pairwise distinct symbols 
in �P (C′′). which we map to some pairwise n + 1. distinct symbols in �P (C′).. We  
denote such mapping by αP .. 

Now, we define a mapping α′ : �(C′′) → �(C′). by 

. α′ =
⋃

P∈ 2S\{∅}
αP .

That is, for σ ∈ �P (C′′)., α′(σ ) = αP (σ ).. Since all �P (C′′). are mutually disjoint, 
by (8), α′

. is well defined and is injective. 
Obviously, for all σ . in the range of α′

., we have (15). 
Finally, with each element σ . of (a finite set) �′

., that is not in the range of α′
., we  

associate a symbol σ ′
. not belonging to �(C′′)., such that symbols associated with 

different elements of �′
. are different, and define α′(σ ′) = σ ..
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Then 

. Sα′−1
(σ )(C′′) = Sσ ′

(C′′) = ∅

and (15) follows immediately. 
Since both �(C′′). and �′

. are finite and disjoint with �. and � \ �. is infinite, we 
can extend α′

. to a �.-automorphism α . of � .. ��
Theorem 2 (Cf. [3, Proposition 12]) Let C′

. and C′′
. be finite sets of configurations 

and let σ ∈ L(AC′)., |σ | = n ≥ 1.. If  

. [fC′′ ∧ n] ≤ [fC′ ∧ n],

then α−1(σ ) ∈ L(AC′′)., where α . is the �.-automorphism of � . provided by 
Proposition 4 for �′

. being [σ ].. 
Proof It suffices to show that σ . and the sets of configurations C′

. and α(C′′). satisfy 
the prerequisites of Proposition 3 (for α(C′′). instead of C′′

.), which would imply 
σ ∈ L(Aα(C′′))., that, in turn, would imply α−1(σ ) ∈ L(AC′′).. 

The prerequisites of Proposition 3 easily follow. 

• Let σ ∈ [σ ].. Then 

. Sσ (α(C′′)) = Sα−1(σ )(C′′) ⊆ Sσ (C′),

where the equality is by the definition of α(C′′)., see Definition 2, and the 
inclusion is by (15). This proves (9). 

• Let P ⊆ S . such that ‖�P (α(C′′))‖ ≤ n.. Then 

. �P (α(C′′)) = α(�P (C′′)) ⊆ �P (C′),

where the equality is by the definition of α(C′′)., see Definition 2, and the 
inclusion is by (13). This proves (10). 

• Finally, let P ⊆ S . such that ‖�P (α(C′′))‖ > n.. Then also ‖�P (C′′)‖ > n.. 
Therefore, there are pairwise distinct symbols {θP, 1, . . . , θP, n+1} ⊆ �P (C′′). 
such that 

. α(θP, i) ∈ �P (C′),

implying (11).
��
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4.3 Backward Runs of A 

The backward runs of A. from an accepting ending in a set C ⊆ F × � . of accepting 
configurations are gathered in a tree TC . whose nodes of height 	 = 0, 1, . . .. are 
some of the pairs (f, 	)., where 

.f : 2S \ {∅} → {0, 1, . . . , 	, ω}. (16) 

The root is the pair ([fC ∧ 0], 0)., and the nodes of height 	 + 1. are the successors 
of all nodes of height 	., where the successor (parent-child) relation is a subrelation 
of a relation →. that is defined as follows. 

Let i and j be nonnegative integers and let f and g be functions from 2S \ {∅}. to 
{0, 1, . . . , i, ω}. and {0, 1, . . . , j, ω}., respectively. Then (f, i) → (g, j)., if j = i +1. 

and if there exist two finite sets of configuration C′
. and C′′

. and a symbol σ ∈ � . 

such that 

• C′′ ∈ μc(C′,  σ  )., 
• g = [fC′ ∧ j ]., and 
• f = [fC′′ ∧ i ].. 

That is, for nodes (f, i). and (g, j). of TC ., (g, j). is a successor of (f, i)., if  
(f, i) → (g, j).. 

Remark 7 Note that the relation →. is defined on the set of all pairs (f, 	).. 

