
















































































































































































































































































































































































































































































































































































































































































































































































248 CURVILINEAR COORDINATES PROB. 516

(where f is analytic) is that f be the solution of the third-order linear differ-
ential equation
["Q) =M@ =0
(A is an arbitrary constant).
516. Using the result of the preceding problem, show that apart from
linear transformations (corresponding to translation and rotation of the
coordinate axes or change of scale in the xy and «B-planes) the only trans-

formations of the form (14) leading to separation of variables in Helmholtz’s
equation are the following:

x + iy = ¢**®  (polar coordinates),
x + iy = cosh (« + if) (elliptic coordinates),
x + iy = (« + iB)*  (parabolic coordinates).
517. Show that Laplace’s equation
Pu 10u 1 Pu
o rar 0z2*

has infinitely many particular solutions of the form

P
2’

u = r2A(@)B(B)P(9),

where «, B, ¢ are a system of orthogonal curvilinear coordinates defined by
the formula

z + ir = f(a + iB),
and f(€) is a solution of the differential equation
4
S5O = 2, WHO,
k=0
where the A, are arbitrary real constants (see L2).

518. Show that all the three-dimensional coordinate systems considered
in this chapter (as well as .cylindrical and spherical coordinates) can be
obtained as special cases of the coordinate system of the preceding problem.

Ans. Cylindrical coordinates:
f@ =g A =1, M=A=N=N=0,

o=z B=r,

u = [AJ,(vr) + BY,(vr)][C cosh vz 4+ D sinh vz] (:1); ig

where J,,(x) and Y ,(x) are Bessel functions of the first and second kind.
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Spherical coordinates:
fQO=¢€ N=1 A=N=Ah=%7=0,
a=Inr, =06,
Cos (Lo
sin pe’
where P¥(x) and Q%(x) are associated Legendre functions of the first and

second kind for the interval (—1, 1).2
Prolate spheroidal coordinates:

S =ccoshl, A= —c% A=1 AN=AN=N=0,

cos
sin wo’

u = [Ar' + Br~"'][CP%(cos 0) + DQ%(cos 6)]

u = [AP¥(cosh o) + BQ%(cosh a)][CP¥(cos B) + DQ%(cos B)]
Oblate spheroidal coordinates:
f@ =csinhq, A=c% =1 A=lh=7M=0,

cos uo

u = [AP}(i sinh ) + BQY(i sinh «)][CP}(cos B) + DQ4(cos B)] ;- e

Paraboloidal coordinates:

_&
Q==

u = [AJ,(va) + BY,(va)][CI,(vB) + DK, (vB)]

)\1320, 7\°=7\2=7\3=7\4=O,

COos [L¢
sinpe’
where I,(x) and K, (x) are Bessel functions of imaginary argument.
Toroidal coordinates:
c 1 1

. g
= ci coth 2, =—=, h=—7, M=—"—, M=x=0,
f(©) =cico 5 0 4 2 2 4 4 1 3

u = /2 cosh o — 2 cos B[APY_1¢(cosh &) + BQ}_14(cosh )]

CcoS L

X [Ccos vB + D sin vf] sin po

Three-dimensional bipolar coordinates:

7\4=——1’ MN=27=0,

4 c*
- M= 4c*’

f(C)=cicot5, Ao %

u = /2 cosh B — 2 cos a[AP¥(cos a) + BQY%(cos )]

CcOoS ¢

X [C cosh (v 4+ $)B + D sinh (v + $)B] sin po

* See e.g., L9, p. 193,
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519. Prove that besides the coordinate systems listed in Prob. 518,
separation of variables in Laplace’s equation is also possible in coordinates
defined by the formula

z+ ir = f(o + iB),

where f(%) is one of the Jacobian elliptic functions sn {, cn g, dn .22 Con-
struct particular solutions of the form

u = r*A(«)B()D(p)
for each of these three functions.
Ans.
L f@Q=sng A=1 N=0, A=—(14+k? AN=0 A=K
u=ritA@BE) o ¥,
where A(x) and B(B) are solutions of the differential equations

A+ [vra—w (Emefla o,

cnadna

and p, v are arbitrary parameters.

2. fQ) =cnl, N=k"%,, MN=0, N=—(k2—k?, WN=0, A= —k%

A" + [v + G- (ﬂ;)}\ =0,

sn o dn
" _nf——cniB Vig _
B [v+(} PL)(sniﬁdniﬁ)z:]B 0
3. fQ =dn¥, A=—k? N=0, N=14+k? ¥N=0 Ar=-1,
2
A"+ [v + G- u*)(—ﬂ&)]A —o,

sn o cn o,

A (ﬂ)}B —o.

sn i cn if

22 See L2, W2, W3, and also the paper L4, where a system of solutions of Laplace’s
equation suitable for solving boundary value problems for a ring of oval cross section is
constructed.
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520. Verify that the biharmonic equation A%z = 0 (where A is the two-
dimensional Laplace operator) has infinitely many particular solutions of the
form

u= 1+ BIAG G

where «, § is a system of two-dimensional curvilinear coordinates defined by
the formula

x + iy = f(a + iB),
where

dag
PR’
and F(¥) is the solution of the differential equation
F'(Q) — p*FQ =0

(A and p are arbitrary parameters).

f@ =

521. Using the result of the preceding problem, show that the two-
dimensional biharmonic equation permits separation of variables in rec-
tangular, polar, two-dimensional bipolar and degenerate bipolar coordinates,
and construct the corresponding particular solutions.

Ans. The general transformation called for here is of the form

a

JQ = pwcothpl + b

+4,

where a, b and d are arbitrary constants.
1. Rectangular coordinates:
fO=%¢ u—0 a=1, b=d=0,
o =X, B=y

cos Ay

u = (A cosh Ax + B sinh Ax 4+ Cx cosh Ax 4+ Dx sin Ax) sin Ay °

2. Polar coordinates:
f(C)=e5, P‘:%, a:d=1, b=—%s
@ = ln r, B = (P’

cos Ag

— A - A2 —A+2
u=(Ar*+ Br™* + Cr Dr )sin)\cp'
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3. Bipolar coordinates:

g

l —_—
f(C)—ctanhE, (J.—'i, a=

u=—-=5— [Adcosh( + Da+ Bsinh (A + 1
cosh « + cos 8
+ Ccosh (A — D + D sinh (A — 1)a] 5 ;g .

4. Degenerate bipolar coordinates:

f(c)=£’ P'_)'O’ a=_—c-2a b=']'.a d=‘c':
¢ 2 b b
— i . cos AR
U= @1 [A4 cosh A« + B sinh A + Ca cosh A + Da sinh Ax] i 3 .
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INTEGRAL EQUATIONS

The use of integral equations to prove existence theorems for problems
of mathematical physics, or to find approximate solutions, is a classical
subject, which lies outside the scope of this book but is treated in con-
siderable detail in the available literature. The purpose of this chapter is
simply to show how integral equations can be used to find exact solutions of
certain physical problems. The methods we have in mind are admittedly
quite special, but very effective in the cases to which they apply, and their
full possibilities do not yet seem to have been exploited. As an example of
the successful application of integral equations to physical problems, we cite
the work of Grinberg, summarized in his book GS5, devoted to the solution
of a number of interesting problems from the theory of electricity and
magnetism.

This chapter consists of two sections. The first is devoted to some
nonstationary problems of diffraction theory which can be reduced to the
solution of familiar integral equations, e.g., Abel’s equation, Volterra’s
equation with a difference kernel, etc. The second section, stemming from
Grinberg’s work, is primarily concerned with stationary problems stated in
terms of electrostatics, but with obvious analogues involving magneto-
statics, heat conduction or d-c current flow.

Because of their relatively greater difficulty, we omit problems whose
solution requires the use of the Wiener-Hopf method, or problems which
involve singular integral equations containing integrals of the Cauchy type.
Concerning these topics, the reader should consult the relevant references
cited at the end of the chapter (see p. 271).

253
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I. Diffraction Theory

*522. A plane electromagnetic wave with electric field components

E,=E, =0, E,=f(t—f)
V.

is incident on a perfectly conducting half-plane (screen) x > 0, z = 0.
Denoting the components of the resulting electric field (the sum of the
incident and reflected waves) by 0, 0, E and setting

S

show that the reflected wave u can be represented in the form

u—j \/g(s—)sd
R S L

where the function ¢(s) satisfies Abel’s integral equation

- 7;"‘{’—; ds = /(5.

Hint. Look for a solution of the wave equation depending only on £ and 4.,

*523. Solve Prob. 522, assuming
that the incident wave encounters the
screen at the time ¢ = 0, i.e.

Excited Quiescent g(®), £>0,
/\ poes reo=E> 0
O\ Describe the diffraction process graph-
ically.
Ans.

")
FIGURE 149 u={Jo JE—s
0, 1<0,

o0 =1 [ 2,

The diffraction process is illustrated in Figure 149.

y

ds, n>0,

where
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524. Solve Prob. 523 for the special case where
a) g(€) = 1 (a wave with a rectilinear front);

b) g(€) = sin wé.
Ans. In the notation of Prob. 523, the reflected wave u has the following
representation in the excited zone:

a) u=3arcsinA/3,
™ g

b) =2 VA& sin oy — (& =11l
Tt Jo 1472

525. By passing to the limit z — o in the formulas of Prob. 524, solve
the well-known Sommerfeld problem on the steady-state sinusoidal electro-
magnetic oscillations due to a plane wave incident on the edge of a con-
ducting screen (see Prob. 426).

Ans.
u = Im {u*e™'},
where

2 . . ® 2 w
u* = — ezn/de—zk:c e—u ds, k —_ —
d Vi(r—a) v

526. A plane electromagnetic wave with components
E,=E,=0, E,=f(:—ﬁ—")

v
is incident on a perfectly conducting screen shaped like a parabolic cylinder

r = x + 2a. Setting
E:f(t_x+a)_uy
v

where E is the z-component of the electric field, show that the reflected wave
can be represented in the form

u —f ___—(s) s
o JE—s T (2al)

(E=t_x+a’ n=t—"=8, r=\/x_2+yz)’
v v
where ¢(s) is the solution of the integral equation
13
@(s)
——————ds = f(¥).
—o JE— s+ (2afv)

Hint. Look for a solution of the wave equation depending only on £ and v.
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527. Solve the preceding problem of diffraction theory, assuming that the
wave makes contact with the screen at the time ¢ = 0 and is continuous along
its front,! i.e.,

O A S TR

0, £ <O,
Describe the diffraction process graphically.
Ans.
n S)
. OJ————ETTWM, n >0,
0, 7 <0,
where

1fg »
= — | £ emdp.
o) 21rirKe P

Here ¢ and K are the Laplace transforms of the functions g(£) and

—1/2

ko= (z+2)7,

- o /3]

where ®(x) is the probability integral and the path of integration I' is a
straight line parallel to the imaginary axis
Quiescent lying to the right of the singular points of

y one ria 20 e integrand.
The diffraction process is indicated in

€ cited Figure 150. The boundary of the excited
zone / vt ta zone is the envelope of the secondary waves
7 ¥ reflected from points of the screen, in keep-
ing with Huygens’ principle.

so that

> 528. Suppose the incident wave in Prob.
\ 547 has the equation

FiGure 150 g = 2 arc tan A/ ve .
T 2a

Show that the reflected wave u can then be represented in the form

2 ,\/ )
¥ = —arctan [—————, 7> 0.
- E—n + (2afv)

! The case of a discontinuity on the wave front can be treated by passing to the limit,
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529. Consider the problem of diffraction of a plane sound wave
f(t x4 a)
v /-

by an obstacle shaped like a parabolic cylinder. Show that the reflected wave
has the representation?

#(s)
u_fw\/a—s+(2a/v) ’

@—t—xt“,n=t—r:“,r=Jﬁ+y1

where ¢(s) is the solution of the Volterra integral equation

1 [2a(*® (s)
<P(E) + 2,\/ v J; E, — + (za/u)]a/z f (E)
(see F8.)

530. Solve the preceding problem, assuming that the wave encounters the
obstacle at the time ¢t = 0:

g€), E£>0, _
J@® = { 0, £ <0 g(0) =0.
Ans.
" ¢(s)
= o
0, 7 <0.

where, in the notation of Prob. 527,

a 03
o) = [ 2mi fr 1— %\/2a/v pK 4P.

*531. Consider the problem of diffraction of a plane sound wave

-2

by an obstacle shaped like a paraboloid of revolution r = z + 2a. Applying
the technique of the preceding problems, show that the reflected wave has
the representation

O
" —j £ — s+ (2a/v) as

(E=t—~z+a, n=t—r_a, r=\/x2+y2+z2>,
v

v

®In problems on diffraction of acoustic waves (unlike the case of electromagnetic
waves), we write the total solution in the form f(§) + u.
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where (s) is the solution of the Volterra integral equation

(s)

2a _,
s+ P =57 ®

oo +2["
(see FB8).

*532. Solve the preceding problem, assuming that the incident wave has
the equation

o= 2% m-o

0, £ <0,

Ans. In the excited zone (v > 0),

_ o(s)
“ f E st Qap

a1l pg s
=-— | ——=——c¢
o) = v2riJrl — (a/v)pK
In the last formula, & and K are the Laplace transforms of g(€) and the
kernel

where

dp.

1
£+ (afv)’

and the path of integration I is a straight line parallel to the imaginary axis
lying to the right of the singular points of the integrand. Note that

K= e‘z‘”’”Ei(— 2a_p)’

v

K(E) =

in terms of the exponential integral Ei(x).

533. Consider the problem of diffraction of a plane wave by a paraboloid
of revolution r = z + 2a with homogeneous boundary conditions of the
first kind. Show that. the reflected wave has the representation

" (s)
u _L, E s+ )

(s=r-2E0, mmi =0 o),

v

where ¢(s) is the solution of the integral equation

¢ (s) e
f—w £ — s+ (2afv) ds = /().
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534. Using the Laplace transform, solve the integral equation of Prob.
533 for the case of a wave of the form

g, &E>0,

f® = {0 £ <0 g(0) = 0.

Ans. In the notation of Prob. 532,

1 [ 2
= — | Eemap.
CRb=1% 2

2. Electrostatics

535. A conductor of arbitrary shape, bounded by a surface Z, is intro-
duced into a given external field E° (see Figure 151). Show that the density
of charge induced on the conductor satisfies the
integral equation

EM | 1L f o(M)

N =
o(N) 2n 2n |2

cos (r yv>»m)dS (1)
ErpN

where M and N are two arbitrary points of the
surface X, dS is the element of area, r 4 is the vector
joining M to N, n is the unit exterior normal to X
at the point N, and EY = E°-.n is the projection of
E° onto n.

FIGURE 151

536. Show that in the special case where the surface of the conductor is
an infinite plane, the solution of the integral equation (1) is given by?

_ Ex(N)
o(N) = o

Use this result to find the charge density induced on a conducting plane by a
point charge g placed at height h above the plane.

Ans.
_ 4h
2nR?’

o(N) =
where R is the distance from the charge to the point N of the plane.

* Naturally, this result can be found in other ways. The present method is of interest
mainly because the final result is obtained practically without calculations.
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537. A metallic sphere of radius a at potential V' is introduced into an
external electric field E°. Starting from the integral equation (1), show that the
density of charge induced on the surface of the sphere is given by

0 0

oy — BN |V )
2n 4ra

where #° is the potential of the external field. Examine the special case where

the source of the field E° is a point charge ¢ at distance b (b > a) from the
center of the sphere.

Ans.

where R is the distance from the charge to the given point N of the surface
of the sphere.

538. Solve the preceding problem, given the total charge Q of the sphere
(rather than its potential). Use the formula so obtained to solve the problem
of the charge distribution on the surface of an initially uncharged insulated
sphere introduced into a homogeneous external field E°.

Ans.
ES(N
O_(N): ﬂ( )+__1_[Q+ ’20____u0(N)}’
2 4rala
where @° is the average over the sphere of the potential of the external field:

_ 1 j‘

#° =—— | u’(N)dS.

4na® Jx )

In the special case
o(N) = 3E cos 0,
41

where 6 is the angle between the direction of the external field E° and the
radius vector drawn from the center of the sphere to the point N,

539. A cylindrical conductor with cross section bounded by an arbitrary
contour I' (see Figure 152) is introduced into a given plane-parallel field E°.
Show that the density of charge satisfies the integral

n equation

o(N) o(M)

f ———| cos (ryn, ) ds, (2)

E%N 1
_EX )+_
rilryy

2r T

where M and N are two arbitrary points of the contour
I', ds is the element of arc length, r,,y is the vector
joining M to N, n is the unit exterior normal to I" at the
FIGURE 152 point N, and EJ = E° - n is the projection of E° onto n.
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540. Suppose a conductor shaped like an infinite circular cylinder of
radius a, carrying charge Q per unit length, is introduced into an external
plane-parallel field E°. Show that the density of induced charge on the
surface of the conductor is given by

Q| ExN)
c,(N)_2n'a+ v

Consider the special case where
a) The external field is homogeneous;
b) The source of the external field is a line charge with charge ¢ per unit
length, placed outside the cylinder at the distance b from its axis.

Ans.

2) o(N) = Q | Ecosf

+ -,
2ra 21

where 0 is the angle between the direction of the homogeneous field (of

strength E) and the vector drawn from the center of the cylinder to the given

point N on the surface of the conductor;

Q + q _ _l b2 _ a2
2ra 2n  aR?

where R is the distance from the line charge to N.

b) o(N) =

’

541. Find the distribution of charge density on the inner surface of a
grounded cylindrical shell of radius a, assuming that the external field is
produced by line charges parallel to the axis of the cylinder passing through
the points M, = (a, @), k =1, 2, .

Ans.

U(N) ——quca —ak,

a y=1

where g, is the charge per unit length of the line chargc passing through the
point M, and R, is the distance between the points M, and N.

*542. The electrostatic field in the region 0 <y < h between two
grounded parallel planes is due to line sources whose free-space field is E°.
Show that the densities o4(x) and o,(x) of induced charge on the planss y = 0
and y = h satisfy the system of integral equations

0 h (* on(8)
) = 5 Bl — f Ny o
__Lpy RT__el®
Gh(x) - 2TC Elll!l=h x f—m (a _ x)z + h2 d&’

and then solve this system.
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Ans.
f + e lMﬁn —d
7o) = 47:2 gy A
f + e IMf —z)\a;
w0 == | A e

where f'is the Fourier transform of f(x), i.e.,?

f= f " f(x)e™ dx,
and o

fo(x) = E:lv=07 fh(x) = E:|v=h'

Hint. Take the Fourier transform of each of the equations (3).

543. Solve the preceding problem for the special case where the field E
is due to a line source with charge ¢ per unit length, passing through the
point M, = (0, b).

Ans.

. b . mb

sin — sin —
=49 _ -4 ___ "
Go(x) oh b’ ou(x) oh e
cosh ™ — cos =2 cosh =X + cos =2
h h h h

Hint. To obtain the solution in closed form, use formula 15, p. 385.
544. Suppose a system of line sources, whose free-space field E° has
components E?, EJ, 0 in cylindrical coordinates, is placed inside a dihedral

angle 0 < ¢ < a with grounded conducting walls. Show that the charge
densities o4(r) and o,(r) on the walls satisfy the system of integral equations

i) = L p, O[O
271 0

™ e* + r* — 2rpcosa
1 sina [ ® poop)
u(r) = — — EYpue — —— L do,
™ 2r elo-s n Jo p® 4+ r® — 2rpcosa °
and solve this system, using the Mellin transform.
Ans.
1+io £ o8 _ : _ _
oo(r) = 1 Josinm(p — 1) + f,sin(r — a)(p — 1)

4% J1-iw  sin(2n — a)(p — 1) - sina(p — 1)
X sint(p — 1)r~?dp,
o (r) = — —— ”“”fa sinm(p — 1) + fysin(r — )(p — 1)
1- sin(2r — a)(p — 1) - sina(p — 1)
X sinn(p — 1)r " dp,

4 This definition of the Fourier transform differs from the customary one by a numerical
factor.
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where fis the Mellin transform of f(r), i.e.,

j=" s0wer ar,
and

fo(") = Eg|¢=0’ fa(r) = Eglcp=a'
Hint.

f” todt _m sin(mw— a)s
o #—2tcosa+ 1 sina sinms

—1 < Res < 1.

545. Solve the preceding problem, assuming that the field E° is due to a
line source with charge g per unit length, passing through the point M, =
(ro» 9o)- Use the formula so obtained to find the electrostatic field due to a
charged line placed at distance « from the edge of a conducting half-plane
(« = 2w, ro = a, @y = ™) or near a right-angular corner (« = 3x/2, r, = q,
9o = T).

Ans.
sin ~Po
o
o) = — L 2 :
CR
ro r o
sin =0
o) = — 4 ——— =% —.
[ o
ro r o

546. A conductor shaped like an open surface of arbitrary form (see
Figure 153) is placed in an external field E°. Show that the sum of the charge
densities on opposite sides of the surface satisfies the integral equation of the
first kind

f oM) 45 — v — (), @
t [rprnl
where o(N) = 6,(N) + o,(N), u, is the potential of the
external field and V is the potential of the conductor, while
the difference between the charge densities is given by the
formula BN 1 M)
oi(N) — og(N) = =2 | = f B2 05 (r yyu, 1) dS.
2n 2m Jx [rpypl® FIGURE 153
©)
Thus, to solve the electrostatic problem completely, it is sufficient to know
the solution of the integral equation (4) [see G5, Chap. 20].
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547. Show that equation (5) takes the form

Ex(N)

ay(N) — 03(N) = o

for a plane surface, and the form

EN) | ¥ —u'()
2r 4nR

for a spherical surface of radius R, regardless of the form of
the boundary curve.

0)(N) — ay(N) =

548. Write the integral equation (4) for the case where the
surface of the conductor is a disk of radius R or a thin spheri-

9 a calbowlr = R,0 < 0 < «(see Figure 154), assuming that the
external field has rotational symmetry with respect to the
FIGURE 154 : 5
z-axis.
Ans.
E 2
4f PG(P) ( \/Pr)d =V — 0("), 0 <r< R
op+r \p-

for the disk, and

* o(9) sin ¥ /sin & sin 6 Ve i
Rﬁsini(zme)K(sin;(«He))d”“V u'®), 0<0<

for the bowl, where K(k) is the complete elliptic integral of the first kind.

*549. Show that the integral equations of the preceding problem can be
reduced to the integral equation

*f») 2/xy
nJox +y (x-{- )dy—g(x) 0<x<a,

and solve this equation.
Ans.

____J’ sds s g(0)t dt
ntdy \/s—yzds J;z———fi

5§50. Using the results of Probs. 548 and 549, find the distribution of
charge on a disk of radius R at potential ¥ introduced into an arbitrary
axially symmetric external field.

® Problems 548-555 are considered in Lebedev’s paper LS.
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Ans.

1 d (B sds d [ 0 tdt
61(")+Gz(f)——n—2r; ) \/SQ—T);;J;[V—VO)]‘/SE—_?,

ox(r) — oo(r) = i EYP),

where EX(r) is the normal component of the external field on the surface of
the disk.

551. Find the charge density on a thin conducting disk of radius R for
the following cases:

a) The disk is charged to potential ¥, and there is no external field
(freely charged disk);

b) A point charge ¢ is placed on the axis of symmetry of the disk, at
distance 4 from the disk.

Ans.
. |4 1
a) Ul(r)=62(r)=5;&_?7_j;
qh A/Rz —r R+r =
b) cl'z(r) = — m [arc tan g + R + 5 s

where o, is the charge density on the side facing the charge.

552. Find the charge distribution on a thin spherical bowl r = R,
0 < 6 < « at potential ¥ placed in an arbitrary axially symmetric external
field E°.

Ans.

B 1 _d_ ® tan %s ds
2n"R sin 36 dB Jo \/tan® s — tan® 36
o d (*[V—u’(®)]tan}t dt
ds Jo \/tan® }s — tan® }z €0s ¢ ’

0,(0) + 0’2(6) =

61(6) — oy(6) = i EX0) + ﬁ v — u(0)],

where () and E?0) are the values of the potential and the normal com-
ponent of the electric field on the surface of the bowl, while 6, and o, are the
charge densities on the convex and concave sides of the surface.
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553. Solve the preceding problem for the following special cases:

a) There is no external field (free charge distribution);

b) The external field is homogeneous, and the potential ¥ is zero (a thin
conducting spherical shield with a circular hole, placed in a homo-
geneous field E°).

Ans. -
T
a;,2(0) = I: [arc tan Vsin® o — sin” 40 + ﬂ____ :{:1-‘],
! cos o Jsin® o — sin® 36~ 2
0 . <.rif
o1(8) = — 3—’?"&(:8—0[:}: T} arctan Vsin® Ja — sin %9]
4r 2 cos }a

_ E’cos }x3cos 0 — 2 cos® ja
4n*  fsin® jo — sin® 30
554. Suppose a conducting plane at potential ¥, with a circular hole of
radius R, is placed in an arbitrary axially symmetric external field (see

Figure 155). Show that the problem of determining the charge distribution
on the plane reduces to solving the integral

z equation (4), and find the distribution.
Ans.
o) ot =S4 [ b
—v0 o ___ w0 ™1 2 2 4y J,
L 2R ——] © su”(t) dt
X —

l ds t\/ £— s

FIGURE 155

o)(r) — oy(r) = 5; EXr),

where o, is the charge density on the upper surface of the plane, while #°(r) is
the potential and E)(r) the normal component of the external field at the
point r.

555. Solve the preceding problem, assuming that the external field is due
to a point charge g on the axis of symmetry of the hole at distance 4 from the
plane.

Ans.

gh PR A/ + hz
01o(r) = —od an 2)3/2|:arc tan — A/ T hz .

§56. Show that the problem of the charge density on a grounded thin
conducting half-plane, introduced into a given plane-parallel external field
E°, reduces to the solution of the integral equation of the first kind

[Fo@mpx—gdE=s, 0<x<w, ©)
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where o(x) is the total charge per unit length, o(x) = o,(x) + 05(x),® and
f(x) = $u°(x), in terms of the potential u°(x) of the external field at the point
x. Solve this integral equation.

c(x)_ldi[xd%ﬁ e®)In |jx+:§§| ]

o(x) = ’1‘ [f(x) — fO)].

Hint. Set x = 0 in (6) and subtract the result from the original equation.
Then take the Mellin transform of the equation so obtained.

Ans.

where

557. Use the result of the preceding problem to find the charge dis-
tribution on the surface of a thin conducting sheet x > 0, if there is a line
source with charge ¢ per unit length near the edge of the sheet.

Ans.

n
sin £
o — 2
1,2 = — — = (&) 3
2 /rox 1+2F2 [Zcos 2 v
ro ry 2
where r,, ¢, are the polar coordinates of the @
1

point M, and the upper sign pertains to the den-
sity on the side of the sheet facing the charge.

558. Two media with dielectric constants ¢,
and ¢, are separated by a surface X (see Figure FIGURE 156
156). Consider the electrostatic field in the
resulting inhomogeneous medium due to sources whose free-space field is E,.
Show that the density of polarized charge on the surface X, determining the
secondary field,” satisfies the integral equation

o(N) = 21:(51 + 52)|: (V) +f r sz|2 c0s Eaew, 1) dS], @

where M and N are two arbitrary points of the surface X, dS is the element
of area, r,, is the vector joining M to N, n is the unit exterior normal to

¢ The difference between the densities is given by the previous formula
1
oy(x) — 65(x) = = EJ(x).
2

" The potential of the secondary field in each medium is given by

u(P) = fG(M)dS i=1,2.

[Tarpl
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X at the point N, pointing from the medium with dielectric constant ¢, to
the medium with dielectric constant e,, and E? = E®- n is the projection of
the external field onto n (see G5, Chap. 14).

559. Using the integral equation (7), find the distribution of polarized
charge for the case where the surface X is an infinite plane (this generalizes
Prob. 536).

Ans.
0
— N
o(N) = €, — & Ex(N) )
e, +e 2%
560. Derive the two-dimensional analogue of equation (7), corresponding
to the plane-parallel electrostatic problem of an inhomogeneous medium

made up of two homogeneous media with dielectric constants €, and ¢,.
Ans. M
o(N) = -—el_—%[E‘,’,(N) + Zf o(M) cos (T gzn»> M) ds], (8)
271:(&1 + 52) r lrlu_)\yl
where n is the unit normal to the contour I' representing the interface
between the dielectrics.

*561. Consider a dihedral angle whose interior 0 < ¢ < « s filled with a
medium of dielectric constant e,, and whose exterior « < ¢ < m is filled with
a medium of dielectric constant e, (see Figure 157). Show that the corre-
sponding two-dimensional electrostatic problem reduces to solving the

system of integral equations

n
€1 — &
(&) (") 27t(e, + €5)
_E° e au(p)p dp jl
\\\\\&\\\\\\ X [ Ew|¢=o+2sma£ r* + o* — 2rpcosal’
0r) = 5=
n 2n(e, + €2)
FIGURE 157 X [Eol .+ 2sin ocfw ao(p)e dp }’
o= o r+ p* — 2rpcosa

where o, and o, are the densities of polarized charge on the faces ¢ = 0 and
@ = «. Solve this system by using the Mellin transform.

Ans.
o) = B[ fiBsin(r —o)(p — 1) — fysinn(p — 1)
° 4n% Jicio sin?n(p — 1) — BZsin® (x — )(p — 1)
X r~?sinn(p — 1) dp,
B [ fysinm(p — 1) — foBsin(t — a)(p — 1)
Ga(r) = T a.

4r%i J1iniw sin®nm(p — 1) — BEsin®(m — a)(p — 1)
X r ?sinn(p — 1) dp,
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where f'is the Mellin transform

7= rerar,

and

fo(") I‘O—o’ fa(r) = 0|<p—au B - — 52

E1‘4“52

562. Solve the preceding problem for the special case where « = 7t/2 and
the external field E° is due to a line source with charge g per unit length,
located in the medium with dielectric constant e, at the point r = a, ¢ = m.

Ans.
_4a B pE o [iHie sin® n(p — 1) a\?
(") ae, 2mi J;—zm sin®n(p — 1) — B%sin® 4n(p — 1)( ) 4p,
o) = & £ [ _sindnlp — D sin(p — 1) (g)” p

ae, 2mi J1-ico sin® m(p — 1) — B¥sin® jn(p — 1) \r

563. A slab of dielectric constant g, bounded by the parallel planes
y = 0 and y = h and surrounded by a medium of dielectric constant ¢, (see
Figure 158), is introduced into an arbitrary plane-parallel field E°. Show that
the resulting electrostatic problem reduces to solving the following system
of integral equations for the polarized charge densities 64(x) and 6,(x):

€, — Eg
%) = 2n(e, + €2) y
0 on() d
[ Elv“°+2hfm(x—£)+h] (&2)
— &
o (x) = 2,r(e1 + €9) \ /I\(f"
[ 2 [f 0 ] DO,
- (e — B+ A (&)
Solve this system of equations.
Ans. FIGURE 158
~|Aln
ao(x) = 4(3 . %‘rz e dx,
c,,(x) B f;z Be A .ﬂ) —t)\z d)\

4l 1 — Bz —zmn

where f is the Fourier transform of f(x), i.e.,

=] s ax,
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and
— &
So(x) = Eoly_o, flx) =E Iv—h’ = 2.
€ T &

564. Solve the preceding problem for the special case where the external
field E° is due to a line source with charge ¢ per unit length passing through
the point x = 0, y = A/2.

Ans.

qB e—)\hlz
x) = op(x) == | ——— cos Ax d\.
) = o) =142 | T

*565. A perfectly conducting half-plane x > 0, y = 0 is introduced into

an external electromagnetic field with components

E,=E,=0. E,= E%x, y)e“.

Show that the sum j = j; + j, of the current densities flowing in the upper
and lower sides of the half-plane satisfy the integral equation

E(x) = —f HPlk |x — E|1j(E) d&,
where

—
— 4
E(x) = E%x,0), k= J o —omed,
c

and ¢, p and o are the dielectric constant, the magnetic permeability and
the conductivity of the medium, while the difference between the current
densities is

2 —11:/2 an(x y)

9
2w oy )

fl_Jz——

y=0

Solve the integral equation by using the transform (27), p. 196.
Ans.

i) c?
x =
i 2nwx

where

e™/*H{P(kx) dr,

E(0) }’r sinh?® v
sinh 7ot

”{;—T () — EQ)e ] —

cosh ot

= m/zf f(x) H(z)(kx) dx

[it is assumed that f(x) approaches zero as x — 0 in such a way that the
integral converges at its lower limit].

*566. A plane electromagnetic wave with components

Ez — Ev — 0, Ez — Eoei(mt—kz)
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is incident on a perfectly conducting half-plane r > 0, ¢ = a. Using the
result of the preceding problem, find the distribution of current density on
the half-plane.

Ans.
0 (,—in/d V2krsin Y
jl + jz _ cE’ e i/ cos éa e—ikr + sin « ein/de—ikr cos af e cle—i.!2 ds
- 1 ’
nyml  \[2kr 0

¢

j]_ _ jz — sin o e—ikrcos «
2r
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52. The solution of the problem reduces to the determination of the
complex flow potential w = ¢ + i, whose imaginary part is a harmonic
function which equals zero on the axis of symmetry and takes the value
¢ = —v,a on the walls of the channel. To determine w, we need only find a
conformal mapping of the region ABCDE onto the upper half-plane of the
variable { = £ + iv. Suppose that in applying the Schwarz-Christoffel trans-
formation, we make the points of the z and {-planes correspond in the way
suggested in the hint to the problem. Then the relation between z and ¢ is
obtained by integrating the equation

d_z — 1/2, —1/2y—1
e ME + DYHC + N,

where M is a constant to be determined later. Bearing in mind that z = ib
if { = —1, we find that

where the integration is along any path joining the point = —1 to a given
point £ in the upper half-plane.
It follows from the condition

lim [ZIC=—E —_ Z|c=5] = ia
£—0

that M = aV/\/r, and hence it only remains to determine the value of the
parameter A. This is done by using the correspondence between the points
z = ia and { = —\. Since in evaluating the integral with { = —X as its
upper limit, we can integrate along the line segment joining the points
{ = —1and { = —A, on which

{4+1=1—5 C+r=e€"(—1), {=—s A<s< ),
275
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the last requirement leads to the formula

=i
a ki1 — A s’

which, after carrying out the integration, implies A = (b/a)® and hence
M = b|=n. As is easily verified, the complex potential in the {-plane is

w=—24n,
7
which, together with the transformation z = z(¥) just derived, gives a para-
metric solution of the problem.
To calculate the velocity along the axis of symmetry (§ > 0, = 0), we
use the formula

dw
v, — v, = — —
dz’
which implies
v:clv=0 (E + )\)1/2
v,  JAEF1

where the relation between x and & must be established by using the trans-
formation z = z({). Choosing the path of integration to be a curve con-
sisting of the segment (—1, —R) of the real axis, an arc of a circle of radius
R and the segment (R, £), and then taking the limit as R — co, we find that

I e
T R-wlJ1 \§ — A s £ \s+ A s

After some simple calculations, this leads to

I[, 1= AJETDIELN , 7, JEFTDIELN +1
=11 = 1 .
[“1+Jw(£+1>/(a+x)+‘/A "JETDIE+ N — }

The final formulas, given in the answer to the problem, are obtained by
introducing the new parameter

X
a T

gL Bt
JVWEF L

54. This problem belongs to a category which is both of considerable
mathematical interest and of great importance in the applications, i.e.,
problems -involving the formation of a jet at the boundary of an obstacle
placed in a stationary plane-parallel flow of an ideal liquid. In such problems,
the form of the jet is not known in advance, but must be determined from the
condition that the velocity vector have a constant value on the free surface
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of the jet. For the case where the walls of the obstacle impeding the flow
consist of line segments, an effective method of solving such problems is
based on the possibility of establishing a connection between the complex
potential w and the derivative dw/dz, starting from examination of the
kinematic picture of the fluid motion.

Thus consider the part of the region occupied by the flow which is bounded
by the axis of symmetry 4B, the free boundary of the flow BC and the wall
CD. The behavior of the velocity components v, and v, along the boundary
of this region is determined by the following relations (where v, = Q/2b and
2b is the width of the jet at a great distance from the slot AB):

On A4B, v, =0, —u,<v,<0,
On BC, v:+ vi=1l
On CD, —v,<v,<0, v, = 0.

Introducing the auxiliary complex variable { = dw/dz and taking account of
the formula
vy, — iV, = — dw
z v dz I
we find on the basis of the above picture of the flow that the region ABCD is

mapped conformally onto the interior of the circular sector

& < s —§<argC<0

in the -plane, with the boundary of the jet going into the arc of the circle
Under the transformation®

{ = ub(\/; — \/tTl),

this sector is mapped into the upper half-plane of the complex variable ¢,
with the curves 4B, BC and CD in the original plane going into the negative
real axis, the segment (0, 1) and the segment (1, ). In the t-plane, the
determination of the complex potential reduces to constructing a function
analytic in the upper half-plane whose imaginary part takes the value zero
on the negative real axis and the constant value —Q/2 on the positive real
axis. It is easy to see that the solution of this problem is

Q Qi

w=-=Int— =,

! To obtain this expression, it is convenient to first transform the sector into a half-strip
by using the transformation
r 8
s§=-—iln—,
2 vy

with the Schwarz-Christoffel transformation being applied afterwards.
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which, together with the results found earlier, gives

—_—_—_——— = —— — 1

dt  Cdt 2mo, t )
Integrating (1) and bearing in mind that the point z = a must correspond to
the point ¢ = 1, we obtain

z=%[\/;—1+\/t——_1+arctan\/;_~——_l]+a, )
Ty

where we choose the branch of the arc tangent which vanishes as ¢t — 1.

The functions w = w(z) and z = z(¢) establish the required connection
between the complex variable w and the variable z in parametric form. To
determine the form of the boundary of the jet, we need only separate real
and imaginary parts in (2), assuming that the variable ¢ belongs to the
interval (0, 1). This gives the following parametric representation of the
curve bounding the jet:

_9Q _ol =_1 I_L/:]
x_nv,,(\/t D+ a, y—nvb[\/l : 21n1—\/1_~—_t

O<t< ).
The width 2b of the jet at a great distance from the slot, and the corre-

sponding value of the velocity v, = Q/2b are found from the condition that
x = b for t = 0, which implies

a 2\ 0
b=——"—, v=(1+—)—,
1+ (2/m) b n/ 2a
and immediately leads to the formulas given in the answer.

59. Guided by the hint to the problem, we construct the function z = 2()
mapping the interior of the rectangle onto the upper half-plane. Using the
Schwarz-Christoffel transformation, we find that

dZ 1 -1/2 1
Z=ME-D"C-=) =M 0< k<),
dt ©-= ( kz) V=81~ k) (

which implies

4 dc
=M ,
’ Lm — )1 — K0

since the symmetry requires that the point z = 0 correspond to the point
{ = 0. The values of the constants M and k are determined from the con-
dition that the points z = a and z = a + ib correspond to the points { = 1
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and { = 1/k. This leads to the formulas

dt
o /(1 — )1 — k)

& — MK(K) (kK =VT— K,

V{1 =T — K

where K(k) is the complete integral of the first kind.? Eliminating M, we
obtain the relations

b_KE®) oz [ &
a Kk’ a oI — O — )
the first of which is an equation for determining the modulus k, while the
second solves the given problem of conformal mapping.
According to the theory of elliptic functions, the inversion of the integral
in the last expression is given by the formula

C—sn&
a

= MK(k),

where sn z is Jacobi’s elliptic function. Under the conformal mapping, the
point z = z, = 4ib goes into the point { = {, = sn (iKb/2a) = i/ k. The
expression for the complex potential in the {-plane is

sn&—'—
= —qunc G = —2qln;—3/£.
- sn =2 4

To calculate the distribution of charge density on the walls of the box, we
use the relations

E—zE——d—W, 0'='LE",
dz 4r
where E, denotes the field normal to the surface of the conductor at the
point where the value of the density o is being determined. Applying these
formulas, we find that the charge distributiononthe wall —a < x < a,y =0

is the expression given in the answer to the problem.

69. The displacement u(x, t) of any point of the midline of the beam
satisfies the differential equation

o'u 1 %
= __=0
ox* +aa

% To reduce the second integral to canonical form, use the substitution VI kG =
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and the boundary conditions

ou 0°u

ox °or

To find the natural frequencies for transverse oscillations, we write
u(x, t) = v(x) sin (ot + o).

Then, after substituting this expression into the differential equation and the
boundary conditions we find the following conditions determining the
amplitude v(x):

u

3,
- e
z=0 axz

a=1 axs

=0,

ulz=0 - ==l_

x=1

2
; w
v — — v =0,

Myw?

’ ” " [

V|geo = Ve =0, v e =0, V| =— .
' I EJ a=1l

The general solution of this equation is

Jox Jo x

-+ B, sin
a

v(x) = A, cos + A, cosh Jox + B, sinh Jox .
a a

The fact that the end x = 0 is clamped allows us the determine two of these
constants, and leads to the expression

v(x) = A(cos \/E X cosh @) + B(sin \/B x_ sinh \/E x).

a a a

Then, imposing the remaining conditions at x = /, we obtain the following
homogeneous system of equations for the quantities 4 and B (for brevity,
we set y = Jo lla):

A(cos y + cosh ) + B(sin y + sinh y) = 0,

A [Y%’ (cos Yy — cosh y) + (sin y — sinh Y):I

-+ Bl:y %{2 (sin y — sinh y) — (cos y + cosh Y)j] =0.

The equation determining the natural frequencies is obtained by setting the
determinant of this system equal to zero. The result is

1 + cos y cosh y = % y(sin vy cosh y — cos v sinh ¥).

If the roots of this equation are denoted by vy, (n = 1,2, ...), the natural
frequencies are
_2 =1,2
mn—FY"’ n=14,...
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83. The problem of finding the forced oscillations of the membrane
under the action of a load ¢ sin (w¢ + ¢) distributed over a disk of radius
b < a can be posed as follows: Find the solution of the differential equation

lﬁ(r @E) 10% q(r,t)
or

ror _v_zﬁ— T

governing the oscillations of the membrane, where

q(r, £) = Y(r) sin (0 + o),

A 0<r<b,
qJ(r)_{o, b<r<a 3

which satisfies the boundary condition
ui,.=,n =0
and has the same frequency « as the perturbing force. Writing
u(r, 1) = w(r) sin (ot + o),

and substituting this expression into the differential equation and boundary
condition, we find that

1d e ) _
rdr( dr) + 2w- T’ wa) = 0.

The solution of this inhomogeneous equation, obtained by variation of con-
stants, has the form

w—AJo(v) +BY,,(D)
=[] - w2

The constant B equals zero because of the requirement that the solution
be bounded at the point r = 0. The constant A is determined from the
condition w(a) = 0, which gives

= g7 b O[5 = ()0 Jo e

After some manipulation, the desired expression for the amplitude takes the
form

w(r) = [[We)G(e, e de, )
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where Jo(mp/U)J((or)Y( ) Y( )J( )]
Go, 1) = = x "0(“’“/”)[ o\7 ) ~ P\ )\ ) e
T () ()] e
%

Substituting (3) and (5) into (4), and using the formulas

e P e P 2
pJo(Ap) dp = - J1(Ap), eYo(hp) dp = = Yi(Ap) + —
0 A 0 A TA

and the familiar expression

T Y§x) — Yo(o)Ji(x) = fx

for the Wronskian of the Bessel functions, we finally obtain the answer on

p- 48.

91. If the z-axis is parallel to the generators of the wave guide, then the
only component of the electric field of the TM-wave is

E — Eei(mt——vz)
H

(o is the frequency of the oscillations and v is the propagation constant),
whose amplitude satisfies Helmholtz’s equation

16( ) 1 0°E s g
LIE | @ — WE=0
r or + 262+( V)

(k = w/c = 2x/A, where A is the wavelength) and the homogeneous boundary
conditions '
E,r=a =0, E|¢=o =FE, o= 0.

These equations have infinitely many nonzero solutions of the form

E= E,,,,,zJ,,,,,,,(Y'""r) sinm, m=12,...,
a a

where the y,,, are the roots of the equation

J mn/a(Y) =0,

and the value of the propagation constant corresponding to v,,, is

V=an=A/k2— (ﬁl_ﬂ_)z
a
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A wave with an imaginary value of v,,, falls off exponentially in the z-direc-
tion and is essentially unable to propagate in the wave guide, i.e., a wave
can propagate in the guide only if v,,, is real. This leads to the inequality
A< 2
Ymn
The maximum wavelength which can propagate in the guide is given by the
formula

2ra
)\mnx =T

Yo
where v, is the smallest positive root of the equations

Jmn/a(Y) =0, m=1,2,...
96. The problem reduces to integration of the equation

Pu 10 _
oxt v?or’ ’
with initial conditions

E, 0<x<e,

c @ _

h(ll—x)’ c<x<l, ot li=o
—c

“|¢=o = f(x) =

and boundary conditions
Ulpep = Upey = 0.
Setting u(x, t) = X(x)T(¢) and separating variables, we arrive at the equations
X'"+2X=0, T+ nT=0.
Solving the first of these equations with the boundary conditions X(0) =

X(1) = 0, we find the corresponding eigenvalues and eigenfunctions

2_2
7\=7\"=nl:[: , X=X,,(x)=sinn—7;x

The solution of the second equation satisfying the conditions 7'(0) = 0 is
given by

n=12..)).

nmt
T= T,(t) =c,cos —.

Therefore the set of particular solutions of the equation of the vibrating
string satisfying all the homogeneous conditions is
nmx nmot

u=u,=c,sin ] cos T n=12,...
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According to the basic idea of the Fourier method, we now look for a
solution of the given problem in the form of a series

& nwx nrot
u(x, t) = D ¢, sin — cos — ,
n=1 [

where the coefficients c,, are determined from the condition u,|=o = f(x), i.e.,
coincide with the coefficients of the expansion of the function f(x) in a
Fourier series

f(x)=Zc,,sin—m;—x, 0<x<l
n=1

As is well known (see T7, p. 35),

l
¢, = Zf 7(x) sin "= dx,
1Jo l

and hence in the present case

n =

2h1* . nmc
——————sin —
n*rc(l — c) l
which leads to the answer on p. 60. It can be shown that this series represents

a piecewise smooth function of the variables x and ¢, satisfying the equation
of the vibrating string and all the initial and boundary conditions.

3

108. In the present case, the differential equation for longitudinal
oscillations of a beam of variable cross section takes the form

1 1 0%
Zl-=Z=2 =0,
P(x) 6x[ ) :I v? Ot
where

y(x) = o — xtan a
is the variable height of the cross section at x measured from the axis of

symmetry of the beam. Setting u(x, ) = X(x)7(t) and separating variables,
we find that the factors X and T satisfy the equations

x' —B% % L aX =0, T+ Aa*T=0. (6)
y

The first of these equations reduces to Bessel’s equation in the variable y
2 3 \2
d_X+ld_X+ (—\-/—):—)X=O,

dy*  ydy tan «
with general solution

X = AJo(t‘/”) + BYO(‘/X’V).

tan «
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Using the boundary conditions

ou
=0, —( =0,
ulz-—o 0x z=1
which imply the conditions
ax
X[.o=0, —| =0,
Iv—a dy v=b

we obtain the eigenvalues

2
A=2, = (hﬁ'ﬂﬁ),
a

with corresponding eigenfunctions X(x) = X, (x), where

X0 = %o ) — s (2),

and the vy, are consecutive positive roots of the equation X,'() = 0. Inte-
grating the second of the equations (6) and taking account of the condition
T'(0) = 0, we find that

vy, tan o

T=c, cos
a

It follows that the set of particular solutions satisfying the homogeneous
conditions is

vty, tan o
u:unzc,,X,-n(y)cos—ﬁ‘—z—, n=1,2,...