Remark 8 Note that TC . depends on [fC ∧ 0]. only. Thus, the set of such trees TC . is 
finite, because 

. ‖{TC : C ⊆ F × �}‖ = ‖{[fC ∧ 0] : C ⊆ F × �}‖ = 2‖F‖ − 1.

Remark 9 Since the set of functions (16) is finite, TC . is of a finite branching 
degree. 

Remark 10 It follows from the definition of TC . that for a word σ = σ1σ2 · · · σ	 ∈
� . and a run C0, C1, . . . , C	 = C . of A. on σ ., 

. ([fC	
∧ 0], 0) → ([fC	−1 ∧ 1], 1) → ([fC0 ∧ 	], 	)

is a path in TC .. 

Theorem 3 below is the first step in the proof of Lemma 2. 

Theorem 3 There exists a positive integer NC . such that for all paths 

. (f0, 0) → (f1, 1) → · · · → (f	, 	)

with 	 ≥ N ., there exist i and j , 0 ≤ i < j ≤ NC ., such that fi ≤ fj ..
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Proof Assume to the contrary that there is no such NC .. Then, for each 	 = 1, 2, . . .. 

there exists a path 

. π	 = (f	,0, 0) → (f	,1, 1) → · · · → (f	,	, 	)

such that for no i and j , 0 ≤ i < j ≤ 	., f	,i ≤ f	,j .. 
Let T ′

C . be the subtree of TC . consisting of all nodes appearing in the above paths. 
This is an infinite tree of a finite branching degree, see Remark 9. By König’s Infinity 
Lemma [8], it contains an infinite path 

. π = (f0, 0) → (f1, 1) → · · · → (f	, 	) → · · · .

This path is of the form 

. π = ∞
lim
k=1

π	k
,

where 	1, 	2, . . . , 	k, . . .. is an increasing sequence of positive integers. Therefore, 
for all i and j such that 0 ≤ i < j ., f	,i �≤ f	,j .. 

Since S is finite, there is a (finite) nonempty subset P .of 2S
. and there is an infinite 

subsequence fm0 , fm1 , . . .. of f0, f1, . . .. such that for each nonempty subset P of S ,
fmk

(P ) = ω . if and only if P ∈ P ., k = 0, 1, . . ... Then, for all i and j such that
0 ≤ i < j ., fmi

|P �≤ fmj
|P ., where fmi

|P . and fmj
|P . are the restrictions of fmi

. 

and fmj
. to (2S \ {∅}) \ P ., respectively. However, by Remark 5, this contradicts [7, 

Lemma 4.1] stating that exactly the opposite holds. ��
Proposition 5 The relation →. is decidable.5 

Recall that →. is defined for any two pairs (f, 	). and (g, 	 + 1)., independently 
from TC .. 

Lemma 4 Let C′
. and C′′

. be finite sets of configurations and let σ ∈ � . be such 
that C′′ ∈ μc(C′, σ ).. Then, for every nonnegative integer 	. there exist sets of 
configurations C	 . and C	+1 . such that 

.C	 ∈ μc(C	+1, σ ), (17) 

.‖C	+1‖ ≤ (2	 + 3)
(

2‖S‖ − 1
)

, (18) 

.[fC	
∧ 	] = [fC′′ ∧ 	], (19) 

and 

.[fC	+1 ∧ (	 + 1)] = [fC′ ∧ (	 + 1)]. (20)

5 That is, for pairs (f, 	). and (g, 	 + 1)., it is decidable whether (f, 	) → (g, 	 + 1).. 
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Proof Let C′ = {c′
1, c

′
2, · · · , c′

k}. and let C′′
i ∈ μc(c′

i , σ )., i = 1, 2, . . . , k ., be such 
that 

. C′′ =
k⋃

i=1

C′′
i .

Let the sets of configurations ̂̂C . and Ĉ . be defined by 

. ̂̂C =
⋃

‖�P (C′′)‖≤	

P × �P (C′′) ∪
⋃

‖�P (C′′)‖≥	+1

P × {θP,1, . . . , θP,	+1},

where for ‖�P (C′′)‖ ≥ 	+ 1., {θP,1, . . . , θP,	+1}. are pairwise different elements of 
�P (C′′)., and 

. ̂C =
⋃

‖�P (C′)‖≤	+1

P × �P (C′) ∪
⋃

‖�P (C′)‖≥	+2

P × {θP,1, . . . , θP,	+2},

where for ‖�P (C′)‖ ≥ 	 + 2., {θP,1, . . . , θP,	+2}. are pairwise different elements of 
�P (C′).. 