The solution of our problem is then constructed in the form of a series

®©
u(x, 1) = u,,
n=1

where the coefficients ¢, are determined from the condition

Ulo =f(x) =2 ¢, X, (»), b<y<a.
n=1

Using the formulas
. 0, m # n,
X, NX, My dy = {b*[ a* _,
%, ?[b_”? Y@ —0,0]  m=n
we find that
2 [0 100X, 00y dy
b 44°
'”:2'{2 b2

Cp, =

— X3 (b) ’
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where the relation

, 2
X?n(a) == T‘;

has also been used. In this way we finally arrive at the answer on p. 64.

109. The problem reduces to integration of the system of equations

u, 1 0%,
—_— — = —= =0, —a, < x <0,
ox* o} or !
0%u, 1 0%,
— —=—=—2=0, 0 < x < a,,
ox®  v: or :
with initial conditions
ou
ul,—e = f(x), —| =0
o =100, 5|
and boundary conditions
u1|z=——al = uz|:c=a2 =0, “1|x=o = u2|==o,
ou du
E;S,=| =E,S;,—
=1 ax z=0 w2 ax =0

Separation of variables leads to the expression for the displacement

u(x, t) = Zc,,X,,(x) cos Yatu! ,

n=1 a

satisfying all the conditions of the problem except the first initial condition.
Here

Xﬁ,"(x)=sinllazsinyﬂ(i+ 1), —a, < x<0,
Lpa, a
Xo(x) = @)

. . Yaui(ag — x
X®(x) = sin vy, sin Yat(ds — x) , 0<x< a,
94,

where the y, are consecutive positive roots of the equation

Sav/Eaps tan y + S;/Eypy tan Y2224 — 0,
a

102

It can be shown that the eigenfunctions X, (x) of the problem are orthogonal
on the interval —a; < x < a, with weight

r(x) — {Slpl’ —a < x< 0,
Sng, 0 <Xx < a,.
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Therefore the initial condition uI,=o = f(x) implies

Sier [, SOOXD(x) dx + Sapy [ FOXP(x) dx
Cp = - .
Sien [, XD dx + Sapa [ IXOCT dx

@®)

Substituting the eigenfunctions (7) into (8), we find that the denominator
becomes

l(a,Slpl sin? Y2192 | .S, 0, sin? Y,,).
2 0,4,

Thus the solution finally takes the form given in the answer on p. 65.

112. To solve the problem, we have to integrate the differential equation

1%

ox® 2ot

for torsional oscillation of the shaft, subject to the following initial and
boundary conditions (J/,, denotes the polar moment of inertia per unit length
of the shaft)

a—x, 0<x<a,

a a0 0
Blio = ) = 5=

a(l — x) d<x<l =

l_a b 3

6|:=0 = e|z=l =0, e|z=a—0 = elz=a+0’
00 00 0%
GJD (_ T ox z=u—0) - JO é?

ax T=a+0 8x
Separating variables, and taking account of the fact that the ends are clamped
and there is no initial velocity, we find the following particular solutions:

T=a

=

¢ sin \/A x cos /A vt, 0< x<a,

¢® sin \/X(l - %C) cos/avt, a<x<l

Using the fact that the two sections of the shaft are joined at the point x = a,
we obtain the eigenvalues

3w

A=, =12
1

?
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and the corresponding eigenfunctions

sinyn(l—lg) i Y’I'x, 0<x<a,
B.(x) =

sinY’l'asiny,,(l——IE>, a<x< |
(n=1,2,...), where the v, are consecutive positive roots of the equation

Joy Ya ( a)
siny = — sin —siny{1 — —).
TET Y T

If the solution of the problem is written as a series

0(x, ) = ic 0,.(x) cos Y"l

n=1

then the coefficients ¢, must satisfy the relation

f(x) = Zce(x) 0<x<l

n=1

In the present case, the functions ¢, (x) = 9'7‘(x) are orthogonal, i.e.,

[ 4n0) dx
0, m#£n

s sin (2Yna/l)] 9 ( a)
—— L 1 _ =
21({ LT R S

+ [1 — 15 4 2*"[21 — ("/Dl] sin® Y—I“) m=n.
Yn

It follows that
_ [ 1o dx
IRerE

which leads to the answer on p. 66.

)

114. The problem reduces to integrating the differential equation
d%u 1%
ox*  ator
for transverse oscillations of the beam, with initial conditions

o =S 2| = g9



PROB. 118 SOLUTIONS 289

and boundary conditions

Tul = 0*u
=ul,_,=—
axz z=0 N ox® z=1

Writing u(x, t) = X(x)T(¢) and separating variables, we find the differential
equations

= 0.

“|¢=0 =

X —AX =0, T'+a\T=0
for the separate factors, with general solutions

X = A cos Vx + Bsin ¥Ax + C cosh ¥Ax + D sinh \‘/Xx,
T = M cos v/ Aa’ + N sin Vg,
Using the boundary conditions
X0 =X"®=x(D=Xx"(D=0,

we arrive at the eigenvalues
4_4
n'w
= =T

and eigenfunctions
nmx
>

X=X,,(x)=sin-T n=12,...
Determination of the constants M, and N, in the expansion

2.2 2 2. 2 2
n*w“a’t . nwha®ty . nmx
2 + N, sin 0 ) n

reduces to evaluation of the Fourier coefficients of the functions

o0

u(x, t) =Z (Mﬂ cos

n=1

l

o0 2 2 m
f(x)~_—ZMnsinn—7ln-c, glx) =2 anNﬂsinn—}ric O<x<.

12 n=1
118. We want the solution of the equation

a1
ox*  a' o

n=1

0

satisfying the initial conditions

“|t=o = f(x), Py o= 0

and boundary conditions

ou
Ox

o%u

z=0 axa

_ &

= = 0,
z=] 3x3

z=l

“|z=o =
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where the initial deflection f(x) is the solution of the following static problem:3

F
EJ’

Writing u(x, ) = X(x)T(t) and separating variables, we find that

f®0) =0, fO=f'©)=f(=0, f"(h=

X = Acos VA x + Bsin VA x + Ccosh ¥A x + D sinh V2 x,
T = M cos x/iazt + Nsin \/Xaﬁt.
Using the boundary conditions
X0 =X0=X"=X"()=0
we obtain the eigenvalues

A, =

=[5

and eigenfunctions

X (x) = (sin v, + sinh v,) (cos Y'l' — cosh Y—’l‘x)

— (cos vy, + cosh v,) (sm I?— — sinh M),
where the y, are consecutive positive roots of the transcendental equation
cosycoshy +1=0.

Next we show that the functions X,(x) are orthogonal on the interval
(0, ). Multiplying the first of the equations

X —2X,=0, X®_2X,=0
by X,, and the second by X,, we subtract the results from each other and

integrate with respect to x from O to /. Taking account of the boundary
conditions, we obtain

l 11
()‘n_)‘m)f anmdx=(xl;:Xm—'X’rlr’zX'n+XlrlnX,n_X:X;n) =
[} 1]

after integration by parts. This immediately implies the required ortho-
gonality of the functions X,(x). Using the general theory of expansions in
series of orthogonal functions, we can represent the solution of the problem in
the form

[t rex.0 3

(9)
[tx2) ae

\

u= Zlcos -Y—";:—l X (%)

3 An explicit expression for f(x) is given in Prob. 7, but will not be used in our method
of solution.
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The integral in the numerator is easily evaluated by replacing X, by X /A,
and integrating by parts, which gives

L 1@X.@ de = Hoew - xag + xu — X0 ]

XD F

l
x<Md= :
+ [ x e ae 7

To evaluate the integral in the denominator, we use the formula
l
l m
[ =Luaw + xq0 - 2xoxzon

(see T2, p. 336), which in the present case takes the form

l

[rea-iao.

] 4

Substituting these integrals into (9), we find that

3 o 2 2
ﬂz fn(x) cos Yn‘: t N
EJ n=1 Y'nX'n(l) I
The form of the solution given in the answer on p. 68 is obtained after
making the substitution

u(x, t) =

X,(!) = 2(cos vy, sinh y,, — sin vy, cosh y,).

120. The problem reduces to integration of the equation

2
12,20 124 _,

ror\ or) oo
for a vibrating membrane, with initial conditions
P
ou —_, 0<r<e,
“|t=o =0, — =f(r)= 7‘529
ot li=o
0’ e<r < a,

and boundary condition
u|,=a =0.

Writing u(r, t) = R(r)T(¢) and separating variables, we arrive at the equations

li(,ﬂ) 4+ AR =0, T" 4+ W*T = 0.
rdr\ dr

The permissible values of the parameter A are obtained from the requirement
that the first of these equations have solutions which are bounded in the

region 0 < r < a and satisfy the boundary condition R(a) = 0. This leads
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to the eigenvalues and eigenfunctions

2?

A=, =Tz R=R,,(r)=Jo(—Y—"r) (n=1,2..),
a a

where the vy, are consecutive positive roots of the equation Jy(y) = 0.
The solution of the equation for a vibrating membrane satisfying all the
homogeneous conditions is

utr, ) = 3 e sin 122 g, (127).
n=1 a
The constants ¢, are determined from the condition
ou
2 =),
Ot lt=o S

which, after substitution of the series for u(r, t), takes the form

f(r)—;ZCnYnJo(Y"), O<r<a.

n=1
According to the well-known formula for the coefficients of expansions in
Fourier-Bessel series (see T7, p. 221), we have

Y n 2PJ,(y.qela

Hap o ff( )Jo(Y ) dr — 1(Yn2/) ’

a a’J (Y,.) mepaYaJi(Ys)
which implies the answer on p. 69.

124. We want the solution of the equation

o] %
ror\ orLror\ or +b‘ ot?

for transverse oscillations of a plate which satisfies the initial conditions

du
_a = s — = r N
“lt_o f@ 3t lizo g(r)
and boundary conditions
Ou
ul,_, =0, —! =0
| or lr=a

Separating variables, we obtain
u(r, t) = R(nT(),

li{ri[ll(rﬂ):\}—)\R=0,
rdr\ drlirdr\ dr

T" + b*\T = 0.
The functions R(r) remaining finite at the center of the plate are of the form

R(r) = ATV r) + BI(Vr).
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It follows from the boundary conditions

R@ =R'(a)=0

that
4
A=r =12 R=R,(,
a
where

R, = tnaa () — scon(Z),

and the v, are consecutive positive roots of the equation R(a) =
The eigenfunctions R,ﬂ(r) are orthogonal on the interval (0, @) with
weight 7, since

T, =) f FR.R,, dr
a 0

R T W
drlrdr dr drLrdr\ dr

where we introduce the abbreviation R, = R, and use the boundary con-
ditions for the function R,(r). The solution of the problem is given by the
formula

=0’

r=a

) R 2p% (o
utry ) = 3, 2o [cos T f F(O)Ru(e)e do
n=1 f Ri(p)p dp
a®* . Yibi (e
+ gy i f 2R ()e dp]

The value of the integral
| “Ripdp

can be found from the relation

fa d ___{R”2__R _ilili( iR_n)] _R;IR;:__RIRIII}
nPae drLrdr\ dr Y e

which takes the form

’
r=a

a ]
fo R)p do = Re¥@) = a1y, )05r)

after some simple calculations.

132. The problem reduces to integration of the equation
12(,3u) Lou_ g
ror\ or
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with zero boundary conditions

u|r=a = u|q>=0 = u|¢=n =0.
If we write u = u; + u,, where

Uy = — ar’ sin®
' ar’ ®

the function u, must satisfy Laplace’s equation

10 ( auz) 1 0%u,

-=lr=2)+=—=0,

ror\ or/ r*o¢’

with the boundary conditions
9a° sin®
ar ¥
The substitution u,(r, \) = R(r)P(¢) leads to the equations
2
LA dR) dp_o g g
rdr\ dr 2 de

K
with general solutions

“2|¢=0 = u2|¢=n =0, “er=“ =

R = ArVX + Br-ViX, ® = Ccos JA @ + Dsin /Ao
By satisfying the homogeneous boundary conditions
®(0) = O(w) =0,
we obtain the eigenvalues A, = n? and the eigenfunctions
D, (¢) = sin ne, n=12,...

Because of the finiteness of the sclution for r = 0, the constant B must be set
equal to zero.

Thus the function u, can be represented as the sum of the series

Uy = zAﬂ(—r) sin ne. (10
n=1 a
It follows from the boundary condition for r = a that

2 0
%sinch::ZAﬂsinncp, O<op<m,

n=1

and hence, by the theory of Fourier series,
2 fn 0, n
An=qi,1,f sin® @sin npdo = {4442 {
i 0 —_ ,
T (2k + 1)[4 — (2k+ 1)7]

I

2k,

n=2k+1.
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Substituting the values of the coefficients 4,, into (10), we obtain
2.0.2 2 ® 2n+1 4
u(r,q>)=—qr sin go_i_mz(r) sin 2n + )¢ _
2T nT .Zo\a (2n + 1[4 — (2n + 1)%]
This result can be written in closed form by using the expansions

0 2741

e i 1 Zpsm<p
sin (2n + 1)¢ = —arc tan ——-
0. 2n+1
Z = cos(2n+1)q,=l 1+ 2pcos ¢ + p*
o 2n 4 1—2pcos ¢+ p*’

where |p| < 1, |@| < . After some manipulation, we obtain

. 2n+1 .

e’ sin (2n + 1)o 1[ 1( ) :I 2p sin ¢
—_ = 1 2 t. il xSt 4
,,Z @ntDld—@nt DY 8 > P+ cos 2¢ | arc tan 1o

2
+i(iz—— pz) sin2q>ln1+2()coscp+pz—l(l—— P) sin @,
32\p 1—2pcos¢+p 8\p

which immediately implies the form of the solution given in the answer on
p- 74.

136. We want the solution of the equilibrium equation

Ay =21
D
for a semicircular plate which satisfies the boundary conditions
0%u %u ou
Upeo = 7| = Ulo=n = =0, ul,_,=—| =0.
I@—o a(p2 p=0 l@— a(P p=mt l or r=a
Setting

w2 (Zsint g — )
24D A
we find that the function v(r, ¢) satisfies the homogeneous biharmonic
equation A% = 0 with the boundary conditions

aZv azv . 4
v = — = Vg = — =0, v|,_, = SIn" @,
Iw—o acpz 0 lw a<P2 o=t l a ?
Ov 4 .,
— = —sn ¢.
ar r=a a

We can separate variables in the biharmonic equation by looking for par-
ticular solutions of the form

v =v,(r, ¢) = (4 cos ue + Bsin pe)R(r).
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It follows from the boundary conditions for ¢ = 0 and ¢ = = that
A=0, p=n n=12,...).
Moreover,
R(r) = Cr* + D r"t%,

since the deflection at the center of the plate is bounded. Therefore, summing
particular solutions, we find that

o(r, @) = i l:M n (ﬁ)ﬂ+ N, (ﬁ)ﬂ+z:| sin ne. 68))

n=1

The values of the constants M, and N, are determined from the boundary
conditions on the arc r = a:

sin® ¢ =2(M,, + N,) sin ne,

n=1

4 gin® o= [nM,, + (n + Z)N":I sinng, 0<o<m.
a il oa a

This gives the system
M,+ N, = zf sin ¢ sin ne do,
TJO

nM, + (n + 2)N, = §f sin® @ sin no do.
T Jo
After some simple calculations, we find that

J, =J‘:sin‘ psinnede

S ey o]
8 2n—+—4+n——4 n—+—2+n—2 +n’

which implies

M,="=2%2; N =%=1;
T i
Using the expansion
z ( 1) 2n+1=1arctan 29 o IPI< 1,
aso2n +1 2 1—p

we can sum the series (11) for ¢ = =/2, thereby expressing the deflection of
the axis of symmetry of the plate in closed form in terms of elementary
functions.

140. To reduce the problem to a special case of the Neumann problem,
we subtract out the velocity potential of the source, by setting u = ug + #,
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where
m
ug = — -+ const
4rp
(p is the distance from the source to an arbitrary point of the flow). Then the
function »; must be a solution of the equation

2('-2 a_u!) + .._1_ i(sin Qﬁ) f— 0’

or\ 0r sin 0 90 29

which is regular outside the sphere, and satisfies the boundary condition
o | _ _ ou
or lr=a or

and the condition uy|,_, — 0 at infinity. Setting u,(r, 6) = R(r)®(6) and

separating variables, we arrive at the equations

(FPRY — AR =0, — (sinB-@) + 20 = 0.
sin 0
This equation has finite solutions for 6 = 0 and 6 = = if and only if
A=xA, =nn+ 1), n=012,...,

which determines the eigenvalues of the problem. The corresponding eigen-
functions are

r=a

,(6) = P,(cos 0),
where P,(x) is the Legendre polynomial of degree n. Similarly, for R,(r) we
obtain
R, (r) = A,r" + B,r 1,
where 4, = 0, because of the condition at infinity.
Thus we find that

uy(r, 0) = B,r"'P,(cos 0), (12)
n=0

and to determine the constants B,, we need only satisfy the boundary condi-
tion

m 9(1/p) S —nm2

— =2 =>m+ )B,a"?P,(cos), O0<b<m.

4r ar r=a ZO( ) ( )
In the present case, we can calculate the coefficients B, in (12) by differentiat-

ing the expansion of the generating function
n

1 1 1& (r)
- = =~ —) P,(cos 0),
p /r* — 2brcos 6 + b an:;)b

thereby obtaining

(13)
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Substitution of (13) into (12) gives

m[l a& n ( ) :l
=—|- a(cos 0 1
u [ +—= br 2wt 1 (cos 9) (14)
This series can be summed by integrating the expansion
2
I r ()P(cose) b=%<a
P r*—2brcos 6 + B nZO b

with respect to the parameter b from 0 to b, which leads to the relation
2 p™! Py(cosb) [* db In r(1 + cos 6)
aon+1 o/r* — 2brcos 0 + b? pHrcosb—5b
(15)

Writing (14) in the form

ST g

a,n+1 r
and using (15), we arrive at the expression given in the answer on p. 77.
145. The problem reduces to solving the system of equations
O Ty _ e 0T,

, 0< x <ay,
x* k, ot !
’T, 0, 0T,
—_— =, a; < x < a, + a,,
ox* k, Ot ! S

with initial condition
Tle=o =T,
and boundary conditions

Tllz=0 = Tzla:=u|+az =0, Tll::=a1 = T2|z=ap

kl a_’ll — k2 aTz
ax r=a) ax r=a)

Application of the Fourier method leads to the expression

2]
T(x, 1) = D, Cpe " o' X (x),
n=1
for the required temperature distribution, satisfying the homogeneous
boundary conditions for arbitrary values of the coefficients C,, where

X(l)(x) z\/ 2 Yn sin YnX , 0< x< a,
X,(x) = Cah
\/—2Yn(al + a; — X)
\/Fl a;

2 . .
X®(x) = sin v, sin a; < x < a, + ay,

(16)
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and the vy, are consecutive positive roots of the transcendental equation
\/b_zkztany—l-\/b—,kltang-z—\/j%:O (b,-:f;;—P", i=1,2).

a3/ 01 i

By the usual procedure, it can be shown that the eigenfunctions X, (x) are
orthogonal on the interval 0 < x < a; + a, with weight

r(x) — {clpl’ 0 <x < a,,
C2P2 @ <x< a + a.
Therefore the coefficients C, can be calculated by using the formula
y g
a air+a
oo [ 7 X0® dE + e, [ 1E)XPE) d

aal1+aa ' (17)
[XPE) dE

Substituting from (16), we find that the denominator of (17) equals

2“2\/B;‘Y

ll: . in’ ]
—[ a;c1p4 SIN — + ayCypp SIN” v, |-
oM 1P1 al\/bl 2C2P2 Y.

n a1

caon [ XPEP dE + capy [

ay

Then setting f(§) = T, in (17) and making some simple calculations, we
arrive at the answer on p. 79.

148. We want the solution of the equation

12(,07) o1
ror\ or ot
satisfying the initial condition

Tliwo = /()
and the boundary condition

T o,

or lr=a

Setting 7(r, ) = R(r)O(r) and separating variables, we obtain

l(rR’)’ 4+AR=0, O +2r0=0.
,
Then _
R =Jy(J/rr)

is the solution of the first equation which is finite on the axis of the cylinder.
From the boundary condition R'(a) = 0, we find the eigenvalues
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and corresponding eigenfunctions

R=R,= JO(Y—"'-),
a

where v, =0,vy,...,Yn ... are consecutive nonnegative roots of the
equation J,(y) = 0. The general solution of the second equation is

3 2
— —Yn /G
O, =c,e v,

T(r,v) = Zc va'tlay (")

obtained by summation of particular solutions, satisfies all the conditions of
the problem, except the initial condition. Since the eigenfunctions are
orthogonal with weight r on the interval (0, a), it follows from the initial
condition that the coefficients c, are given by

faf(P)Jo (u) o do

a

and the expression

153. The problem reduces to integration of the differential equation

L2 (a0T) o
rtor\ or ot
with initial condition
. T|r=0 = f(r)
and boundary condition
T|r=a -

Setting T(r, ) = R(r)®(r) and separating variables, we obtain the equations
LRy +3R=0, © +20=0,
K

whose general solutions are

in /A X
R=AS'“‘/ r+B°°S‘/ L, ®=cCce™
r r

From the condition that R be finite at the center of the sphere, we find that
B = 0, while the boundary condition R(a) = 0 leads to the eigenvalues

2.2

n
A=Ay =

a2
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and corresponding eigenfunctions

1 . nmr
R =R, =-sin—.
r a

Summing particular solutions, we obtain

1& a2 . nnr
T(r,'r)=-2c,,e’””/“ sin —

n=1

The coefficients ¢, must be determined from the initial condition

T|1=0=f(r):1_zcn3inms o<r<a,
r r

n=1

which, by the theory of Fourier series, implies
2 (° . nmp
¢a == f(p)sin—pdp.
aJo a

This leads at once to the answer on p. 81.

169. This temperature distribution problem leads to integration of

Laplace’s equation
Z(rEE) + L5 o,
r ar( ar) z*

with boundary conditions

T|r=a = T, (_ + hT) = 0.

2=+1/2

Writing T(r, z) = R(r)Z(z) and separating variables, we obtain the ordinary
differential equations

1Ry —3R=0, Z'+2rz=0,
.

with general solutions
R = AIo(\/7_\r) + BKO(\/Xr), Z = Ccos \/;z + Dsin \/i z.

The constant B equals zero because of the requirements that the temperature
be finite on the axis of the cylinder. The boundary conditions

(ZI i hZ)|z=i”2 = O
lead to the eigenvalues

I

4y
7\=)\,,='F-



302 SsOLUTIONS PROB. 175

and eigenfunctions

2v,2
Z=Z"=cos%,

where the v, are consecutive positive roots of the equation

hl
tany = —.
2y
The expression
T(r, 2) = Zc,,lo (2Yl"r) cos g% (18)
n=1

satisfies Laplace’s equation and the boundary conditions on the ends of the
cylinder. To determine the constants c,, we use the boundary condition on
the lateral surface

& 2 1
Tl,=u=To=zc,,Io( Y"a) cosaﬁ'z, ——l<z<—.
n=1 l l 2 2

Because of the orthogonality of the eigenfunctions, this gives

12
Ty f cos 2z dz .
2y,.a 0 l 2T,sin v,
[ S ) =

j‘/ 2 Yn d Y'n + Sin Yn cos Y’n ‘
1
Substituting (19) into (18), we obtain the answer on p. 87.

(19)

Ccos
0

175. We have to integrate the system of differential equations

bl 8Tl) T,
rar( or =

0z
1 a( 8T2) o',
ror\ or o

0z
with boundary conditions

T|,a=T, T

r=a

=0, —h, <z<0,

=0, 0 <z < hy,

=T

z=—hy
| _ . n
dz le=o 3z
Application of the Fourier method leads to the expression

Z—hz ’

Tllz:l) = T2|z=0 =0, kl

2=0

76,9 = 3 e, 2,00 ( ) (20)

n=1 1
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for the required temperature distribution, satisfying all the conditions of the
problem except the boundary condition on the lateral surface, where

ZM(z) = sin Ynhs sin Yo(z + 1) , —h, <z<0,
hl 1
Z,(2z) = h
Z®(z) = sin v, sin i;_—_z_) , 0<z<hy

1
and the vy, are consecutive positive roots of the equation

tany+&tanY—hz=0.

2 1
The eigenfunctions Z,(z) are orthogonal on the interval (— Ay, h,) with weight
r(z) — kl’ '_'hl < ¥4 < 0,
ky, 0<z< h,

To see this, we multiply the equations

2 2
z,+ Yz, -0, z,+Irz -0
a a

by r(2)Z.,(2) and r(z)Z,(z), respectively, subtract the results from each other,
and then integrate with respect to z from —h, to h,. This gives

v2— 4 [* he
_"_2_"‘f Z,Z,rdz =f riz,.Z2, — Z,Z,)dz
a —h1 —hy

’ ’ 0 ’ !’ hz
= k(2020 — Z0ZW) [ + k(22D — 202 [ =,
where we have used the boundary conditions
ZP(—hy) = Z(hy) = 0, Z300) = Z(0), kiZ'(0) = keZ3'(0).

The orthogonality of the functions Z;,(z), together with the condition T|,=“ =
T,, implies
ky° ) ()
I, (:{,,_a) cn=T 1200 & + kaf, 200 &
n 0 Iy .
h ky f_,h[Z%"(C)]z dC + ky) " (ZPQT

Evaluating the integrals in (21), we obtain

@n

2Ty tan vy, (cos Y. — €OS Y;hz)

1

Ynlo (Y—”a) (El sin® Yahs + hy sin® Y,,)
hy 7 \k, hy hy

Substitution of these coefficients into (20) gives the answer on p. 89.

Ch =
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176. The problem reduces to integration of Laplace’s equation

a(,m) 1 a( ar)
9 (9T 02L) — o,
ar\" or) Tameae " 20

with boundary condition

To, 0<b<a,
T|po = £(6) = { "0

The required harmonic function is constructed as a series

T(r, 0) = z%()gmwx (22)

n=0

where P, (x) is the Legendre polynomial of degree n. Because of the boundary
condition, the coefficients ¢, must coincide with the expansion coefficients of
the function f(8) with respect to the Legendre polynomials, i.e.,

) = chemm, 0<b<m,
which implies "

2n+1

n

1
ntl f P,(x) dx.
2 cosax

For n = 0 we immediately find

cos aPo(x) dx =1 — cos a.

For arbitrary n, we use the recurrence formula

. (2n + DP,(x) = Py i4(x) — Ppy(x),
obtaining

1
1
fm aP,,(x) dx = P [Pny(cos &) — P, (cos )], n=12,....
Substituting the values of ¢, obtained in this way into (22), we find the
answer on p. 90.

190. To solve the problem, we find it convenient to assume that the
current J is uniformly distributed with density J/2ch over a small section
|yl < e of the sheet (where 4 is the thickness of the sheet), afterwards taking:
the limit as € — 0. Then the problem reduces to integration of the two-
dimensional Laplace equation

8
+ ay =0,
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with boundary conditions

ul o
6y y=1b ’ Ox

s Iyl <e

x=xa

0, [y] > e

Application of the Fourier method leads to an expansion of the form

a0

., NTX nm

U = CoX + ZC" sinh —b— cos Ty + const,
n=1

whose coefficients are calculated from the formulas

f f) cosJ dy

(n=1,2,...).

Substituting for f(y), evaluating the integrals and taking the limit as € — 0,
we find the answer on p. 95.

co = %fof(y) dy, c,=

nw cosh (mra/b)

192. The potential of the surface current must satisfy Laplace’s equation

1 a= 8
a a 3z
(cf. Prob. 21). To formulate boundary conditions for the problem, we first

assume that the current J is distributed with constant density over the section
[el < e, z= 41, so that

=0 (—r<o<sm —l<z<]))

J
= f(¢) = {2achs’
0, [ > e.

du lol <,
0z lz=x1
Writing
u, = 0,(2)Z,(2), n=0,12,...,
and separating variables, we obtain

D, () = A, cos np 4 B, sin ng,

Z,(z) = C, cosh nz + D, sinh nz , Zo= Cy+ Dyz,
a a

where we use the required periodicity of the solution in the angular variable
¢. Because of the symmetry with respect to the plane ¢ = 0, the coefficients
B, vanish, and hence the solution of the problem can be written as a series

u(e, z) = z (M cosh 22 + N, sinh ) cos n@ + Nyz + const.

n=1
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The boundary conditions give

M,=0, f(9) :Z L N, cosh%’cos ne + N,
n=1

i.e.,

IJ‘" J
N = — d = ,
- of((P) ¢ 2rahc

nN,
a

2 J sinne

coshn—l=sz(cp)cosncpdcp=—
a wJo nt 2achc n

Taking the limit as € — 0, we obtain

J
" mnho cosh (nlfa)’
which leads to the answer on p. 95.

196. The problem reduces to integration of the system of differential
equations

b 00, i = 1,
19( o) 10%, ST
-s\r5) +555=0 a<r<b i=2 —mw<o<m
ror\ or r* do )
0<r<a, i=3,
for the potential of the magnetic field, with boundary conditions

t],_..o = Hox + const,

Quy | _ Ouy duy | _ | Ouy
0@ lr=s ¢ lr=v’ or lr=s or lr=v
duy| _ Oug Ouy | _ Qug
3<p r=a 3<p r=a, al‘ r=a ar r=a.

Bearing in mind that the required potentials are even periodic functions of the
variable ¢, we represent the functions u; as series

00,
uy, = Hyr cos ¢ +ZA,,r“" cos no,

n=1

Uy =Cylnr +z(B,,r" + C,r ™) cos ne,

n=1

[e]
Uy = Z D, r" cos ne
n=1
(where arbitrary additive constants have been omitted). Because of the
boundary conditions, the constants C, and C, (# > 2) vanish. To determine
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the remaining constants, we use the system of equations
A, — b*B, — C, = —Hyb?,
Ay + pb®B; — pCy = Hyb?,
a*B, 4+ C, — a*D, = 0,
uatB, — pCy — a*D, = 0.
It follows that

A1=—

Hob*(y? — 1)(b* — a%)
A ’ A

2H,b*(u + 1) D — 4H b
A ’ 1 A ’

272
Cl=2H,,ab(p. l),

Bl=

where
A =b*u + 1) — a*(p — 1)%

Substituting these coefficients into the series for the u,, we obtain the answer
on p. 97.

201. In this problem, it is convenient to characterize the magnetic field
by a vector potential which in each of the media (air, magnetic material, air)
has a single component

Ag) = A%, ), i=1,2,3.
Setting
AV = A+ A,, A® = A4, A® =4
where
2r, [T cos ¢ do

Ay(r, 0) = (23)

o/r® — 2rrysin 8 cos ¢ + r?

is the vector potential of the loop, we reduce the problem to determination of
the functions A; satisfying the differential equations?

a( aA) 1 a( aA) A,
9 L 9 gne — =0, O ,
or or T sin 0 00 s 00 sin% 0 <r<a
a( aA) 1 a(. aAz) A,
Z — Z(sino 222 =0, b,
a\" or) Tsn0ae\™ 20/ sinto asr<
a( aA) 1 a(, BAB) A,
2 — Z(sin0pZ22) — =0, b<r<
a\" o) Ten0a0\™ " 38/ sinto r<®
4 Note that

A
(AA), = Ady, — —2

rsin? 0’
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and the boundary conditions

A= )y 2 A= 2 A,

A(2)|r=b = Am)|r:=b ’ A(a)‘r—un - Os _l-i (rA(z))|r=b = z (rA(a))|r=b .
w or or

Looking for solutions of these equations of the form 4 = R(r)®(0), we obtain
the equations
(PRY —AR =0, — (sinf 0 + (x — flz—)e —0. (4
sin 0 sin® 0

The permissible values of the parameter A are determined from the condition
that the second of the equations (24) have solutions which are regular in the
closed interval 0 < 6 < w. This requirement leads to the eigenvalues and
corresponding eigenfunctions

A=N,=nn+1), 6=0,=P(cosd) (®=0,1,2,..),

where the P}(x) are associated Legendre functions of the first kind. The
general solution of the first of the equations (24) is

R = R, = Mr* + Nr—1,

Taking account of the behavior of the functions 4; near r = Qand r = oo,
we find that they can be represented as series of the form

Ay(r, 0) = i A,r"Pi(cos ),

n=0

Ar, 0) =S B + C P (cos),

n=0
Aq(r, 0) = D,r""P'(cos ).
n=0

The vector potential of the source can also be represented as an expansion in
terms of Legendre functions, by starting from the formula

1 1 2 . ro\"
= — 4 » P,(sin 0 cos (p)(—“) ,  r>re (25
\/rz—er.,sinOcos o+r: r :,Zl r °

Using the additiorr formula for spherical harmonics

3 L Tn—m+1)
P,(sin 8 cos ¢) = P,(0)P,(cos 8) + 2 —"—"
(sin 6 cos o) (0)P(cos B) "Zl L(n+m+ 1)

X PT(0)P™(cos 0) cos mo,
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and substituting (25) into the integral (23) for 4,, we find after some simple
calculations that

2 & 1

Aglroyy =—
o= D

Then the boundary conditions lead to the following system of equations for

determining the coefficients 4,,, B,, C, and D,:

.2.'_75!_ P},(O) (Q )n+l
¢ nn+ 1\a ’

) . ﬂ) n+1
P,(0)P’(cos O)( r) .

a"4, —a"B, —a "'C, = —

n+1

Zil P;(O) ( ﬁ )’IH-I
¢c n+1\a/ ’
b"B, + b="-1C, — b~"-1D, =0,

(n+ a4, — a"B, + 5 a™'C, =

ntlymg, 2
e t
Solving this system we obtain

b=""1C, + nb="*"1D, = 0.

2reJp.

n= cn(n 4+ 1)
(2n + 1)*PL0)rg*!

“Tne + D + UinGa + 1) + ol — @/6)™n(n + @ — *

which leads to the solution in the region outside the shield given on p. 99,
if we bear in mind that P},(0) = 0.

206. The magnetic field in the spherical resonator has only a ¢-component
with complex amplitude H, = H(r, 8). Writing H = H, + H,, where®

__Psin6
cr®

H,

(1 + ikr)e

is the magnetic field of the source, we find that H, satisfies the equation

AH, + (k”— 1 )H1=0.

rtsin® 0

Next we introduce a new unknown function u = u(r, 6) such that

__Ou
1= A~
a6
® This expression can be obtained from the relations
P e tkr P e—tkr
Hy, = (curl A®),, A = 2 ¢ cos, AP =—— ¢ sino.
c
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Then u is the solution of Helmholtz’s equation
19 ( au) 1 9 ( du ) .
= 0 Ku =0
r*or\ or + r® sin 6 00 sin 00 ke

which is regular inside the sphere. Since the tangential component of the
electric field

Ee—k—a—(H)

must vanish on the surface of the sphere, it follows that

sl

Using the Fourier method to solve the differential equation for u, we find that

("Ho)

r=a

u(r, 6) = \—}7 S ol msakr)P(cos 6), (26)

in terms of the Legendre polynomials P,(x) and the Bessel functions of half-
integral order J,,(x). Using the boundary condition and the familiar

relation
Ja/z(z) A/—(sm—z — COs 2)»

we find that the coefficients c, equal

mk Pk it 1+ ika — k*a*
2 ¢ (1 — k%a®) sin ka — ka cos ka

Cn|n¢1 =0, € =

Substituting these values of ¢, into (26) and differentiating with respect to 6,
we arrive at the expression for H, = H(r, 6) given on p. 101.
210. The problem reduces to solving the equation
axt ook T

of the vibrating string, with zero initial conditions

Pu 10 _ q(x,0) @7

ou
Upo=—| =0
|¢o 0t lt—o

and homogeneous boundary conditions

u,z=0 = ul::-! =0
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of the first kind. We look for a solution in the form of an expansion

u(x, f) = X, (%),

= f ey

with respect to the eigenfunctions X, (x) of the corresponding homogeneous
problem, where the weight r equals 1 and

l
i, =f°an(x) dx.

The functions X, (x) are the nontrivial solutions of the equation

X' 4+2X=0
satisfying the homogeneous boundary conditions
X0 =Xx()=0

Such solutions exist for

2.2

A= n = ’1_75. =1,2 ,

12

and are of the form
nrx

X=X,(x)= sm—l—

To determine the coefficients #,, we multiply (27) by X,(x) and integrate
with respect to x from 0 to /.8 Integrating by parts twice and taking account
of the boundary conditions, we obtain

u, + (mw) == fq(x 1) sin 22X dx.

The solution of this equation can be found by variation of constants:

nrot . ol [

nmot .
#,=A,cos—— + B, sin— +
" l + I nrT Jo l

n nro(t — r)d

TJ:q(E, T)sin ﬂ;é dt.

To calculate the constants 4, and B,, we use the initial conditions for the
function #,, which are obtained by multiplying the original initial conditions
by X,(x) and integrating with respect to x from 0 to /. The result is

#,(0) = #,(0) = O,
which implies 4, = B, = 0. In this way, we arrive at the answer on p. 108.
® In the interest of using a unified approach, we follow the general scheme on p. 105.

For problems of the type under consideration, this method is entirely equivalent to that
described on p. 104.
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217. We have to solve the inhomogeneous equation

%u | 10% gsin ot

ox!  a* o EJ
for transverse oscillations of the beam, with zero initial conditions

(28)

du
Upo=—| =0
It o at t=0
and homogeneous boundary conditions
ou
Ul = — = 0.
Je=ss Ox lz=t1

A feature of this problem is that it involves an expansion in terms of eigen-
functions of a fourth-order differential operator. Following the usual
method, we represent the solution as an expansion

— " x.(x)

u(x, 1) =§: J,

at | rX3(x) dx

with respect to the eigenfunctions X, (x) of the homogeneous problem, where

i, =J‘ilruX"(x) dx.

In the present case, the weight r = 1, and the functions X,,(x) are the solutions
of the equation
X0 X =0

satisfying the boundary conditions
XEH=X'(+hH=0.

Simple calculations show that?

4
>\=x,,=YT‘", n=1,2,...,

X ,(x) = cosh v,, cos Y—’l'x — cos ¥, cosh YaX ,

where the v, are consecutive positive roots of the equation
tan y 4 tanh v = 0.

To determine the functions #,, we multiply (28) by X,(x) and integrate
with respect to x from —/to /. Integrating by parts four times and taking
account of the boundary conditions we obtain

v, (Yaa\. _gqa* . *
i, + (—) 4, = ——sin wtf X (x) dx.
l EJ - )

7 Concerning the orthogonality of the functions X,(x), see the solution of Prob. 118.
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The solution of this equation satisfying the zero initial conditions
#,(0) = #,(0) = 0
obtained by multiplying the original initial conditions by X, (x) and integrat-
ing with respect to x from —/ to /, is given by
@Yot _ Yna®
g _ ga®l P I
" EJ e o — (azY:)z
12

The final form of the solution, as given in the answer on p. 110, is found by
taking account of the easily verified formulas

) @ sin sin wt

f-l z X, (x) dx.

12

X, (x) dx = 41 sin v,, cosh v,, ’
]

Yn

l
f X2(x) dx = 5’ X1y = 21 cosh? v, cos® v,
-

222. The problem reduces to integrating the equation

4 2,
for the oscillating beam, with zero initial conditions
ou
oo =500
and inhomogeneous boundary conditions
dpn= 24| —Pul _o T _ PO
0x la=0  0x* oz 0x® lo=t EJ

Applying Grinberg’s method, we look for a solution in the form of an expan-
sion
< u
u(x9 t) = Z N — Xn(x)
f:rX %(x) dx

n=1
with respect to the eigenfunctions X, (x) of the homogeneous problem, where
i, =folruX,,(x) dx.

Explicit expressions for the functions X,(x) are obtained by solving the
equation
X — X =0,



314 soLuTIONS PROB. 223

with homogeneous boundary conditions

X(0)=X'0)=X"()=X"()=0.
This gives

=t-

x=x,,=’;— n=1,2...,

X (x) = (sin v, 4 sinh Yn)(co< 1’;— — cosh %‘)

— (cos v,, + cosh Y,,)(sin % — sinh %),

wherethe v, are consecutive positive roots of the equation cosycoshy + 1 =0,
The functions X,(x) are orthogonal on the interval (0, /) with weight r =1
(see the solution to Prob. 118), and the integral of X2(x) is

J X%(x)dx = - X 2(l) = I(sinh v, + sin v,)%

To determine the coefficients i,, we multiply (29) by X, (x) and integrate
with respect to x from O to /. After a bit of manipulation, we arrive at the

equation
. Yaa\ - at
o (2o
l EJ

The solution of this equation satisfying the initial conditions

1,(0) = ,(0) = 0,

obtained by multiplying the original initial conditions by X,(x) and
integrating with respect to x from 0 to /, is given by

P() X (D).

272 ¢ 2 2,
i =2 x f P(z) sin Y24 —7) 4
EJY: 0 2

and immediately leads to the answer on p. 112.

223. Clearly we can express the dependence of the external load on the
coordinate x and the time ¢ in the form

A sin wt
forvt —e<x<vt+e
Q(xvt)z‘{ 2e

0 otherwise,
where € > 0 is arbitrarily small. Let

nnwx

u(x, t) = lg zu,, sin 7
n=1
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where
- ' nmx
4, = | usin— dx.
0 1

Multiplying the equation for the oscillations by sin (nmx/l), integrating with
respect to x from 0 to /, and taking account of the boundary conditions, we

obtain
i, + (n—@)‘ﬂ _a fl (x, ) sin == dx
" 1 )% T B LI 1
or
4 4
i + (m) 7, = 2% sin ot sin 77
1 EJ 1

)
= 2 cos (1~ 252) 1 — cos (@ + 222)1]
2EJ l l
after passing to the limit € — 0. The general solution of this equation is

2,2 2 2.2
_ an'n’t . an'r’t
u, = A, cos —_I"’ + B, sin Iz

4
+ %[Hl cos (m — %)t — H,cos (m + %)t]’ (30)

where we introduce the abbreviation

1
H,,= .
TR
) !
Using the initial conditions
ou
=0 — A = 0»
,t o Ot lt=o0
we find that
ﬁnlcno = ﬁy:lt=0 =0,
and hence
Aa®
B, =0, A, = — — (H, — Hy).
n 2E.I ( 1 2)

Substituting these values of the coefficients into (30), and letting M denote the
mass of the beam, we obtain the answer on p. 112.

225. To solve the problem, we assume that the external load is distributed
over the membrane with density

p sin ot

q(r, ) = 2e
0 otherwise,

forb—e<r<b-+te,
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where € > 0 is arbitrarily small. The deflection u(r, t) of an arbitrary point
of the membrane is then the solution of the inhomogeneous equation

12(,20) 12 _ gt

ror\ or] R of T’
with homogeneous initial and boundary conditions
ou
Ulo=—| =0, Ul =0.
eeo 0t li=o I

The desired solution is constructed as an expansion

u=3 T R,

n=1 JoarRﬁ(r) dr

with respect to the eigenfunctions R,(r) of the homogeneous problem. The
latter are the solutions of the equation

(rRY + MR =0

which are unbounded in the closed interval [0, @] and satisfy the boundary
condition R(a) = 0. As usual, #, denotes the integral

iy =f0“ruR”(r) dr.

It is easily verified that the eigenvalues and eigenfunctions are given by

A=r=, =12,

R=R,r) = J.,(%),

where Jy(x) is the Bessel function and the vy, are consecutive positive roots of
the equation Jy(y) = 0. Applying the usual method for determining the
coefficients #,, we obtain

2 2 o b+e
,;H(m)ﬁn:mm_w'f ,o(ﬁ:),d,,
a 2eT  Jo—e a
or

2 2
i, + (M) i, = pbv JO(Y—"b) sin ot
a T a

after passing to the limit ¢ — 0. Integrating this equation with zero initial
conditions

,(0) = #,(0) = 0,
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we find that
sin T2 _ Y0¥ in or Jo (Y“b)
_ 2abpv a wa a
T ar T [y
wa

which leads to the answer on p. 113.

227. To solve the problem, we regard the concentrated load as the limiting
case of a load distributed over a disk of small radius . Then, to determine
the transverse oscillations of the plate due to this load, we integrate the

equation
) LR
rorl orlLror\ or ‘or’ D
where
A sin wt
‘I("»t)={ ne? O<r<s
0, e<r<a,
subject to zero initial conditions and the boundary conditions
ou
Ulpeg=—| =0.
Ir—-a al‘ r=a
Let

u(r, ) = > — R,
n=1 J; rRXr) dr

where the R, (r) are the eigenfunctions of the homogeneous problem and
i, = f: ruR,(r) dr.

The functions R,(r) are the solutions of the differential equation

ld{ d[ld( dR)]}—kR:O
rdr\ drLrdr\ dr

which are bounded for r = 0 and satisfy the conditions
R(a) = R'(a) = 0.
Therefore

R=R,, R(N= Io('Y)Jo(Iar) - Jo('Y)Io(IaE)’

where the v, are consecutive positive roots of the equation Ry(a) = 0. The
corresponding eigenvalues are

cey

4
A==, n=1,2,
a
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and the functions R, (r) are orthogonal on the interval (0, a) with weight r
(see the solution to Prob. 124).

Multiplying the original differential equation by rR, (r), integrating with
respect to r from O to &, and then integrating by parts four times, we obtain

4 4
ﬁ;:—i—(m)ﬁ,, b Asmmtf 'R, (1) dr,
a D

‘I'CE2

or
Abt —— R, (0)sin ot.
2nD

after taking the limit as ¢ — 0. The solution of this equation satisfying the

boundary conditions
is

272 212

sin Tnbt _ Yab

_ Aa®h? a* wa®

Un = z Ry, (0) 2p2\2

2nw Dy, | — (Y,,b )

wa?

Substituting these values of &, into the series for u(r, t) and using the formula

sin wt

[2rR2 () dr = @ r)I%),
we finally arrive at the form of the solution given in the answer on p. 114,

230. To solve the problem, we replace the line load p by a load uniformly
distributed over the strip —e < x <, —b < y < b of width 2¢, i.e., we
reduce the problem to integration of Poisson’s equation

31
3x ay T 2T (31

@ gy _ {— 2 x<e
0, |x] > e,

with homogeneous boundary conditions of the first kind:

Ul o = Uy yp = 0.