For each configuration 

. c′′ ∈ ̂̂C ⊆ C′′,

let ic′′ ∈ {1, 2, . . . , k}. be such that c′′ ∈ C′′
ic′′ ..

6 

We contend that the sets of configurations 

.C	+1 = Ĉ ∪ {c′
ic′′ : c′′ ∈ ̂̂C} = {c′

j1
, c′

j2
, . . . , c′

jk′ } (21) 

and 

.C	 =
k′⋃

i=1

C′′
ji

(22) 

satisfy the lemma requirements. 
Note that 

.
̂̂C ⊆ C	 ⊆ C′′, (23) 

where the first inclusion is by (21) and (22) and the second inclusion is immediate.

6 Such an ic′′ . is not necessarily unique. 
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Since, C′′
ji

∈ μc(c′
ji
, σ )., by the definition of μc

., we have (17). 
It follows from the definitions of C	+1 . and C	 . that 

. ‖C	+1‖ ≤ ‖Ĉ‖ + ‖{c′
ic′′ : c′′ ∈ ̂̂C}‖

≤ (	 + 2)(2‖S‖ − 1) + (	 + 1)(2‖S‖ − 1)

= (2	 + 3)
(

2‖S‖ − 1
)

which proves (18). 
For the proof of (19), let P be a nonempty subset of S. It follows from (23), by  

Remark 4, that 

. �P (̂̂C) ⊆ �P (C	) ⊆ �P (C′′),

implying 

. [f̂̂C ∧ 	] ≤ [fC	
∧ 	] ≤ [fC′′ ∧ 	],

that, in turn, implies (19), because, by the definition of ̂̂C ., �P (̂̂C) = �P (C′′)., if  
‖�P (̂̂C)‖ ≤ 	.. 

The proof of (20) is similar to that of (19). Let  P be a nonempty subset of S. 
Since

. ̂C ⊆ C	+1 ⊆ C′,

by Remark 4 

. �P (Ĉ) ⊆ �P (C	+1) ⊆ �P (C′),

implying 

. [fĈ ∧ 	 + 1] ≤ [fC	+1 ∧ 	 + 1] ≤ [fC′ ∧ 	 + 1],

that, in turn, implies (20), because, by the definition of Ĉ ., �P (Ĉ) = �P (C′).. if  
‖�P (Ĉ)‖ ≤ 	 + 1.. ��
Proof of Proposition 5 For two pairs (f, 	). and (g, 	 + 1). we have to decide 
whether there exist two finite sets of configuration C′

. and C′′
. and a symbol σ ∈ � . 

such that 

• C′′ ∈ μc(C′,  σ  )., 
• g = [fC′ ∧ 	 + 1 ]., and 
• f = [fC′′ ∧ 	]..
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By Lemma 4, we may restrict ourselves to sets of configurations C′
. such that 

.‖C′‖ ≤ (2	 + 3)
(

2‖S‖ − 1
)

. (24) 

That is for each subset Ĉ . of S(C′) × �(C′). we have to check whether 

.g = [fĈ ∧ 	 + 1] (25) 

and then to look for a symbol σ ∈ � . and a set of configurations ̂̂C ∈ μc(Ĉ, σ ). such 
that 

.f = [f̂̂C ∧ 	]. (26) 

It follows from (24) that 

.‖�(C′)‖ ≤ ‖C′‖ ≤ (2	 + 3)
(

2‖S‖ − 1
)

. (27) 

Let 

. M = (2	 + 3)
(

2‖S‖ − 1
)

+ 1

and let 

. � = {θ1, θ2, . . . , θM, θM+1}

be a set of pairwise distinct symbols from � \ �.. 
Let α . be a �.-automorphism of � . such that 

. α(�(C′)) ⊆ {θ1, θ2, . . . , θM, θM+1}.