Two forms of the solution can be found. To obtain the first, we represent the
displacement as a series with respect to the eigenfunctions of the correspond-
ing homogeneous problem which depend on the variable x:

_2 i (2n + 1)7rx 3 f 4 cos 2n + l)nx
a’s "o

2a 2a
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Multiplying (31) by cos [(2n + 1)7x/2a], integrating with respect to x from 0
to a, and then integrating by parts twice, we obtain®

2 z
7 — |:(2n + l)n:jl i = — _.p_f o5 2n + Drx dx,
2a 2T Jo a
or
., [@n+ l)nir_ _ . r
“n [ 2a n 2T

after taking the limit as e —0. The solution of this equation satisfying the
conditions &, ., = 0 is

cosh MX
i = 2pa® 1 — 2a
" wT(2n + 1) cosh 2+ Drb

2a
which immediately implies formula (12), p. 115.
The second form of the solution is obtained by expanding u in a series
with respect to eigenfunctions which depend on the variable y:

=) b
_2 Z os 21t Dy , i, =f u cos 1+ Dy dy.
b, 2b 0 2b

This time the coefficients #, are functions of the variable x (rather than of y),
and are determined by the equation

pb(__l)n+1
Sy aE— <e,
@ — [(2” + 1)’1 —f) = {meTn £ 1)y I=E
2b
0, |x|] > e.
The solution of this equation satisfying the conditions ﬁn|z= 1o=0is
; b f 2 (2n 4 Dr(x — )
= h+———— 27
T — 1)[ J@sin 2b ¢
(2n + Dnx
cosh S L b ™a

Substituting for f(£) and taking the limit as e — 0, we obtain
sinp 21t D@ — |x))

i — 2pb*(—1)" 2b
n- 9 2 )
n“T(2n + 1) cosh (2n —;-bl)na

®We also take account of the boundary condition u|,_, =0 and the relation
(9u[dx) |,_o = O implied by the symmetry of the problem.
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which implies formula (13), p. 115. Which form of the solution to use in
making calculations depends on which series converges more rapidly (this
depends primarily on the ratio a/b of the sides of the rectangle).

240. The problem reduces to solving the biharmonic equation

o'u o%u o'u
L) gu_,
ox* ox® 0y? + oy

with boundary conditions

U]og = U = 0 9*u o*u m
—0 = g — — = — = ——
“ o= ’ 0x® lz=0 8y2 z=a D ’
ou
u|11=.-tb/2 = 5 v—:tb/2=

1t is easy to construct a function
u* mx(a — x)
2D

satisfying both the differential equation and the boundary conditions at x = 0
and x = a. If we set

u=u*+uo,
then the new unknown function » must be a solution of the homogeneous
biharmonic equation satisfying homogeneous boundary conditions in x:
| _ o
0x?lz=0  Ox*

This enables us to use the Fourier method, where the boundary conditions in
the variables y take the form

U|z=0 = vlz=a =

=0.

T=a

v
dy
Taking account of the boundary conditions in the variable x, we look for
particular solutions of the biharmonic equation A% = 0 of the form

v|11=:tb/2 = u*(x), =0.

y=+b/2

v:v,,(y)sinn—nx, n=12,...
a
The amplitude v, must then be a solution of the differential equation
2 4
o) — ("—“) vl + (”—") b, =0
a a
which is even in y, and hence

v, = A, cosh nlay + B,y sinh r%y .
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Writing v as a series

Q0
v =Z(A,, cosh = 4 B,y sinh 'ﬂ) sin 2%,
n=1 a a a

we determine the coefficients 4, and B, from the remaining conditions

o
oy
This requires expanding the known function #*(x) in a Fourier series with

respect to sin (nmx/a). In this way, we eventually arrive at the answer on
p. 119.

241. Suppose the line load p is replaced by a load uniformly distributed
over the sector —e < ¢ < ¢, 0 < r < a with central angle 2¢, where € > 0
is arbitrarily small. Then the problem reduces to solving the inhomogeneous
biharmonic equation

0.

U,yab/z = u*(x), =
y=b/2

2 2 .L < €,
1302) 320 52 -
ror\ or r*de“lLror\ or r‘de 0, lol > ¢,
with homogeneous boundary conditions
ul,l,a = u =0.
or lr=a

With our way of measuring angles, u is an even function of ¢ and hence can
be written as a cosine series

u(r, @) = 1  + 2 Zﬁ,, cos ne,
T n=1
where

™
i, =fo u cos ne deo.

To find #,, we multiply the equation for u by cos n¢ and integrate with respect
to ¢ from O to . Then, integrating by parts four times, we find that

(i’ 1d n’)’_ _ psinne
ar*  rdr rt eaDn ’

where the right-hand side can be replaced by p/aD after taking the limit as
e — 0. We are interested in the solution of this equation which is regular for
r=20,ie.,

- - %
a4, = A,r" + B,r"* + ay,

4
% )4 r

T aD@ — (16 — )’
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except for the cases n = 2 and n = 4:

4 4
% prilnr % p rinr
Ug = —— ———, Uy —_—— .

~aD 48 aD 96
The constants 4, and B, are determined from the conditions
(@) = ti,(a) = 0.
242. The problem reduces to integration of the heat conduction equation
T _oT

= 32
oxt ot (32)

with the zero initial condition
T"l’=0 =0

and inhomogeneous boundary conditions

oT
—k—| =4q, Tlea=T
0x lz=0
It is easy to see that the linear function

T* = To+%(a—-x)
is a solution of (32) satisfying both inhomogeneous boundary conditions in
the variable x. Therefore, writing
T=T*—u,
we find that u satisfies the differential equation

O _ ou
ox* ot
with initial condition
o = TH® =Ty + % (a — x)
and homogeneous boundary conditions
Ou

=0 =0.
ax z=0 ’ ulm—a

Application of the Fourier method gives

& 2 1 3 2n + rx
U= c e a0’ oo @2n + lmx

n=0 20

where the ¢, are the coefficients of the Fourier expansion of T*(x) with respect
to the functions cos [(2n + 1)7x/2a].
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247. We have to solve the inhomogeneous equation

li(,a_T) _ar_9 (33)
ror\ or ot k
with the zero initial condition
TIT=0 = 0

and homogeneous boundary condition of the third kind:

(a—T + hT) =0.

or r=a
Suppose the solution is of the form

T=Z——5——mw,

=1 f:rR:(r) dr
where
T, = [*TR,(Pr dr,

in terms of the eigenfunctions R, (r) of the homogeneous problem. The latter
must satisfy the equation

Lery + 2R =0, (34)
r
the boundary condition
R'(@) + hR(@) =0
and the requirement that R(0) be bounded. Solutions of the required type
exist if
_Ya

7\=7\" ) n=1,2,...,
a

where the vy, are consecutive positive roots of the equation

v/1i(Y) = ahJy(y).

The corresponding solutions of (34) are

R=R,(r) = Jo(%).

These functions are orthogonal with weight r on the interval (0, @), and more-

over
"R dr = & 113 )] = &2 haY,
[[rrie dr = L e + sz = F g1+ (2]

n
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To find the functions T,, we multiply (33) by R,(r) and integrate from 0
to a. Then, integrating by parts twice and taking account of the boundary
conditions, we find that

2 2
T+ (ﬁ)T,,=Q—“M. (35)
a ko Ya

The solution of (35) satisfying the condition T, = 0 is
4
Tn — QTa Jl('afn) [1 _ e-—yﬁr/a’].

Therefore the desired temperature distribution can be represented as a series

n

T(r, T) — 2Qa2 i Jl(Yn)JO(an/a) [1 _ e-y;’.'r/ag].

k n=1 Y:[J(zl(Yn) + J:(Yn)]

This form of the solution is suitable only for small values of T, i.e., during the
initial stages of the heating. For large values of , it is convenient to subtract
out the terms of the series which are independent of time, by using the formula
1(1 . _) _ ZJI(Y'A) Jo(Yar/a) )

8 a n=1 Y:l Jg(Yn) + J?(Y'n)

Then T{(r, 7) takes the form given in the answer on p. 121.

261. The problem reduces to finding the solution of the equation

T | T
L PT_ 0
a9y y k
which satisfies the boundary conditions of the second kind®
oT| _ 9T oT ~28 . x<o
—a-—' a ) 7 = f(x) = ke
X lz=+a Y lv=0 Y lv=b 0’ ixl > c.

The solution can be obtained in two different forms, either as a series with
respect to the eigenfunctions X,(x) satisfying homogeneous boundary con-
ditions in the variable x, or as a series with respect to the eigenfunctions
Y,(y) satisfying homogeneous boundary conditions at the end points of the
interval 0 < y < b. The first form of the solution is

T(x,y)—-—T + 257, cos M=%, (36)

ot a

® The density ¢ of the heat current through the section [x| < ¢, y = b can be expressed
in terms of the density Q of heat produced inside the bar by using the condition gc = Qab
for solvability of the problem.
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where
a
nmx
T, =f T cos — dx.
0 a

To determine T,, we multiply the original inhomogeneous equation by
cos (nmx/a) and integrate with respect to x from 0 to a. This gives

nTw 2 —_— gg = 0,
T‘;l’ - (_) Tn = k’ ;
. a 0, n>1,
which implies

T,=— Q;’,f + Ay + By,

T.=A4, cosh 2% +B mhn_ny, n> 1.

a a
Using the boundary conditions in y, we find that

2
dT, , f 7(x) cos T dx = — 288 g e
dy y l=o d y lv=b nwke a
which leads to the following values of the constants:1
an
A, = — Qa’b sin (nrc/a) B, —0.

2n2ke sinh (nmb/a)’

Substituting 4,, and B, into (36), we obtain formula (14), p. 126.
To obtain the other form of the solution, we set

T(x, y) = —To—{— ZT cosnzy

where

T, chos-—

Then, by the same procedure as before, we obtain the differential equation

2
T, — ("f) To=(=D"Y() (37
determining the coefficients T,,. The solution of (37) satisfying the conditions'*
ar,| _df| _,
dx le=o dx lz=a

10 The constant A, remains indeterminate,

11 The desired solution T(x, y) is an even function of x, and hence, from now on, we
need only consider the region 0 < x < a.
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can be found by variation of constants, and turns out to be

cosh 2%
Qab® (—1)"*! b{., nra .. nn(a—c)
T = ¢ n*n’k nma sinh == — sinh b
sinh —
i b
1 — cosh 1;-2‘ , x <ec,
+ , n=12...
cosh nm(x —c) cosh ™%

osh — , x>c,
b

Similar calculations for the case n = 0 lead to the following expression:

2b (a — o)x?, x<ec
2kc
T, = const +
2
@(ax - x_)’ x> c.
k 2
After some manipulation, we find that
2
Qax , Ix| <e,
sz 2kc
T(x,y) = — =+ + const
2k ' |Qalxl
= |x] > ¢,
k
nwy
—1)" cos —
2Qab*& (=1 b
2
ke i n? sinh 222
b
sinh nw(a — c) osh 2=% __ sinh 274 R x| < e,
b b
X

. , nmc nr(a — |x
— sinh — cosh nr(a — |xI) R |x|] > c.

The form of the solution given in the answer on p. 126 is obtained if we
improve the convergence by using the formula

00 (_1)n+l nz xz
z g COSnx=———, —TT<X<T
Zoon 12 4

to carry out partial summation of the series.
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269. To solve the problem, we assume that heat is produced with uniform
density Q/ne?inside a cylinder of arbitrarily small radius €. Then the problem
reduces to integrating Poisson’s equation

13( 3T) 0°T ——=, 0<r<e
- — —_ + f— — k
ror r or 0z% Yy e
with boundary conditions

oT
Traa = 0’ (_ hT)
| 0z +

0, e<r<a,

=0.

z=%l

Expanding the solution in a series of eigenfunctions of the corresponding
homogeneous problem depending on the variable r, we find that

23 B, n[af
T(r, z) = pr ’gl 700 Jo L) T, = , T, p; rdr,

where the y, are consecutive positive roots of the equation Jy(y) = 0.
Multiplying the original equation by rJy(y,r/a) and integrating with respect
to r from O to a, we obtain

T _ (L.)*T _ _ QaJi(y.cla)
" a/ " ek vy,

3

or
2
T — (ﬁ) T, =— 2
a 2k
after taking the limit as ¢ — 0. The solution of this equation satisfying the

boundary conditions
drT,
4ln hT,,)
(dz +

- Qa* [ 1 ah cosh (y,z/a) ]
" 2mky? ¥, sinh (y,l/a) + ah cosh (y,l/a))’
which leads to the answer given on p. 130.

=0

z=kl

is

272. This problem of electrostatics reduces to finding a solution of
Laplace’s equation
ox*  0y*
satisfying the following inhomogeneous boundary conditions of the first
kind:

=0

Vv, 0< x<a,

U,0o=V, Ulyep =f(x) =
|e=o0 lv=so =S (%) {0’ 4<x < oo,
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Following Grinberg’s method, we look for a solution in the form of an
expansion with respect to the eigenfunctions of the corresponding homo-
geneous problem,? i.e.,

u(x, y) = % zu,, cos(—z—njbﬂ,

where

b
a, =J; u cos (—2-'%-)1:1 dy.

To determine the unknown quantities #,, we multiply Laplace’s equation by
cos [(2n + 1)my/2b] and integrate with respect to y from O to b. Taking
account of the boundary conditions, we obtain

_, @2n 4+ Dr a1 (2n 4+ D
T [ 2b } =D Ty T

We want the solution of (38) which is bounded at infinity and satisfies the
condition

(%)

i 1\
s = [V cos C2E D2 g, BVCDT
n+ NHm

It is easy to see that this solution can be written in the form

% — B_sinh (@n + Hrx 2bV(—1)  x<a,
i, = 2b 2n + Drn
-(2) C e—(2n+1)n=/zb x> a,

where the values of the constants B, and C, are determined from the *““contact
conditions”

- I oy o
un|z=a—o - un|z=a+0s un|z=a—o - un|z=a+o’

which imply

__1\nt1 1\
_ 2bV(—1) ¢~@ntima/an c, — 2bV(—1) cosh 2n + Dra .
2n + Dr @2n + Dr 2b

Substitution of these values of the coefficients into #, leads to the following
series solution of the problem:

“,w<a = —z (-1) [ e~ (2ntmd/2 g (2n + 1)7‘35:] cos (2n + Dy ,

n

T,—o2n+1 2a 2b
pa z (=1 cosh (2n 4+ Dra et/ o (2n + Dny )
a0 2n + l 2b 2b

12 Choosing the other form of the solution leads to an expansion in a Fourier sine
integral over the integral (0, ).
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To obtain the final form of the solution, we improve the convergence by
using the formula

i 2n 4 1 z
cos n+ x=-, x| < =
2 ( ) 4 x| <3
to sum the slowly convergent part of the first series. It would be noted that
the solution can also be written in closed form.

2717. To solve the problem, we first assume that the charge ¢ is uniformly
distributed with density p over an arbitrarily small cylinder 0 < r <3,
c—3e<z<c+ 3¢ ie, we reduce the problem to integration of

Poisson’s equation
19( 0u 0*u
-r-‘a_r( ) + P —4mp(r, 2),

where
— for 0<r<3, c—ie<z<c+ de
p(r, z) = {™d%
0 otherwise,
subject to the boundary conditions

ulr-:a = u'zao = u|,=z = 0.

One of the two possible forms of the solution is an expansion with respect to
the functions Jy(y,r/a), which are the eigenfunctions of the corresponding
homogeneous problem, i.e.,

u(r, z) = az 5:: J?(-Y'n ( . ), i, =J‘:ujo(1;‘—r)rdr,

where the y, are consecutive positive roots of the equation Jy(y) =0.
Multiplying the original equation by rJy(y,r/a) and integrating with respect
to r from O to a, we arrive at the equation

2 a
a (ﬁ) i = —471:f olt, z)Jo(Y—"t) tdt, (39)
a 0 a

which is to be solved with zero boundary conditions
ﬁ'nlz:-o = ﬁnlz=l = 0.

The general solution of (39) satisfying the first of these conditions is

__, sinh(y,z/a) 4ma Ya(z — Ya
R T s e L b
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Using the other boundary condition to calculate 4, and then passing to the
limit 3, € — 0, we obtain
A" — z_ag sinh Y_"(l___c). .
Yn a
Thus the coefficients @, are equal to

sinh Y2 = ) Gy Y2

2aq a a

a, = —l X l
Y. Sinh Yul sinh YaC sinh _Y_"(__C)
a a a

) 0<z<eg,

, c<z<,

which immediately leads to the answer on p. 134.
The other form of the solution can be obtained by expanding u(r, z) in a
series with respect to the eigenfunctions in the variable z, i.e.,

22 _ . nnz i ' nmz
u(r,z) = =) 4, sin—, 4, = | usin—dz.
n=1 l 0 l

282. Since the potential distribution must be an odd function of the
coordinate z, the problem reduces to solving Laplace’s equation

12(,0) , P _
ror rar +azz— ’
with boundary conditions
u|z=0 =0, u|==l =V, ulr:-a =f(Z),
where
v, d<z<l,

f(z):{VsinE, 0<z<d.
2%
To obtain homogeneous boundary conditions in the variable z, we set
u=vi_y
!

Then the function »(r, z) will be the solution of Laplace’s equation satisfying
the homogeneous conditions
v|==o = ”lznz =0

and the following boundary condition on the lateral surface

z

V(;—l), d<z<,

E—sin’-z), 0<z<.

v,r=a = CP(Z) =
"
l 28



PROB. 289 soLuTions 331

To find the function v, we can now use the Fourier method, which, after
separation of variables and determination of eigenvalues and eigenfunctions,
leads to the expansion

or, 2) —Zc,.fo(""’) in 2,

where the coefficients ¢, are found from the condition
v|,,=a = ¢(2).

After determining the potential u(r, z), the electric field on the axis of the
lens can be calculated from the formula

289. Suppose the current is distributed with uniform density over the
arbitrarily small area

> d €
B, —-<6<0+ -, <-=.
()} > o+2 |l >

Then the problem reduces to integration of the equation

1 3(. au) 1
g 4
a®sin 6 00 sin 00 +a smea =J6, o),

0< e<’5‘, —nm<o<m (40)
(see Prob. 21, p. 14), where

J 3 3 .
— =  for B — - <0<6+ -, <,
16, 9) = cha® 8¢ sin 6 or Do ) o + > Lol 5
0 otherwise,
subject to the boundary condition
U|grje = O.

If we introduce a new variable by writing

4 = tan ‘2’ 76, 9) = F(4, o),

then (40) takes the simpler form

19 1 0%
4;84;(4’64,) +$an> (1_{_4)2)2 F(y, ). 0<d<i
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whose solution can be constructed as a Fourier series

200
y + — Zﬁncos ne,

1
u=-
T T

n=1
where

i, = f: ucosngde.

To determine the coefficients i, we follow the usual approach, obtaining the
differential equation

dit n® 4qa*
¢ ")——u— fF(uLn)cosn dn
v d¢( ap) P A+ k
whose general solution is
= And" + B,

L2 2a J; (l_f_gﬁ [(g‘)n_ (g)_njl ng:‘F(E, n) cos nv d.

The constants 4, and B, are determined from the boundary condition

ﬁnlw=1 =0

and the condition that i, be bounded for ¢ = 0. Passing to the limit §
e — 0, we find that!?

J - 0,
A = — —— n__ n , =t -,
n 4chn (QJO 4’0 ) q’o an 2

B, =0, n=12,...,

’

which implies
i— X{(¢§—¢E")¢", 0< ¢ < do
dohn (4" —¢p, be< ¥ <L,

= n=12,...).
For n = 0 we have

n

i J X{ln‘po’ 0<¢<4’0:

°T2h llnyg,  de< <l

Therefore the desired solution has the following series representation:

J & cos n
“,osq,sqm = 2' 'rwh- []n $o + z(% — do)¢” cp:l
n=1

Ugpy<r = ﬁ[]n ¢ +§:(¢— oM cos n(p}

'* The coefficients B, vanish for arbitrary values of § and e.
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Using the formula

[+2) n
Se °°S___"x=_%1n(1—-29¢osx+pz) (el <1,0<x <m)
ne=1 n

to sum the series, we arrive at the answer given on p. 138.

296. In this problem it is convenient to characterize the electromagnetic
field by the vector potential Ae'*, whose complex amplitude has components
A, = A, =0, A, = A(r, z). Suppose the current in the dipole is replaced by
a current distributed over the volume of an arbitrarily small cylinder

0<r<8 —S<z<=.
2 2

Then A(r, z) is determined by the differential equation

16( aA)+8A+k2A _y

ror\ or c
where

€ €
PR o~ for 0<r<3, —5<z<5,
0 otherwise.

The tangential component of the electric field must vanish on the surface of
the resonator, and hence
—o 2 ( 8A)
2=l or or

04| _ 04
We look for a solution of the problem in the form of a Fourier cosine series

2=0 aZ

0z

A(r,2) = - /T + = Z/i' cos m;z
where =
l
4, =f A cos T2 4z,
0 l

The usual argument implies

%%(r%) (zz k)A-
dr( )

where the last condition is equivalent to

J(r, %) cos ——E dag,

Anlr-:a =0,
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because of the differential equation for 4,. Using the method of variation
of constants, we find that

_ 4 1 a . et
= ,o(ana)LGn(r, pe dpfoj(p. %) cos l dz,

o, = A/ % — K,
G (l‘ P) — lIO(anP)[IO(ana)Ko(anr) - Ko(ana)lo(anr)]’ p<n
= Io(n)To(% @)K 0) — Ko(@@)o(2,0)], > 1.

Then, passing to the limit 3, ¢ — 0 and bearing in mind that lim Je = 0, we
arrive at the expression &0

¢ Io(“na)

which immediately implies the answer on p. 141.

[To(x @) Ko(a,r) — Ko(apa)lo(e,1)],

303. We want the solution of Laplace’s equation

o’T | 0°T
— 4+—==0 0<x<0<y<om
ot "oy ( y )
satisfying the boundary conditions
q
oT — T 0< y< ba
Thea =0 2=| =fO)={ &
X lz=0

0, b<y< oo
Application of the Fourier method leads to the particular solutions
T=T, = B,e sin\y, A>0,

which are bounded in the quadrant 0 < x < o0, 0 < y < oo and vanish for
y = 0. Integrating with respect to the parameter A, we obtain

T(x, y) = f: B,e7**sin Ay d),

where the coefficient B, is determined from the boundary condition

T =f(y)=f Bdsindydk, O0<y < oo
0x lz=o 0
Because of the theorem on expansion in a Fourier sine integral, we have
2 J’ w . 29 1 — cos Ab
By =—— sinAydy = —= ——,
A > of(y) ydy =— 32

which is the same as the expression for T(x, y) given on p. 150.
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313. To avoid the difficulties associated with the fact that the logarithmic
potential does not go to zero at infinity, we look for the components of the
electric field in the two media:

Ea;l& y1s Ezza Ey2
Setting

Ey=EQ +ED, E,=E” +EP, E,=E, E,=E>,

where E'® is the field due to the charged wire in an unbounded medium of
dielectric constant ¢, with components

E® — qx E® — g(y — a)
alx*+ (v — @)’ N R T )
we obtain the system of differential equations
OEY  QE( OE;” OE{

ox dy v oy ox
which, together with the boundary conditions

(ES + E o = Ellios &ilES” + Bl = €, )0,

Ef:l)’ E1(/1)lu—v+uo - 0’ Eg:z)! Ei(lz)lv—v—uo g 0’ ES:)’ Ef/')lc-o:!:ao - 0’
determine the functions E{, E¥ (i = 1, 2). A convenient way of solving (41)
is to use the method of integral transforms, by taking the sine transform of
E!" and the cosine transform of E{? (i = 1, 2).} Thus we multiply the first
of the equations (41) and the second of each pair of boundary conditions (42)

by cos Ax, and the second of the equations (41) and the first of each pair of
boundary conditions by sin Ax. Then, integrating from O to co, we find that

=0, @én

(42)

(i) {0
g -0, L g
y
SRR S
2¢, 2

1 (1 2 2
E®, ED|, >0, ED E®|, .0,
where

E® — J;w EVsinaxdx, EP= fow E cos Ax dx.
The solution of the system (43) is
E“) E® — Tg & — € e 2@,
2e; 6, + €,
E® = _E®— _T  ~Ma-v)
&+ &

14 Note that the cosine transform of EJ" and the sine transform of E!” vanish,
because of the symmetry of the problem.



336 SsOLUTIONS PROB. 321

Using the inversion formulas
w_2 (g0 w_2["gw
ED ==| EPsinaxdy, EP==] EPcoshixd
TJ0 TJo
and making a few simple calculations, we arrive at the expressions for the

components of the electric field given in the answer on p. 154.