Since, by Proposition 2, α(C′′) ∈ μc(α(C′), α(σ ))., and, by Remark 6, fα(C′) = fC′ . 
and fα(C′′) = fC′′ ., instead of configurations from S(C′) × �(C′). we may consider 
configurations from S(C′) × �.. We have also to distinguish between the cases of 
σ ∈ �. and σ /∈ �.. 

• For the case of σ ∈ �., for each subset C′
. of S(C′) × �. satisfying (25) and for 

each σ ∈ �. we compute all C′′
. in μc(C′, σ ). and check whether one of them 

satisfies (26). 
• For the case of σ /∈ �(C′)∪�., assuming, without loss of generality, that α(σ) =

θM+1 ., for each subset C′
. of S(C′)×�. satisfying (25) and, we compute all C′′

. in 
μc(C′, θM+1). and check whether one of them satisfies (26). By  (27), this covers 
both the case of σ ∈ �(C′). and the case of σ /∈ �(C′)..

��
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Corollary 2 The set of successors of a node (f, 	). of TC . is computable. 

Proof For each function g : 2S \ {∅} → {0, 1, . . . , 	 + 1, ω}., using Proposition 5, 
we just check whether (f, 	) → (g, 	 + 1).. Since the set of such functions is finite, 
the corollary follows. ��
Corollary 3 (Cf. [6, Lemma A.5] and [3, Lemma 18]) A positive integer NC ., 
whose existence is provided by Theorem 3, is computable. 

Proof Since TC . is of a finite branching degree, see Remark 9, and, by Corollary 2, 
the set of successors of each node in TC . is computable, for each 	 = 1, 2 . . .., we  
can, consecutively, check all paths of length 	. for the existence of i and j provided 
by Theorem 3. This process will terminate when we arrive at 	 = NC .. ��

4.4 Proof of Lemma 2 

Let 

. NA = max{NC : C ⊆ F × �}.

Since, by Remark 8, the number of trees TC . is finite, NA . is well defined. Thus, it is 
computable, because by Corollary 3, each NC . is computable. 

Let σ ∈ L(A)., |σ | = n. be such that n ≥ NA . and let C0, C1, . . . , Cn . be the 
accepting run of A on σ .. By Remark 10, 

. ([fCn ∧ 0], 0), ([fCn−1 ∧ 1], 1), . . . , ([fC0 ∧ n], n)

is a path in TCn .. 
By Theorem 3, there exist i and j , 0 ≤ i < j ≤ NA ., such that 

.[fCn−i
∧ i] ≤ [fCn−j

∧ j ] (28) 

and we define 

• τ = σ1 · · ·  σn−j ., 
• υ = σn−j+1 · · ·  σn −i ., and 
• ϕ = σn−i+1 · · ·  σn .. 

Since i < j ., by Lemma 3 and (28), 

.[fCn−i
∧ j ] ≤ [fCn−i

∧ i] ≤ [fCn−j
∧ j ].
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Since, by definition, υϕ ∈ L(ACn−j
)., by Theorem 2, there is a �.-automorphism 

α . such that α−1(υϕ) ∈ L(ACn−i
)., which, together with that C0, C1, . . . , Cn−i . is a 

run of A on τυ ., imply the desired containment 

. τυα−1(υϕ) ∈ L(A).

5 The Boundness Problem for Alternating Finite-Memory 
Automata with Two Windows 

In this section, reducing the undecidable emptiness problem for two-window 
alternating finite-memory automata to the boundness problem for two-window 
alternating finite-memory automata, we show that the latter is undecidable. 

Below, A. is an r-window alternating finite-memory automaton with the set of 
states S, the set of accepting states F , and the set of distinguished symbols �.. 

The reduction is as follows. 

Lemma 5 Let $ /∈ �.. Then L(A) �= ∅. if and only if L(A) ∩ (� \ {$})∗ �= ∅.. 