321. The electric field has only a z-component, whose complex amplitude
we denote by E(x, y). If we regard the current as distributed over an arbi-
trarily small rectangle a — 8 < x < a + 3, |y| < ¢, then the solution of the
problem reduces to integration of the inhomogeneous Helmholtz equation

47:1

(49)
where
J
— for a—9d<x<a+3, <e,
i(x, y) = { a8 W
0 otherwise,

with boundary conditions

E, 0—- :hb_O Elz_’m"*o.

To solve the problem, we first make a Fourier sine transform, carrying (44)
into the ordinary differential equation

E'— (0 — K)E = 4’””f J(E, ) sin AE dE (45)
C
for the quantity

E =fm E sin Ax dx.
0
The solution of (45) satisfying the boundary conditions
E |u= +6=0
can be obtained by variation of constants. Then, taking the limit as 8, e — 0,
we find after some simple calculations that
2mikJ  sinh VA% — k% (b — | W
VN — K coshy/AT— K*b

This immediately leads to the answer on p. 157, if we use the inversion
formula

E=—

nAa.

E=~2-f E sin Ax dA.
0

3
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324. We want the stresses o,, T,, and o, satisfying the system of equations

0
90y | Oty _ Otey + 90, =0, (equilibrium equations)
x

ox 0Oy ' 0 dy

d%, ) Oty | O,

(46)

0y*? oxdy  0x*

and the boundary conditions

0 (compatibility equation)

UVIV=0 = f(x), Tzvlv=0 = g(x).
Introducing Fourier transforms
F= f~i Fe** dx

of the unknown functions, we multiply each of the equations (46) by e***
and integrate with respect to x from —oo to oo, taking account of the
behavior of the stresses as x — 4 00.1® This gives the system of ordinary
differential equations

—iXe, +7,=0, —iM,,+5,=0, @
o) + 2izt,, — A%, = 0,

which must be solved with the boundary conditions
6’v|v=-o Zf: ?zvlv-=0 =g
and the conditions at infinity.
Gy Ty 0y —0 as y—> 0.
The solution of the system (47) satisfying all the conditions of the problem is
Tu=A+ Bry)e My,

5. = 1B = ) — 4 Bl
i A

5, = 1['—;—' A+ B+ y)jle“'“”,
1

where the constants 4 and B have the form
A=g  B=if— %‘ g

18 We assume that the stresses and their first derivatives approach zero at infinity. It
should be noted that the problem cannot be solved in this way for the Airy stress function,
since the latter cannot be expanded as a Fourier integral.
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The final form of the solution given on p. 158, involving various integrals,
is found by using the inversion formula

_1 f Fe= ™ d)
27 V-

to go back from the quantities %,, 5,, G, to the stresses 1,,, o,, o, themselves,

328. Replacing the concentrated force P by a load uniformly distributed
over the arbitrarily small rectangle

3 3 € >
—-<x<z, b—-<y<b+-,
2 2 2 Y + 2
we reduce the problem to integration of the inhomogeneous biharmonic
equation
o*u 0*u ' q(x, )
249 — = 48
ox* + ox* 0y* + oy* D (“8)

where
L for —§<x<§, b—5<y<b+f,
q(x, y) = (3¢ 2 2 2 2
0 otherwise,

subject to the boundary conditions

Taking the Fourier transform of (48), where
0= f: u cos Ax dx,
we obtain the following equation for #:1¢
a® — D" 4+ N = ;l)-f q(&, y) cos AE dE. (49)
[}

The general solution of (49) can be obtained by variation of constants, and
has the form

#(y) = (4 + Bry)e™ + (C + Ery)e

1
+
2D

vax(y. ) dnqu(i, m) cos Ag dE,
0 0
where

Ky, M) = My — m) cosh A(y — n) — sinh A(y — 7).

16 It is assumed that « and its first three derivatives with respect to x go to zero as
x — 0,
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At this stage, it is convenient to simplify the calculations by taking the
limit as 8, e — 0. The result is

ilo<y<p = (A + Bry)e ™+ (C + Edp)e,

ycy<w = (4 + BAy)e™ + (C + Ehy)e + 2 0 ).
The constants C and E are determined from the condition
ﬂl,,_.,, — 0,
which gives
P P
C= 14 2Ab)e™, E=— A,
8D)\’( + Ab)e 8DA3 ¢

The other two constants are found from the boundary conditions

a'v=o = ﬁ'lv=o =0,
which implies
A= -C, B=-2C—E

The value of the deflection u(x, y) is obtained by using the inversion formula.
To find the bending moment and the shear force

on the clamped edge, we differentiate the expression

—Ab
)<y = %Ts [(1 + Ab + X®by) sinh Ay — Ap(1 + Ab) cosh Ayl

obtaining
Pa| _phe™ o
e 2D 9y*l=o 2D
The values of M and N are then found by substituting the corresponding
values of M and N into the appropriate inversion formulas.

_ _(L4+2rb)Pe™

334. The problem reduces to integration of the heat conduction equation
19 ( ar) oT
c—\r—=)=7—, 0<r<o,
ror\ or ot

with the initial condition
T|1=0 = f(r)
Writing T = R(r)®(r) and separating variables, we obtain

lory +2R=0, @ +20=0.
r
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Integrating these equations, and taking account of the boundedness of T as
r— 0, we find that

T=T, = ce " Uy(JA ).
It follows from the boundedness of T as r — co that the parameter A can
only take positive values A = p2. This leads to the following set of particular
solutions depending continuously on p:
T=T, = cue"‘szo(p.r), 0< < oo.
The general solution is then constructed as an integral of the form

T(r,v) = [ c,e " Uur) du. (50)
The coefficients c, are determined from the initial condition, which gives
o= u ], S(Iounryr dr, (51)

if we take account of Hankel’s integral theorem. Substituting (51) into (50),
reversing the order of integration and then integrating with respect to u, we
find the form of the solution given in the answer on p. 162.

335. We want the solution of the equation

1_2(r3_T)=8_T’ a<r<ow (52)
ror\ or ot
satisfying the initial condition T}, = 0 and the boundary conditions!”
T'r:a = TO’ T'r—*co —0.

Writing

ex(r) = Jo(Aa) Yo(Ar) — Yo(Aa)Jo(Ar),
we carry out a “Weber transform” by multiplying (52) by r¢a(r) and inte-
grating from a to co. Taking account of the behavior of the various functions
as r — oo and the relations

, 2
CP;‘(G) =0, CPA(“) = T
na
we find that
Q — \T = g.& s (53)
dt T
where

T= f:) Troy(r) dr.

17 It is assumed that V' T and \/?(ar/ar) approach zero as r — o, and that the integral
© -
f Vr|T|dr
a

converges.
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The solution of (53) satisfying the condition T’,=o is

7— 2Ty _ o),
.

)\2
To determine the solution T(r, t) from its Weber transform, we use the
inversion formula
T(r, %) zf T a(r)\ d\
0

Ji(xa) + Y3(ra)
[cf. formula (15), p. 161].

351. As is well known (see T4, p. 343), in the case of axially symmetric
problems of elasticity theory, the stresses can be expressed in terms of a
solution u(r, z) of the biharmonic equation (it is assumed that there are no
body forces). To subtract out the singularity at the point of application of
the force, we write

U= Uy + U,
where

o= 8n(1-v)\/r+(z ay

is the stress function corresponding to a concentrated force P applied to an
infinite elastic body, and u, is a biharmonic function regular in the region
z > 0. Since the unknown stress o, is related to the function u by the formula

0 o%u
= — —_— A ey B
o, 2 [(2 v) Au % :|

to solve the problem we need only find the quantities Ay, and 0%,/0z%. The
first quantity is harmonic in the region z > 0 and can be written as an
integral

Auy = [ 7 eI d, (54)

while the second quantity is biharmonic in the region z > 0 and can be
written in the form

a Zh —f (B, + Cy2)e 22 Jo(Ar)A dA (55)

(note that the integrand is biharmonic). Comparing the result of differ-
entiating (54) twice with respect to z with the result of applying the operator

18( a) 0?
A—L19(.9) ., 9
ror rar -i_az2
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to (55), we find that C, = —3}A4,. To determine the remaining constants,
we have to use the boundary conditions

ozlz=0 = Trzlz=0 =0,

which can be written as conditions on the function u, ;18

a2 0%u 0 o%u
SENVWRES T
0z l:( V) Auy — 02°% 1|, 0z ( V) Ao — 0z% 1,0
2
[(1 — ) Au, — 2 “‘} [(1 V) Aug — 2 “0}
0z% 1|, 0z*

Performing the differentiations on the right, expanding the results in Hankel
integrals and substituting from (54) and (55), we obtain a system of linear
equations determining the constants 4, and B,. The formula given in the
answer on p. 168 is obtained after evaluating certain integrals of a familiar

type.

355. The problem reduces to integration of the one-dimensional heat
conduction equation

T _ar
ox* ot
with the initial condition
TIT=0 = 0
the boundary condition
oT
—k— | =gq(t
0x lz=0 q( )
and the condition at infinity
Tlm_.w — 0.

Introducing the Laplace transform
T =fom Te ™ dT,

we multiply the differential equation and boundary conditions by e=** and
integrate with respect to v from 0 to co. If we take account of the initial
condition, this gives

T"—pT'=0, —kT'|pco=¢ Tluw—
which implies

T—9 Ve Reyp>o.

k\/p

18 The second of these equations follows from the formula
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The problem is now solved by using the Fourier-Mellin inversion theorem

1 pr—3a 5 AP

— Je -,
2mik Jr 7 Jp

where T' is a straight line parallel to the imaginary axis lying to the right of

all the singular points of the integrand. In Case a, where ¢ = g, = const, we

have 1 - g
— ‘ﬂ) il fevr—\/pz _p_ . (56) T
k 2miJr p/p
. T

As the next step, we calculate the deriva- p=0+it
tive

_a_’I-‘:_ggLJ‘e'nr—\/;zd_p. R r

ox k 2miJr p £
Applying Cauchy’sintegral theorem to the o

contourshown in Figure 159, and then tak-
ing the limit as e — 0, R — oo, we obtain'®

oT qo[ 2J°°_ I dr]
—=—=1—-= T sin —
Ox k wdo \/rxr —

90 x
— a1 o(2)]
k [ 2\/1: FIGURE 159

where @(x) is the probability integral. It follows that

-t o))

and the final form of the solution given in the answer on p. 171 is obtained
from this formula by integrating by parts.

In Case b,
10
9 o+ Pt
— _qle _L e‘pr—‘/;z dp
k 2miJr Jp (PP + o)

The temperature of the surface of the body can be found by using the con-
volution theorem, which gives

go 1 f ®  pedp _ I
T|, o= ¢ as
oo = k 2miJr w? + p? \/p k\/-n: sin (v — s) \/s

and leads at once to the answer on p. 171.

!° Direct application of the method of contour integration to the integral (56) itself
is impossible, since the corresponding integral along the circle of radius e becomes
infinite as ¢ — 0.
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357. Using the Laplace transform, we write the solution in the form of

a contour integral
77—\/112
T=7{1 ”f—ﬁ———— }
2ni Jr p(h + \/ p)

where I' is a straight line parallel to and on the right of the imaginary axis,

and +/ p denotes the branch of the square root whose real part is positive.?
A simple way of calculating the integral

1 eﬂf—\/vz
" 2midr p(h + \/p)

_ —s(\/p+h) ds
Jp +h f

and then reverse the order of integration. Together with the result obtained
in the solution of Prob. 355, this gives

J :f‘”e_hs ds L em—\/;(zﬂ) d_p =fwe—hil:1 B (D(x +_s)i| "
0 2niJr p 0 2\/1

Integrating by parts, we find that

Al o)) ol 7]

which leads at once to the answer on p. 172.

is to make the substitution

371. The problem reduces to finding a solution of the equation

Li@él)zéz
ror\ or ot
satisfying the initial conditions

0, r<a,
TIT:O B {To r=a

and the boundary condition

oT laT)
_+_ —_-—
( o adr
Taking Laplace transforms and using the initial condition, we obtain the
equation

=0.

r=a,t>0

La(dn)
rdr\ dr

20 For this branch, \/; # —h, and hence p = 0 is the only singular point of the inte-
grand.
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and the condition

(a(pT— Ty + 1T') o,
a

which together imply
P aaTyly(\/p r)
Jpleayp I(\/p a) + I,(\/p a)]

The solution of the problem is given by the inversion formula

_aaT, I&\/p r)e*" dp

2ri Jr \/ploay/p I(/p @) + L(/P )]
The contour integral can be evaluated by residues, since the integrand is
single-valued. The singular points of the integrand consist of poles at the
points p = 0 and p = p, = —y?/a?, where the v, are consecutive positive
roots of the equation

T

Jiy) + ado(y) = 0.

Calculating the residues at these points, we immediately find the answer on
p. 1772t As in other problems with boundary conditions involving time
derivatives, the solution of this problem is greatly simplified by the use of
Laplace transforms.

375. In the first region 0 < r < 0, 0 <z < oo, the concentration
Ci(r, z, t) satisfies the equation
oC

1 a( aCI) 0°C; 10C,
~—|r== — ==, 57
ror\ or + 0z* D ot 7
the initial condition
Cllt=09

the boundary condition

ac, z{f(t), O<r<a,

0z l:=0 |0, a<r<o
[where f(¢) is a function to be determined later], and the conditions at
infinity

(58)

Cllr—vao - 0’ Cllz—-co —0.

In the second region (the tube), the concentration Cy(z, ) satisfies the one-
dimensional equation

ot ’

0z*

Sk

211t is easy to see that the integral along the large circle of radius R completing the
contour of integration goes to zero as R — oo,
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the initial condition

C2]¢=o = Gy,
and the boundary conditions
L —ra, %~ (60)
0z |z—0 0z lz=—1

Taking first the Laplace transform and then the Hankel transform of (57)
and (58), and using the initial condition and the condition CI[,_.,, — 0, we
obtain

dza (P z) =

— — | =4+ 2%)C, =0,

dz* D !
dz'l f ~
— | ==aJ,(Aa), Cilzv0 = 0,
dZ z=0 A l( ) 1|

where a single overbar denotes the Laplace transform and a double overbar
the Laplace transform followed by the Hankel transform. Integrating the

equation for C,, we obtain
= _ _JaJ,(6a) e~V (/D)

Cl:
)\N/)\Z-FE
D

Cllr=z=0 =J; El)\ d\ = \/—EL—/_B [e‘a\/I’/_D . 1]

after inverting the Hankel transform. Similarly, taking the Laplace transform
of (59) and (60), we find that

c _E‘_o+f'cosh\/p/—D(z+ l)
' JpID sinh \/p[D 1

In the present approximation, we can find the unknown quantity / by using
the relation

which implies

C—1Ir=z=0 = C2|z=0’
which implies
)

VpD(e“V?P _ | — coth \/p/D 1)

f=

The amount of substance M in the tube can now be calculated from the
formula

M f e, 1) dz = M, e d”
= z,t)az = + — f —
- 2mi Jr p./pID[e=*V?™® — 1 — coth /p[D ]
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where M, = C,lis the initial amount of substance inside the tube. Integrating
along the contour shown in Figure 159, we obtain the answer on p. 178.

386. We want the solution of the system

oL | Ou, ou, o
Lo ta=% o Tax=0 O<x<h
o, | duy duy | A,
Lo tax=0 Cqta=0 (<x<=

satisfying zero initial conditions and the boundary conditions

“1|¢=o = Ee ™! uzlz-vco -0,
u
“1l==t = u2|z=-l’ Il|:==l = Izl==l +-2 .
Ro =1
Eliminating the variable ¢ by taking Laplace transforms, we obtain
Lpf1+d—u—l= ,  Cpij d—13=0 O<x<,
dx dx
Lpiz-i—é‘-g:O, Cpﬁz—{—d—iz:O (I < x < ),
dx dx
_ E -
ul'a:-o = » _: <’ u2|z—~w -0,
- _ iy
ullzal = "zlz=n Illz:l = Izlznz + = .
Ro @=]

These equations can be solved for @, #,, I, and L. In particular, for @, we
obtain the expression
- Eo e—p(:—l)/v

‘= 1w cosh pT+ [1 + (Z/Ry)] sinh pT’

where v = 1/v/LC is the propagation velocity, T = /v is the time it takes a
wave to traverse the part of the line going from x =0to x =1/, and Z =
«/ L/C is the wave resistance. Then the Fourier-Mellin inversion formula
leads to the following representation of u, as a contour integral:
[t—(z/v)+T1
ug(x, t) = L ¢ - dp , x> 1
27ni Jr cosh pT+ [1 4+ (Z/R,)] sinh pT p + «

The most interesting form of the solution can be obtained by using the
expansion

] el e
cosh pT+ [1 + (Z/Ry)} sinh pT 2Ry + Z ,=)\2R, + Z
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and then integrating term by term. This gives

uy(x, ) = 2RoEq i( Z )"_l_ f Pli—(@/v)—2nT) dp .
e 2Ry + Z ;,=4\2Ry + Z/ 27i Jr p+a

According to the formula

ife’" dp _{0, T <0,

2niJr p+a e " >0,

all the terms of this series vanish for fixed x and ¢, starting from some value
of n. In particular, we have

u2|0<t<:/1} =0,

2ReEq_ —att-(@ion
2Ry + Z ’

2ROEo l:e—a[t—(a:/v)] + __Z__ e—a[t—(a;/v)—ﬂl‘]:l’
2R, + Z 2R, + Z

u2,z/*v<t< 2T+ (zfv) —

u2l2T+(a:/u)< t<aT+(zx/v) —

and so on. The general result given in the answer on p. 183 can easily be
obtained by induction, with the help of the formula for summing a finite
geometric series. The jumps in the voltage can be interpreted as the arrival
at the point x of successive refracted waves.

402. The problem involves integration of the equation

2,
A2u+%-“§=o (r=Dpt, 0< r< o0),

T

subject to the conditions
pP/D
Ou ( 0 ) — 0<t<e
—_— = 0’ — A = — ’ ’
or lr=o " or (Bu) r=0 /@ 2rfpe (e—0)
0, T>¢€,

at the point of application of the force, and to the condition at infinity
ul,_, o —0.
Going over to the Laplace transform i, we find that i satisfies the differential

equation
A% + p¥i =0, (61)
the boundary conditions
di ( d \- )
—| =0 —(A
dr lr=o ’ dr( )

:L: ﬁ'r*w—’o

r=0 2nD




PROB. 402 SOLUTIONS 349

and the condition at infinity
|y — 0.
The solution of (61) vanishing at infinity is
7= AKy(r\p €™*) + BK(r/p e,

where v/, 1—7 denotes the principal branch of the square root (jargp| < ).
Taking account of the behavior of the Macdonald function near the point
r = 0 and using the boundary conditions, we find that

P
B=—-4=——.
4rip\/Dp
Application of the convolution theorem gives

P TF (1) dr,

4ri,/Dp Jo

R = L [ U7 ) — Ko7 e,
2ni Jr

u(r,t) =

where

Transforming this expression by integrating along the contour shown in
Figure 159, we eventually obtain?®?

F&) = 2 [T IKr5 &7 — Ktrif5 e

2ri Jo

— Ko(rpe ™% + Ko(r\/p €] dp
= % L e P [Io(r\/p ™) — Ig(r\/p €%} dp.

Using the formula
—b%/40*

® 24 e

e 2% J(bx)x dx = s

fo o(bx) >
to evaluate the integral, we find that

2

F(t) = —'—lsinr—,

it 4v

which immediately leads to the answer on p. 188, after integrating with respect
to .

22 Note that the function Ky(z) is analytic in the z-plane cut along the line (— o0, 0),
and use the formula
Ky(e'™y) = Ko(y) — inly(p).
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406. Taking first tae Laplace transform of the original differential
equation and boundary conditions, and then the Fourier transform with
respect to the variable y, we find that

where
u= J:} eMdy fow ue?dt, F= f_w f(ne™*ndn.
1t follows that

i =~ FeV @ +or e

l
p
where the radical denotes the branch of the square.root which has positive
real part. Using the inversion formula

P dp—l- ue ™ d)
2ni Jr 21t V-0

and reversing the order of integration, after substituting for # and F, we
obtain

u= L f wf (n) dn L f e wa A=V o s iae gy
21 J-w 2riJr  pJ-o

The inner integral can be evaluated by using the formula?

® —aViS - 2 np2
J; e N+2" 005 BA dr = \/az s Kl(\/o( + pzz) (62)

involving Macdonald’s function K;(x). Then the solution can be represented
as the following double integral:

5]“’ f(n) dy
—oVx? 4 (y — 9)?

1 2 2 dp
~— 4 4 ot 4P
x2niJ;~/;E+bPK1(J;2+bP\/x2+(y—y))2)e . (63)

u=
3

# To deduce (62), substitute . =1, v = —} into formula (5.15.6) on p. 134 of L9,

recalling that
2 =
J_12(2) =A/— cosz,  Ky;u(2) =~/_ e+,
k174 22
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We now use Cauchy’s theorem to evaluate the contour integral

1 -
J(t, ) = — » dp,
(6w =—— ero(l-"\/P\/P + c)e” dp

bypassing the branch points p = —c and p = 0 both on the upper and lower
branches of the cut. The result is

e—ct2 Vit — u?

cosh , t>u,
J(t, ) = (V2 — 2 (64)
0, t <y,
where in the course of the calculations, we use the formula
/2 . 2 _ L2
f Jo(z, sin x) cosh (z, cos x) sin x dx = M s Zy > 2y
0 N

[easily deduced from formula (4.455) of R2, p. 240 by setting p =0,
q = —4%. It follows from (63) and (64) that

Vord_g?

x f Vo= flpdn 9@

= W 0 [y,
VI B (y — ) o

ult>a;/v = - -

u|¢<rc/1) =0,

u=1\/x”+(y~n)”, ¢ =v*h.
v

The answer on p. 189 is easily obtained by evaluating the inner integral.

where

407. This problem can easily be solved by using the Mellin transform.
Suppose the function T being sought is such that
T = 0(1), r%Z = 0(1) as r—0,
r

(65)

T= 0@, raa—T =0(r—") as r— oo,

where s is some positive number.? Multiplying Laplace’s equation AT = 0
by r#+1, where p is a complex number such that 0 < Re p < s, and integrating
the result from 0 to co, we obtain
(r"+l Z—T - pr”T)‘ + p’T + d—T- =0, (66)
r

2 The existence of a solution with these properties can be anticipated from physical
considerations. After the solution has been obtained, we can easily verify that it actually
satisfies all the conditions of the problem.
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where
T= [ Trar 67)

is the Mellin transform of the function T. It follows from (65) that the term

(T por)

r

@

0

vanishes if 0 < Re p < 5,2 thereby reducing (66) to
d*T 2
— + T = 0’
do? P

together with the boundary conditions

P
le=0 =0, T|¢=a = 75%

(implied by those obeyed by the function T). Thus we see at once that

p
71,2 S
p sin pa

which, in particular, implies that s = 7/a.
The temperature distribution T is now determined by using the inversion

formula
T— ﬁ J‘o-Hun sin p(P(g)néE ’
27l Jo—io sin pa\r/ p
where 0 < ¢ < m/a. The line integral can be evaluated by using residue
theory, after completing the contour of integration by the arc of a circle of
sufficiently large radius, lying to the left of the line Re p = o if r < @ and to
the right of this line if » > a. After some simple calculations, we obtain

’

1 & (—1)*/ r\rri=
2- Z(—)(I) sin =% o0<r<a,
T « Mp=1 N a o
T, o 1 o ___1 n+1 nre/o
0 _z( ) (E) sinﬂ"_‘P, 4a<r< .
T p=1 n r o«
Using the formula
o2 _1 n+1 .
Z( ) Pn sin nx = arc tan—ﬂx_’ 92 < 1,
w1 1+ pcosx

to sum the series, we arrive at the single analytical expression for the function
T(r, @) given in the answer on p. 190.