Proof The “if” direction is immediate and, for the proof of the “only if” direction, 
assume that L(A) �= ∅. and let σ . be a word in  L(A).. If $ /∈ [σ ]., then σ ∈ L(A) ∩
(� \ {$})∗ �= ∅.. Otherwise, let σ /∈ [σ ] ∪ �. and let α . be a �.-automorphism of � . 

that interchanges $ and σ . and leave all other symbols in � . intact. Then, it follows 
from Corollary 1 that α(σ ) ∈ L(A)∩. ( �\. {$} )∗ .. ��

The language intersection L(A) ∩ (� \ {$})∗ . is accepted by an r-window 
alternating finite-memory automata A1 . that is obtained from A. by extending the 
set of states S with a new sink state q, extending the set of distinguished symbols �. 

with $, and extending the transition function μ� . (now, μ�∪{$} .) with μ�∪{$} (s, $) =
{{q}}., for all states s ∈ S ∪ {q}.. 
Corollary 4 L(A). is nonempty if and only if L(A1){$}∗ . is unbounded. 

Proof Assume that L(A) �= ∅.. Then, by Lemma 5, L(A1) �= ∅. as well, and, for all 
σ ∈ L(A1). and all k = 0, 1, . . .., σ$k ∈ L(A1){$}∗ ., implying that L(A1){$}∗ ., is  
unbounded. 

Conversely, assume that L(A1){$}∗ ., is unbounded. Then, L(A1){$}∗ �= ∅.. Let  
σ ∈ L(A1){$}∗ .. Then for some σ ′ ∈ L(A1). and some nonnegative integer k, σ =
σ ′$k

.. In particular, σ ′ ∈ L(A1)., implying L(A1) �= ∅.. ��
The language concatenation L(A1){$}∗ . is accepted by an r-window alternating 

finite-memory automata A2 . that is obtained from A1 . by extending the set of 
accepting F states with a new state f and extending the transition function μ�∪{$} . 
with μ�∪{$}(s, $) = {{f }}., for all accepting states s ∈ F ∪ {f }.. 

It follows that L(A). is nonempty if and only if L(A2). is unbounded.
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It has been shown in [10, Section 5.1] that the universality problem for finite-
memory automata is undecidable. A routine inspection of the proof shows that 
it is undecidable already for two-window automata. Since the class of languages 
accepted by alternating finite-memory automata includes the class of languages 
accepted by ordinary finite-memory automata and the former is closed under 
complement, the emptiness problem for two-window alternating finite-memory 
automata is undecidable. Therefore, the boundness problem for two-window alter-
nating finite-memory automata is undecidable either. 

Finally, it follows from the construction of A1 . and A2 . that the emptiness problem 
for alternating finite-memory automata reduces to the boundness one in linear time. 
Since the former is not primitive recursive, see [1, 2], the latter is not primitive 
recursive either. 
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Linear Algebraic Quantifiers 

Anuj Dawar 

Abstract The long-standing research question of whether there is a logic express-
ing exactly the polynomial-time decidable properties of finite structures has moti-
vated, in recent years, the exploration of logics with linear-algebriac operators. 
There have been a number of significant recent results on the expressive power of 
such logics. This paper surveys some of these results and places them within the 
context of the general theory of Lindström quantifiers, identifying the key closure 
properties of these quantifiers and relating them to earlier work on arity hierarchies. 
It provides pointers to the detailed technical proofs of the results on their expressive 
power. 

1 Introduction 

Generalized quantifiers (also known as Lindström quantifiers) emerged as objects of 
study in the context of abstract model theory (see [16]). Classical model theory [22] 
is centred around first-order logic and its infinitary extensions. As a study of 
mathematical logic, this is based on a view that divides mathematical practice into 
those operations that are inherently logical (such as the Boolean connectives and 
first-order quantifiers) on the one hand and those that are part of the mathematical 
objects or structures described by the logic, on the other. In contrast, abstract model 
theory is much more permissive in the kinds of mathematical constructions that 
it allows within the umbrella of logic. Indeed, any mathematical property can be 
turned into a logical construct and the main purpose of the subject is to compare the 
different logics that arise. 

A Lindström quantifier is a way of describing extensions of first-order logic (or, 
indeed, infinitary logic) in an abstract fashion. It gives a way of defining a minimal 
extension L(P ). of a logic L that can also express some fixed property P , while still
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