%5 Note that it also follows from (65) that the integral is analytic in the strip 0 <
Re p < s, being uniformly convergent in every closed subset of the strip.
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415. If we replace the concentrated load by a uniformly distributed load
with density
P 3 3. € €
— for rg—=-<r<ry+-, —o<e< @+,
a(r, @) = | ro B¢ °7 3 0Ty BTSSR,
0 otherwise,

where & and ¢ are arbitrarily small positive numbers, then the problem
reduces to solving the inhomogeneous biharmonic equation

A2u=‘_1£"l’)_‘9.) O<r<ow, 0<o<a), (68)

subject to the boundary conditions

du

ou
=2 —y =2 =o
u,’o—o a(P =0 u"P—“ a @ lo=a

Multiplying (68) by r?+2 (where p is a suitably chosen complex number), and
integrating from 0 to co, we find that 2

”“aa Au — (p+ Dr*tAu + (p + 1 —r —(p— )(p + D> } )

+ (G + D+ [0 — D+ + DS g_cpz
= % Lmq(r, or*tdr, (69)

where

= fl:our”_2 dr. (70)
Suppose the function u is such that the quantities r—u, Ou/dr, r Au and
r*(0Au/or) are all O(r*1) as r — 0 and all O(r—52) as r — oo, where s; > 0,

s, > 0. Then the integrated term |{. . .}|s° in (69) vanishes if —s; < Rep <s,,
thereby reducing (69) to the ordinary differential equation®

d4- 2 2d2- 2 2=
+[(p—l)+(P+l)] ; F(—D(p+ D

1 Jm »+2
== r, @)r* i dr.
D Jo q(r, ¢)

26 In problems of elasticity theory involving integration of the biharmonic equation,
it is best to use a modification of the Mellin transform, in which the exponent p is replaced
byp — 1.

*7 By the same token, the integral (70) is analytic in the strip —s, < Rep < 53, being
uniformly convergent in every closed subset of the strip.
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Using the method of variation of constants, we find that

= Acos(p— 1)¢ + Bsin(p — 1)¢ + Ccos(p + )¢ + Esin(p 4 1)¢
¢ 1 — — 1 —_ ©

_l_f [5"1 (P 1)((P l) _ sin (P + 1)(‘10 l)] dtJ; q(P» t)PD-H dp,

4Dp Jo p—1 p+1
where the boundary conditions
dii di
ﬁ o — — = a —y — = 0
Iw 0 dcp =0 'w a dcp o=t

serve to determine the coefficients 4, B, C and E. Passing to the limit §,
e — 0 and solving for these coeflicients, we find that # is a meromorphic
function with poles at the points where the expression p?sin? « — sin? pa
vanishes, and moreover that the number s, = s, is the smallest root of the
equation

pEsin? a — sin? pa = 0.

‘The bending moment M and the shear stress N along the edge ¢ = 0 can be
determined from the relations

2 - —_— 3 -~
d’a ,  Nryog=—D da

Mr,_o=—D .
Icp 0 d(p2 =0 dCP3 ©=0

Using the inversion formula for the Mellin transform, and choosing the
imaginary axis as the path of integration, we find, after a certain amount of
calculation, that M and N are the same as in the answer on p. 193.

418. Following the Fourier method, we look for particular solutions of
Laplace’s equation of the form

T = R(r)D(¢) sin % .
Separating variables and integrating the resulting equations, we find that
T=[Al /= (n7r[A) 4 BK /= (nnr[N)][C cosh /X @ + Dsinh VA ¢lsin 27;—7' ,

where I,(x) and K,(x) are cylinder functions of imaginary argument. Because
of the behavior of /,(x) and K,(x) as r — 0 and r — oo, the boundedness of
the solutions T requires that 4 = 0 and A > 0. Thus the particular solutions
needed to solve the boundary value problem, which has a continuous spec-
trum (0, o), are of the form

T= T, = (M, coshte + N, sinh w)K,.,("T’") sin "T"z , 0<t< oo
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The general solution.is constructed by-integrating with respect to the parameter
7. Noting that Ty, = 0, we have

T = sin WI N, sinh 7o K,.,(T‘—’) dr.
1 Jo l
The coefficient N, is determined from the boundary condition
Tloe = f(r)sin =%,
which gives
£(r) =f N, sinh K("—’I") dv, 0<r< . 1)
0
For a certain class of functions f(r), we can invert (71), obtaining?®

N_sinh ta = Zz'T sinh .mf () K (nmr[l) ar
T 0 r

The conditions for using this formula are usually satisfied, except that f(r)
may not go to zero sufficiently rapidly as r — 0. If f(0) # 0, then in most
cases encountered in practice we can use the formula®

N, sinh 1 = -2-f(0) + %T sinh n‘rfw[f(r) — f(0)e ™" M dr (72)
T 3 0 r

to determine N, (see L9, pp. 150-153). Assuming that the conditions imposed
on f(r) are sufficient to guarantee the applicability of (72), we arrive at the
result given in the answer on p. 196.

422. We subtract out the source potential, by writing
u=9_y,

where R is the distance from the charge ¢ to an arbitrary point of space. Then
the problem reduces to integration of Laplace’s equation

18( 30) 10 o™

LA v, %% 9
ror\ or r23<p2+322
O<r<o, 0<¢p<22r,—w < z< ©),

with boundary conditions

vlt&=0 -

x|

0; v | o=2r
o=

9
R

28 This follows from formula (24), p. 195.
3 Implied by formulas (24) and (26), p. 195.
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Expanding the function v in a Fourier cosine integral, i.e., setting
vzgf ¥ cos oz do,
T JO
we find that 7 satisfies the equation
1 a( 315) 10% 5.
19(,00) L LI0_ o5 (73)
ror\ or r? 0¢?
and the boundary conditions

B
Ol,g= |+ = = cos oz dz,
lo=o (R o0 Jo Rl
Lo}
13] o = 9 cos 6z dz,
=tr o R p=21T

which, after evaluating the integrals take the form

ﬁ|=a=0 = 5Iw=2n = ‘IKo(C"\/r2 + "g — 2rry €os ),
in terms of Macdonald’s function K,(x). Using the Fourier method to integrate
(73), we represent 5 as an integral

b= f M, . cosh ('n: K..(or) d~
cosh tt

(see the solution to Prob. 418), where the coefficient M, . is determined by
the condition

Ko(cx\/ r® + r2 — 2rry cos @p) :fomMU,,KiT(cr) dr, 0<r<o. (74)

To avoid the difficulties associated with direct application of the inversion
theorem, we write the left-hand side of (74) in the form

Ko(ov/r® + 12 — 2rry cos @)

= [Ko(cr\/r2 + rg — 2rrgy cos @) — Ko(arg)]
+ Ko(org)[l — 7] + Ko(arg)e™

and use the formula
—or 2 f K..(or) dr.
TJo

Then the inversion formula implies

— g

M, =2 Ky(ory + 2 Kyoryye sinh mf ' K,(or) dr
1 T 0

+ % T sinh m'f [K‘,(cr\/rz + r2 — 2rrycos 9,) — Ky(oro)1Ki-(or) dr
b3 0 r

(75)
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The integrals appearing in (75) can be calculated by using the formulas

L "KW = Byoos ) — KK

ke ) )]
T sinh ntt 2 sinh }nt.
[T0 - ek 0 - 1 tanhidne
0 x 2t cosh int
which lead to the result

M, _=

a,T

cosh (m — o)t K (ory).

410

Thus the solution of the problem takes the form

4 © © h _
b= —‘if cos o "“f O DT cosh (= — gor Knlor)Keor) d.

e Jo 0 cosh nt
(76)

Substituting the known integral representation

K. (x)K.(y) =J:°K0(\/ x® 4+ y® + 2xy cosh s) cos s ds

into (76), reversing the order of integration and evaluating inner integrals,*
we find that

b 1 f ""[ 1 n 1 ]
21 \/2rry Ja Leosh s — cos 4(¢ + @) cosh 3s + cos $(¢ — o)
sinh }sds (1
\/cosh s — cosh A ’
where
2 2 2
cosh A = Z+rtr .
2rr,

To obtain the final form of the solution, given in the answer on p. 198, we
evaluate the integral in (77) by making the substitution

cosh S_ cosh A cosh ¢.
2 2

30 The formulas

j ® cos Ts ds 1 ® sin Ts ds
o Vcosh A +coshs SinhmT ), +/coshs — cosh A
(<] .
cosh ¢t . 1 sinh }s
ntsdtT=- —  ————, 0<¢ <2
J; sinh 2nt sin T AT 4 cosh s + cos 3¢ v ™

are used in the course of the calculation.
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434. Introducing elliptic coordinates « and {8, where
x = ¢ cosh a cos f3, y = csinh «sin
and c is the eccentricity of the given ellipse, we assume that the charge ¢ is
uniformly distributed over the curvilinear rectangle

O<a<y, a*—§<lal<ﬁ*+§.

The problem then reduces to integration of Poisson’s equation

o*u  Ju

Tu L U 4ol 78

da®  0p* P ®)
where

q € €
—— for 0< SprF—=-< <B*+-,
o= p(oB) ={2n%e ®<8%P 2 BT <8 +2

0 otherwise
is the charge density inside the elliptic cylinder, and
h = cv/cosh? « — cos? B

is the metric coefficient. Since u must be even in the variable 8, we look for a
solution of the form

L2
u=-1dy+ - D i,cosnp,
T

N

q =

1

n
where

i, = ["u cos np dB.

Multiplying (78) by cosnf and integrating from 0 to w, we obtain the
equation

iy — n*i, = —41rfo"ph2 cos np dp,

whose solution is easily found by variation of constants:
4, = A, cosh na + B, sinh na — &Ef cos nf dBJ’ ph® sinh n(a — &) d&.
nJo 0o

The condition that the components of the electric field be bounded at the
foci of the ellipse implies B, = 0. The value of the second constant A4, is
determined from the boundary condition

ﬁn|a=an =0,

where «, is the value of the coordinate « on the surface of the. cylinder.
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Taking the limit as 3, e — 0, we find that

4 Sinh n(ay — )

2
a,,:iqcosnﬂ n=012,...,
n

cosh not,
which immediately implies the answer on p. 205.

437. Since the regular solutions of the two-dimensional Laplace equation
are of the form

u = u, = A, cosh na cos np 4+ B,, sinh n« sin nf3, n=012,...

inside the ellipse « = &, and of the form

u=u,=e¢e¢"YC,cosnf + D,sin nf), n=20,12,...
outside the ellipse, we look for a magnetic potential of the form

u = Hy(x cosy + ysiny) + Ze"‘“(C,, cos n + D, sin nB)
n=1
in the air, and

Q0
u® = (A, cosh na cos n + B, sinh na sin np)
n=1
in the magnetic medium (arbitrary additive constants are omitted). The
values of the coefficients 4, ..., D, are determined from the condition
that the tangential component of the magnetic field and the normal com-

ponent of the magnetic induction be continuous on the boundary surface,
ie.,

ou® ou® ou® ou®
8[3 a=ao— B a=ao, 6a a=ao_ " aa a=ao.
This gives
Cy = (1 — WHge e* cosh g sinh <.xo cos y
cosh &g + W sinh «q
% cosh a. si .
D= (1 — pL)Hoce ‘cos g sinh o sin
sinh oy 4 |2 cosh &,
__ Hyce®™cosy - Hgce* sin y
' cosh o + wsinh og ' sinh oo + & cosh oy

where all the other coefficients vanish. The final expressions for ™ and
u® given on p. 206 are obtained by using the relations
a

. b
coshoyg = —, sinhog = ~
c c

31 The other combinations of products of hyperbolic and trigonometric functions lead
to infinite values of grad « at the foci of the ellipse.
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443. To make the problem homogeneous, we write the torsion function

as a sum
= —y2 4.
Then v is a solution of Laplace’s equation regular inside the cut ellipse
(i.e., in the region || < ap, 0 < f < =) and satisfying the boundary con-
ditions
V]amo = Vplar =0,  ¥|qcq, = (¢ sinh &, sin B)?.

Applying the Fourier method and using the evenness of v in the variable «,
we construct a solutien of the form

cosh na .
v= zA sin nf3.
a1 cosh na,

The constants 4, are determined from the boundary condition for « = a,,
which gives
8¢c® sinh® o
A, ={ = n(d—n®’
0 n=24,6,...

Thus the torsion function is given by the series

n=1735,..

cosh(2n + 1)a  sin (2n + 1)B
= — + 79
v Eo cosh2n + Do On £ 31 — 48y’
while the torsional rigidity can be calculated from the formula
C = 46[ [ uh® do d, (80)

where
h = cy/cosh® a — cos? g

is the metric coefficient. Substituting (79) into (80) and evaluating the double
integral, we arrive at the expression given in the answer on p. 209.

449. Choosing a system of parabolic coordinates «, § such that the
surface of the cylinder has equation § = @,, and regarding the charge ¢ as
uniformly distributed over the small area bounded by the curves |a| = §,
B = ¢, we reduce the problem to integration of Poisson’s equation

0’u 0% 2
——+a—Bz——4nph (—oo<a< 0, 0<B < Bo)
where
q
o= (2K 5 for |a| <3, B <e,

0 otherwise,
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and

h=co? + p2
is the metric coefficient. The problem is solved by taking the Fourier cosine
transform. Writing

i

(e}
=f° u cos Aa da,

we multiply Poisson’s equation by cos A« and integrate from 0 to co. This
gives the equation

@' — Nl = —4n f:o eh? cos Aa da,
whose solution is easily found by variation of constants:
© 8
# = Acosh AR + Bsinh A — 4—;\‘ f cos A dozf ph?sinh A(B — %) dn.
0 0

The requirement that grad u be bounded at the focus of the parabola implies
B = 0. The value of the constant A is determined from the boundary
condition

tilp-p, = 0,
which, in the limit 8, ¢ — 0, gives

A= 2—’;‘1 tanh AB,.

The corresponding value of # is

2req sinh A(B, — B)
A cosh AB,

and the final answer (see p. 211) is obtained by using the inversion formula

u= R

2 [}
u=—f % cos A dA.
T Jo

457. If we introduce bipolar coordinates «, 8 as shown in Figure 122,
p. 215, and represent the torsion function u as a sum
u=—y*+v,
the problem reduces to determining the function v which is harmonic in the
domain ay < a < 0, 0 < B < 2w and satisfies the conditions
c*sin® B
(cosh ag + cos B)?’

2
v|B=0 = v|B=Zx =0, v,m=au =Y |m=ao =
— 0.

Voo

The solution is constructed as a series

N —n(a—%0)/2 o3 np
v = ZC,, e sin —2- ,

n=1
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whose coefficients, according to the theory of Fourier series, are given by

C, = c? J‘”“ sin® B sin $np
[]

T x (cosh &g + cos B)*

To calculate the torsional rigidity, we use the relation

2rc 2
C=G[—2f y*ds +J (yzgg—v?L) dB:l,
s 0 Ox Oa / la=xo

implied by the formula given in the hint to the problem (see p. 215) after
setting ¢ = —y2.

471. Setting

q
u==+4uy,
R 1

where R is the distance from the source to an arbitrary point of space, we
reduce the problem to integration of Laplace’s equation

Au, = 0,
with the boundary condition
. d
“1|a=o =-1] -_ ___2L_7 , sinh oy = —
R la=0 cv/sinh® &, + sin? B a

and the condition at infinity
ullu-*eo - 0

In keeping with the discussion on p. 222, we look for a secondary potential
in the form of a series

Uy = > 4,0,(i sinh a)P,(cos B),

where the coefficients 4,, are determined from the boundary condition.
Using the theorem on expansion of an arbitrary function in a series of
Legendre polynomials, we find that

__2n+1¢_1_J’1 P,(x) dx
" 20,(0) ¢ J-1{/cosh® ¢ — x?

for even n, while 4,, = 0 for odd n. To evaluate (81) for even n, we use the
integral

81

b Py.(x) dx

Jp= =,
" —1\/b2—x2

b>1,
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which can be evaluated by expanding (b — x?)~/2 in a power series and
then integrating term by term. Using well-known formulas, we find that

1 o] 1
J _l Pzn(x) dx — _1_ P(m + %) 1_ xz"'Pz,,(x) dx

"bJa VT (b bateTAI(m + 1) b
_ 2%l i L'(m + HI'Cm + DI'm +n 4+ 1) 1
b . TR(m + DI(m — n + HTQ2m + 2n + 2) b*™

I(n + 3) i (n + Hin + $)e ( 1 )"

T R bTn+ 9,5 ki@n+ 9, b
where
PO\ + k)
Ny — e
(Y8 oy
The result can be expressed in terms of the hypergeometric function
< (o
Floo Bi 73 2) = o P ')"(B)" 2,
. k=0 k! ()
ie.,

_ I'(n + %)
w2 + )

Using the familiar formula

R, 843 2) = (1 — 7F (v — B vi =),

F(n+.%,n+é;2n+%;;1;)-

1
we find that
1 T%n+3) 1 ( 1 )
J,=— F{n ,n+1;2n+ 3%; — ,
J7 T(2n + 3) sinh®* e tht nTE sinh®

or
Jn = 2'P21|(0) Q2n(i sinh O‘o),

because of the definition of the Legendre function of the second kind. Thus
the required values of the coefficients A4, are

Azp = 2 (4n + 1)Qu(i sinh o),
TIC
which leads to the potential distribution
u=2 1+ 295 (4n 4 1)0,,(i sinh ap)Qy(i sinh «)Py(cos B),
R mec,5

if we note that
Py(0) _ 2i
0:,(0) =
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The distribution of charge on the surface of the disk is now found by
differentiation, according to the formula

a=0

L)
4r\c/sinh? o + cos® 8 da

481. The problem reduces to solving the system of equations

Ayt = —4wp 0 < o < ap), Aut® =0 (otg < & < 00)
for the gravitational potentials »‘¥ and u‘®, with boundary conditions
(o] @
u(l),a—a = u(z)la—a ’ au = au .
e e aa a=0g aa a=ag
Setting
utt) = Uy + U, u? = Uy,
where
Uy = —mprt = —mpc? sinh?  sin? f3,

and noting that u, is harmonic inside the spheroid (« < o), while u, is
-harmonic outside the spheroid (« > «,), we have

U, = iA,,P,,(cosh «)P,(cos B), Uy = EBnQn(cosh «)P,(cos B).

n=0 n=0

Using the boundary conditions, we obtain the formulas

—2rpc? sinh® ay[1 — Py(cos B)] + iAnPn(cosh o) P,(cos B)

n=0
= Z B, 0Q,(cosh ay)P,(cos B),
n=0
—4mnpc? cosh ag[1 — Py(cos B)] + i A, P,(cosh ay)P,(cos )
n=0

= i B, 0Q,(coshag)P,(cos B)
determining the coefficients,®* which imply that "
A,=B,=0, n=134,5,...

Thus A4y, By, 4,, B, satisfy the system of equations

AgPy(cosh ag) — ByQy(cosh ) = &mpc? sinh® ay,

AyPy(cosh ag) — ByQi(cosh ag) = #mpc? cosh g,

AyPy(cosh oy) — B,Q,(cosh ag) = —§mpc? sinh® g,

AyPj(cosh ag) — B,Qji(cosh ay) = —4mpc? cosh ay,

32 Note that
sin? 8 = §[1 — P,(cos B)].
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whose solution is33

A, = #mpc? sinh? oco(l + 2 cosh a, In coth %)

Ay = #mpc? sinh® ao(l ~— cosh «, In coth oﬂ),

By = #mpc? cosh ay sinh®g, B, = —&mpc? cosh a, sinh® a.

Substituting for B, and B, in the formula for u,, we find that the gravitational
potential outside the spheroid is

2
U, = mp Q{[Z(sinz B — sinh®«) + 3 sinh® « sin® B] In coth%
c
+ cosh a(3 cos® B — 1);.
To obtain an asymptotic representation of the gravitational potential for

small eccentricity ¢, we introduce spherical coordinates R and 6, and use the
formulas

z=§(e“+e“")cos{3=RcosO, r=§(e°‘—~e"°‘)sinﬁ=Rsin0.

Solving for « and f, we find that

IR{A/ 2¢c c? A/ 2 cz}
cosha ==—{,/1 4+ =cos 0 + — 1—-—= 0+ =i,
=Wt RV RV R

IRJ 2c ct A/ 2c c’)
cosB==-—{/1+=cosO+— —. /1 —=cos8 4+ =}
sP ZC{ +R +Rz R +R2
It follows that as ¢ — 0,

R C2 . c2
cosa = 11+ 555 500] + 0( ).

c2
cos 3 = cos O + O(P)

33 Here we use the expression

Pa(2)0(2) — Qu(2)Po(2) =

1 -2z
for the Wronskian of the Legendre functions, as well as the formulas

Po(2) =1,  Py(2) = 332 — 1),

11322 —1_ z+41
Qz(z)*E[Tlnz_l —32:].

1 z+41
Qi(z) =3I —,
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Using these formulas and the exact solution found previously, we obtain
1, c c*
Uy = M[E + S—Ré Py(cos 0) + O(P)]’

where M is the mass of the spheroid (cf. the answer on p. 228).

483. If we write

U= Uy + uy,

where u, = g/R is the source potential (R is the distance from the charge to
an arbitrary point of space), and introduce spheroidal coordinates «, B, such
that the hyperbola has the equation B = @,, then the problem reduces to
finding the function #; which is harmonic in the region 0 < § < 8, and
satisfies the boundary condition

“1|B=eo =-1 1

R L=a.,= N c(cosh « — cos By)

In prolate spheroidal coordinates, Laplace’s equation takes the form

- 1 2(sinh aal!) + ——_1 i(sin %) =0
sinh « da O sin B 0p op
if we assume that u, is independent of ¢. Setting

u = A(0)B(®),
we obtain the equations

1

sinh o

(sinha-AY + A =0, ——(sinB-B’Y — AB =0
sin 3
for the separate factors. Therefore

u = [MP(cosh«) + NQ,(cosh «)][CP,(cos B) + DQ,(cos B)], (82)

where P,(z) and Q,(z) are Legendre functions of the first and second kind,
and v is an auxiliary parameter related to A by the formula

A= —v(v+ 1.

Taking account of the behavior of the Legendre functions near the points
z=1 and z = oo, we see that in order for the solutions (82) to represent
bounded real functions in the region 0 < « < 0,0 < f < B, the parameter
v must be chosen equal to —% + it (v > 0), and the constants N and D
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must be set equal to zero.3 Thus we arrive at the particular solutions
uy = uy . = C.P_ig, (cosh @)P_yg, ;.(cos ), 7> 0.
To construct the general solution, we integrate over the parameter <, obtaining
Uy =J‘°=°CTP _vsrid(COSh a)P_y4. ;-(cos B) dr,
where the coefficients C; must satisfy the boundary condition

q
¢(cosh o« — cos f3¢)

=f C.P_4, ;.(cos Bo)P_14,;.(cosh a) dT, o> 0.
0

“1|p=po =

Using the inversion formula implied by the Mehler-Fock theorem, we find

that
C.e— tanh ©tt J. sinh P_y;, . (cosh «) da
cP_yz, ;.(cos Bg) Jo cosha — cos f3,

__49_° tanh 7t fw P_ygi(8) dt
¢ P_ygyi(cos Bo) J1 E—cosBy

Evaluating the integral, we arrive at the formula for the electrostatic
potential given in the answer on p. 229.3

3 In particular, we use the formula

T
Py(cosh a) = —(—v——t—l—)—e"““’“ tannvF(v + 1, 4;v + 3;e72%)

VeI +2)
TG+ v)

—————— " F(—V, §; } — v;e7*%),
V(1 +v)

which shows that a bounded solution in the interval (0, ) exists only if —1 < Re v <0,
The extra requirement that «; be real compels us to set v = —} + iT.
3 To prove the formula

® Poigin(®) n

J= -
1 & —cosBy cosh T

P_14,(—cos Bo)

(see L7), use the integral representation

2 (¢ cos Ts ds
P_14 ,ir(cosh o) = —f v
™ Jo V2 cosh & — 2 cosh s

and then reverse the order of integration with respect to « and 5. After evaluating the inner
integral, this gives
J=2(" cos Ts ds _
o V2coshs —2cosp, coshnt

P_14,ix(—cos Bo),

where we have used another integral representation of P_14,+(x).
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494. Bearing in mind that the potential  can be represented in the form
u = Eyz + u,, where u, is harmonic outside the torus and goes to zero at
infinity, we look for a solution of the form

u = Eyz + /2 cosha — 2 cos A,
0 v B,gl P,_i4(cosh o)

The coefficients 4, are found from the boundary condition and coincide with
the coefficients of the function
—2E,c sin B(2 cosh g — 2 cos B)~%2

when expanded in a'Fourier sine series in the interval (0, 7). Thus we find
that

P,_yi(cosh ) sin

4Ec (T sin P sin nfB df
Ay=—— 7 -
7 Jo (2 coshag — 2 cos )Y
Integrating by parts and using the formula given in the hint to Prob. 493, we
arrive at the answer given on p. 237.

498. Setting
or 2 2 2
T=—=—+u, r=x"++y5
4k Y

we reduce the problem to finding the function u. This function is harmonic
outside the torus (0 < a < ;) and goes to zero at infinity (i.e., as o« — 0,
B — 0). We look for a solution of the form

& h
u = ./2cosha — 2cos ZA,‘M—“)—COS np,
am0  Qn_ys(cosh ap)
where the coefficients A4, are determined from the boundary condition

Q

u|¢=¢o = Z—k- r2l°!=ao‘

It follows from the theory of Fourier series that
_ Qc*sinh® aoJ"‘ dp
N kr o (2 cosh oy — 2 cos B)%2’
2Qc? sinh® aof“ cos np df

kr o (2 cosh g — 2 cos B)**’
Evaluating these integrals, we eventually arrive at the answer on p. 238.

A, =

n=12 ...

502. If we subtract out the singularity at the point r = z = 0 by setting
q
U= ———+ uy,
Vit + 2
the potential 4, of the secondary field is harmonic in the region 0 < « < o,
Bo < B < 2w 4 B, outside the conductor, and vanishes as « — 0, f — 27,
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The function u, can be represented in the form of an integral

cosh (m 4 By — B)
cosh t

U = — % V2 cosha — 2 cos Bf M, P_y, (cosh &) dr.
1)

It follows from the boundary condition

la-po = tp-aripy = 0
that M. coincides with the coefficients of the expansion of the function

(2 cosh & + 2 cos By)~12

in a Mehler-Fock integral with respect to the functions P_,,; (cosh ),
ie.,

(2 cosh « + 2 cos By) ™2 =fowM,P_% +iz(cosh o) dr, o> 0.

In the present case, we cannot determine M, directly by using the inversion
formula implied by the Mehler-Fock theorem, since the function being
expanded does not belong to the class for which the theorem holds (see L9,
p. 228). However, it can be shown without recourse to the Mehler-Fock
theorem (ibid., p. 229) that

(2 cosh a + 2 cos By)* = f “’“‘% P_y;, .(cosh ) dr,
o coshmr
and hence
__cosh Byt
' coshmr

Therefore the solution of the problem is

U = —‘l\/Zcosha—ZcosB
¢

o f ® cosh Byt cosh (t + By — B)T

cosh® T

P_,;,(cosha) dt.

The charge density on the inner and outer surfaces of the spherical bowl are

given by
cosh & — cos 3, du
4me op

Performing the differentiation with respect to § and evaluating the resulting
integrals by replacing the Legendre function by its integral representation

P_yguin(cosh @) = 2 cosh s f costydy
’ T o /2cosh ¢ + 2 cosha

we eventually arrive at the closed-form expressions for o, and o; given in
the answer on p. 240.

cosh a — cos B, du

0=B0 ? 4rc op p=2n+B0

i
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508. To calculate the capacitances, we must first solve the electrostatic
problem, assuming that the spheres have arbitrary given potentials ¥; and v,
Introducing a system of bipolar coordinates «, 8, ¢ in which the spheres
under consideration have equations # = —f; and f = {8, we reduce the
problem to determining a function # which is harmonic in the region
—B, < B < B; and goes to zero as a« — 0, 3 — 0. The desired solution can
be constructed in the form of a series

u=./2coshP —2cosa i [4, cosh (n + 3)B + B, sinh (n 4+ £)B]P,(cosa),

n=0

where the coefficients 4, and B,, are found from the boundary conditions
Ulpeg, =V o=V

which immediately lead to a system of linear equations for 4,, and B, if we
use the familiar expansion

1 N —(n+44)B
=De P,(cos a), > 0.
J2cosh B —2cosa ,,Z:, ( ) P

After determining u, the charges on each conductor can be calculated from

the formulas
o ol [(-2)
B=—P1 2 Jo aﬁ

a1

To find the capacitances Cy;, Cy, and Cyp,, We use the relations

do.
B=B2

Ch= QIIV1=V,=1a Crp= Q1|V1=0,V,=—1 = Qz[V,=—1,V,=o, Co = QzIV1=V,—_-1-

512. In the new coordinate system, the problem reduces to solving the
equation

Pu u W w2 v _

9o | 9B  «(o® + BYOx ol + BEOR

with the boundary conditions

2

u|ﬁ=iﬁu =V

Variables can be separated by setting

u = Jo? + P2 A(2)B(R).

Integrating the resulting equations for A(«) and B(f), and noting that « must
be even in  and bounded at « = 0, we arrive at the following particular
solutions:

u=u, = M,;Na® + B2Jy(uo) cosh uf, > 0.
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The solution is then constructed in the form

/| N coshup
u= Vo +Bfo oon g, T

Using the well-known formula

1 =j ) () dp, B> 0,
Vor + g2 Jo
and taking account of the boundary condition ”Ip— =V, we find that
N, = ePo, and hence
u = V/o® £ B f eubo COSNBB ;s du. (83)
) cosh uf,

To calculate the total charge Q on the conductor, we start from the relation

SINCI

After substituting (83) into (84) and reversing the order of integration, we
obtain the expression3®

w  o—kBo
Q=cV dy =2Valn2.
0

(84

ﬂBo

cosh uf3,
The capacitance C is now determined from the formula Q = VC.
522-523. If we set
E=f (t — iC—) —u,
v

the problem reduces to finding a solution of the wave equation
Pu, Pu_ 13

ox? + oy* or?

satisfying zero initial conditions, the boundary condition

sl

and the condition that u vanish at infinity. Introducing new variables

S

X

‘E=t—v’ 7)=t_£ (r=‘/x2+y2)’

3% Note that the parameter c is related to the radius a by the formula ¢ = 2af,.
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and looking for a solution which is a function only of § and %, we obtain the
equation
0*u 1 Ou

0€ on + 26 —m)dn

whose solution is

_ o) _ 4o
=] E st v,

where ¢ and ¢ are arbitrary functions. Moreover (£) = 0, since

u|r—vw = ul'n-'—oo = 09

?(s)
u_fw\/a—s ) (85)

On the screen v = &, u = f(£), and hence ¢(s) must satisfy Abel’s integral
equation

and therefore

_o(s)

d =
| | B i
with solution??
1 d _fE®
d
o(s) = \/_E E.

If s < 0, then the integrand vanishes identically by hypothesis, which implies
@(s) = 0.
It follows from (85) that

u|~n<0 = 0,

i.e., the excited zone is bounded by the circle v = 0 (see Figure 149, p. 254).
Outside the excited zone,
E= f(t - 5)
v

and in particular, E = 0 for x > v¢. For n > 0, i.e., in the excited zone,

u_jjé’“_’s ,

g(&)
f N Edi.

where

37 See e.g., S6, Vol. II, p. 220.
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531-532. In the present problem, considerations like those given in the
solution of Probs. 522-523 show that the reflected wave can be represented

in the form
I O
! f E st @am (86)
where ¢(s) satisfies the Volterra integral equation
@(s) 2a ,
+ — @9 - , 87
%) ETr GRS ® )

and the variables £ and v are defined by

R I B T R e
Assuming that
0’
=& =0 o=

we find that ¢(s) = 0if s < 0, and hence u = 0 if y < 0. Thus the boundary
of the excited zone is determined by the equation n = 0. The value of u
inside the excited zone (n > 0) is given by (86) and (87) with f(£) replaced
by g(£) and the intervals of integration (— oo, £), (— o0, n) replaced by (0, £),
(0, n).

The integral equation

o(s) _2a ,
[& —s+ (2a/v)]2

belongs to the class which can be solved readlly by the use of the Laplace
transform.®® Writing

9(8) + geE), &>0 (88)

f=[7 e,

multiplying (88) by e~* and integrating with respect to £ from 0 to oo, we
find that

where

dE = —e*?" Ej (— 2—“2),

v

e
K _L £ + (2a/v)

3% In the applications, it is sometimes more convenient to construct the resolvent of the
given equation, without recourse to the Laplace transform (see e.g., F8).
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and Ei (z) is the exponential integral. The final answer can be obtained by
using the inversion formula

o) = fae”‘ dp,
2wiJr

where the line T' lies to the right of the singular points of the function G,

542. To find integral equations for the charge densities, first let M = x
be a fixed point in the plane y = 0. Then

COos (rMA\r, n) - 0
if the variable point N = £ also belongs to the plane y = 0, while

h

b}
|* 37wl

cos (Fpy, M) = — [Tpn] = \/(E, — x4+ h
if N = £ belongs to the plane y = h. Therefore the integral equation (2) on
p. 260 takes the form

_ _1_ 0 . ’1 ® a(&)
o) = 2 E”,"=° T f—w E—xP+h

In just the same way, choosing M = x in the plane y = h, we obtain the
integral equation

_ 1 . h © ao(€) d
olh(x) - 271' E‘yly:h - J;w (E - x)2 _+_ h2 E"

This system of integral equations can be solved by using Fourier transforms.
Multiplying each equation by e** and integrating with respect to x from — oo
to oo, we obtain

o = Lk f:em aleo _9®

dt.

2t T w (£ — x)? + h?
G, — — L" — ﬁ fw iz foo 0‘0(5) d
o= 2r 1y —coe dx —a (E — X)z + h2 E’
where
7=1" fxe dx
and

Jo®) = Ejlyer filx) = Egfymn

(for brevity). Reversing the order of integration and using the well-known
formula

® cos A\ T _nin
dn = —e ™
J;n“+h2 Ky
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we obtain the following system of linear algebraic equations for &, and &,:

G + Pt 5, = .ZL:;, Mg 45, =— 'zil;:
It follows that
s _if;"i'e_mhf-h _ __l—/';'_’_e—ﬂlh/’o
0T o 1 — e 2’ =T T

The answer on p. 262 is now an immediate consequence of the inversion
formula

f(x) = L f S 4,
2t J-w
549. The integral equation
*f(0) K(z\/ﬁ
TJox + y x+y
can be solved as follows: Writing (89) in the form

ff(x) 1 K[ 2J/x[y }dx
y 1+ (xfy)y L1+ (x/y)

)1 K[ 2J}Tx}dx=g()’),

) dx = g(y), O0<y<a (89)

md ox 1+ (%) L+ (/)
we make a Landen transformation
1 2k
NE) K
14k (l + k) Ko,
obtaining
”f(") ()d 4+ 2 ff(") ()dx=g(y). 90)

Because of the formulas

(Ji’) Vo — sz)(y —

-7
-l
(90) becomes

2 (Y z ds
z x| ———4
2w V&0 — )
ds

2 a v
+-1/x)d = g(y).
e, Jor =0t =)

><I'—~ '*<I
I<
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The expression on the left can be represented as a double integral over the
trapezoid bounded by the lines s =0, s = x, s = y and x = a. Changing
the order of integration in this integral, we obtain

2P T LY gy — ). 91
ﬂfo\/yz_s x = g(y) ©n

2 s\/x2—32

If we write

SX) gy —w), O<s<a,

s\/xz— 2

(91) goes into Schlomilch’s integral equation

v
2. ___l@__ds___g(y)’ 0<y<a,
ntJo \/yz g
with solution
v = & [ 804
dS 0\/32 — ta

(see W8, p. 229). To deduce f(x) from a knowledge of ¥(s), we use the
formula

2d [* Y()s
T dx a:\/sz_xz

(see B1). Substituting for W(s), we arrive at the answer on p. 264.

f(x)=— ds

561. To find integral equations for the virtual charge densities on the
planes ¢ = 0 and ¢ = «, we note that if M = r is a fixed point in the first of
these planes and if N = p is an arbitrary point of the interface between the
two dielectrics, then

psma if N belongs to the plane ¢ = «,
cos (Faen, M) = {Vr? + o* — 2rp cos «
0 if N belongs to the plane ¢ = 0.
Applying formula (7), p. 267, we find that
B o B f ® sa(p)e
r)=— —E,|.- = sin do,
ou(r) 2 ¢|¢_0+1t * o r’+ p® — 2rpcosa e
where
_E— &
I .

By a similar argument, if we choose the fixed point M in the plane ¢ = «,
then

B 1o B Jw oo(p)p
=E)|, - s do.
O'a(r) 7 :pl:p_a + - n o ) "2 T p2 — 2rp oS P
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This system of integral equations can be solved by using Mellin transforms.
Multiplying each equation by r*~! and integrating with respect to r from 0
to co, we eventually obtain the system of linear algebraic equations

sin(m —a)(p — 1) _ B
0 — - Gy = fo’
sinw(p — 1) C2n 92)
sin(m—o)p—1)_ , — _ B #
sinw(p — 1) %o+ % 2r I

for G, and &,, where
f=10 rorar
and

fl)(r) = Eg|¢=o, fa(r) = Eg|¢=a

(for brevity). To guarantee the convergence of the integrals appearing in (92),
we choose p to be acomplex number of theform p = 1 4 it (— 0 < T < 0).*
Solving the system (92) for 5, and 5, we find the values of the charge densities
by using the inversion formulas
1 1+iom 1 1+ic0 » 4
= . Gor7dp, « = 1. Gl .
% 2ni J1-io gor AP ’ 27 J1-ieo ° P
565. The requirement that the tangential component of the electric field
be zero on the surface of the conductor leads to the integral equation of the
first kind

meff’(k Ix — &DJj(§) d& = < E(x), 0<x< oo, (%3)
0 W

where j(£) is the total density of current flowing on both sides of the half-
plane, and E(x) is the tangential component of the external field at the point
x.40 This integral equation can be solved by using the integral transform (27),
p. 196. To reduce (93) to a form suitable for application of this method, we
multiply the equation

-3 2
f HE(KE) j(E) dE = <= E(0)
0 TTW

3% Each of the densities o, and o, is O(r—%) as r — 0 and O(r—%2) as r — oo, where
s; <1 and s, > 1. The functions f, and f5 are assumed to be O(1) as r -0 and O(r—%)
as r — 0, where s > 1.

4 Here we have

/(&) =jxlv=+0 +jz|v=-0 =jl +j2a E(X) = E:lv-:l)'

The difference between the current densities is given by formula (9), p. 270, implied by the
conservation law for the circulation of the magnetic field around a closed contour.
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by e=*** and subtract it from (93). The result is

J:o[Hff’(k Ix — &) — e ™ H{?(kE)j(E) dE = 7—:; [E(x) — E(0)e™™]. (94)

Multiplying both sides of (94) by

iz Hiz (kx)
X

and integrating with respect to x from 0 to co, we obtain

@ o py(2 _ _ —ikz
f J(E) d&f HO )(k IX El) e , Hl()Z)(k‘E) en‘r/ZHi(Tz)(kx) dx
0 [}

X

2 /2 — 7=
e J’ E(x) — e **E(0) H®P(kx) dx, (95)
0

TW X

assuming that it is legitimate to reverse the order of integration. The inner
integral in the left-hand side can be evaluated after making the preliminary
transformation

o 17(2) _ _ —ikxpy(2)
f Ho®(k Ix — E) — e Hy (kD) rsregy oy oy g
0 X

o py(2) _ — H(®)
_ f Ho (k Ix — &) = Ho (KE) preiagy o1y g
0 X

© _ p—ikw
+ H®(kE) f 1= mrg®xy = 1, + 1,
0 x
It then follows from the addition theorem for Hankel functions, [see L9,

formula (5.12.11), p. 126] that

w nt/2 (2)
L= Hm(ke,){ f DD 1 gmrpydicn) ds — f & Hi (k) dx}
13

X

0 (2)
ok [ D e
g X

22 £
+2> {Hg,?(kz,)f Tnlkx) ez @ k) dix
0

m=1

+ J(KE) f Hy, “"‘) e IH(kx) dx).
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The integrals on the right can be evaluated in closed form, eventually leading
to the expressions

1 2 7°

I, = ———— H®(k — " PHE(k l:l 2 ]

' it sinh gt (k8) = mit? GBI+ ,nz::, m® 4 <*

— L h®e) — 2 e coth ne HOKE),
it sinh nt it
v 2 1

I, = HP(k [ - ]

: o (k&) itsinh®t  itsinh {nt

Thus we finally have

o py(2) _ _ —ikzpy(2)
f Hy (k|x El) e ""Hy (kE) em/ZH,-(,z)(kx) dx
X

= —2— [H{P(kE) — e™/2 coth et H{P(KE)).
it sinh ntt

If we now introduce the integral transform

H®(kx
/2 n-( )’ 0<T<w,
X

o(7) =L o(x)e”
(95) takes the form

2

it sinh 7

2
[ E() — EJ®) cosh m] — < B — e ™EO)],
TW W
which implies

Ej(E) =

[E(x) — e *E(0)];.

c? { EQ) it tanh nT
7w \cosh Tt

The final form of the solution given in the answer on p. 270 is obtained by
using the formula®!

o(x) = — % f @(t)e"*t sinh nt HP(kx) dtr, 0 < x < 0.
0
566. The problem reduces to solving the integral equation
20

© E .
f H® K |r — pl)j(p) dp = — 4%, 0 < r < o,
0 W

We assume that k is of the form k& = |k| e=**(0 < y < =/2) as in Prob. 565,

41 The applicability of this formula is guaranteed by the requirement that k be a complex
number of the form k = |k| e~i¥ (0 < y < m/2), and that the external field be due to line
sources located in the finite part of the xy-plane.
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and also that the angle between the half-plane and the direction of prop-
agation of the incident wave is less than v.%2 Then the problem can be solved
by using the general formulas obtained in Prob. 565, with

x=r §=p, E(x)= E% " coso.

Bearing in mind that

- ® (2)
[E() — e EQ)] = E° f (emivr e _ gmimnygrera His (k1) g,
0 r

0
= -—ﬁ— (cosh e — 1),
7 sinh ot
we have
CZED ©
pj()=—-— | vtanh~nr €*"/% cosh v HZ(kp) d=.
21e Jo
The last integral can be written in the form
; 250 d
pj() = =— = [¢(m + &) — $(x — )],
21w do
where
1 [®cosh Bt .
B =~ | BT Oy an, g <ty

2i Jo cosh wr

In the paper K3, it is shown that

. 1 ein/4 \/;p cos LB 2
Uy = e~ 1 Jr J et s,
T Yo

Using this formula and performing the differentiation with respect to «, we
obtain the expression for j = j, 4 j, given in the answer on p.271.

%2 These restrictions are needed to guarantee the convergence of the integrals and to
justify using the inversion formula, but can be dropped in the final results. In particular,
the expressions for the current densities j, and j, found here are also valid for real &, in
which case they coincide with the corresponding formulas for the Sommerfeld problem
(see Prob. 427).
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1. Special Functions Appearing in the Text

Certain basic functions
The gamma function

I'(z) = f et ldt, Rez>0.
The probability integral

d(z) —%J‘ —L dt.

The Fresnel integrals
z 2 z 2
C(2) =f cos i dt, S(2) =f sin L dt.
0 2 0 2
The exponential integral

z i
Ei(z)=f %d:, 0 < arg z < 2.

The sine integral

Si(z)zf S"”d

The cosine integral

Ci (2) J.@dt larg z] < .

38l
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Orthogonal polynomials
The Legendre polynomials

1
Pr) = ot ae

The Hermite polynomials

Ho) = (e L= n—0,1,2,...
dx"

*P—1)" n=0,1,2,...

The Laguerre polynomials

—a
LA(x) = e "—' ‘%(e"x"“‘) n=012...,

LJ(x) = L(x).
Cylinder functions
The Bessel function of the first kind

1\ v+2k
J,(2) = z (—=DAz/2) larg z| < .
STk + D0tk +v+ 1)’
The Bessel function of the second kind
Y,(z) = J,(z) cos v — J_,(2) ’ larg z| < .

sin vt
The Bessel function of the second kind of integral order (n =0, 1, 2, ...)

Y, (z) = llm Y(2) = -J (2) l“_ - g gll+—l)l(2)zk_

(— 1z
k+1 k+n+ 1)}, arg z| < m,
mzo g or W+ DYkt n+ D)L Jargzl <
where {(z) is the logarithmic derivative of the gamma function (the first sum
is omitted if n = 0).
The first and second Hankel functions
H(z) = J(2) + iY(2), H{Nz) =J,(2) —iY(2), |argz| <m.
The Bessel function of imaginary argument
(22"
I(2) = larg z| < .
gr(k+1)r(k+v+1> &
The Macdonald function
™ I_V(Z) 1,(2)

K(z) = - ——"—>—=, |argz| <.
Sln \419
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The Macdonald function of integral order (n =0, 1,2, ...)

K.(2) = lim K (z) = (—1)"*',(2) ln =

von

l‘n—l(_l)k(n — k — 1)| E 2k—n
+ 2;_: k! (2)
n S _(z[2)"%
~1) Zk,(H 53 [k + 1) 90+ n £ D),
larg z| <,

where {(2) is the logarithmic derivative of the gamma function (the first sum
is omitted if n = 0).

Spherical harmonics
The Legendre functions of the first and second kinds

1—2z

PV(Z)=F(—V,V+I;1; )) lz_ll<2’

00— LD p(f 020 b 30,
F(v + 5)(2z)"+1 z

|z| > 1, larg z|] < m,
where
& (@B
2w 2 <t
T'(\ + k)
o

F(o, B;v;2) =

M) =1, Mp=———7—"=Mr+1D---A+ k-1

is the hypergeometric series.!
For real x in the interval (—1, 1), the Legendre function of the second
kind is defined by the formula

0u(x) = 3Qy(x + i0) + Q,(x — i0)].

Analytic expressions for the spherical harmonics appearing in this book
can be found in H4, L9 and M2.
The associated Legendre functions
P:,"(Z) — (22 . l)mlz d PV(Z) , Q (Z) ( l)m/2 d Qv(z) ,
dz™ dz™
largz — )| <= m=1,2,...).

! The functions Py(z) and Qy(z) are defined outside the indicated regions by using
analytic continuation (see e.g., L9, Sec. 7.3).
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The associated Legendre functions for the interval (—1, 1)

m/2 d Pv(x)

P,(x)=(—1)"1 — 2,
O7(x) = (—D"(1 — m/deQv,,(.x)-

Elliptic integrals and functions
The elliptic integrals of the first and second kinds

4 P j—
F(cp,k):f——__-i—q)__—n-_, E(¢,k)=f J1 — k*sin® ¢ do.
o1 — K*sin® @ 0

The complete elliptic integrals of the first and second kinds

K(k) = F(;—‘ k), E(k) = E(g k).

The Jacobian elliptic functions
sn z = sin ¢, cnz = Cos @, dnz=+/1 — k?sin® o,

where ¢ is the inversion of the elliptic integral of the first kind, i.e.,

zZ = F((p, k) f ——_:
V1 — k%sin® ¢
Further information on special functions can be found in such books as
Erdélyi et al. (E2), Gray and Mathews (G2), Hobson (H4), Jackson (J1),
Lebedev (L9), Lense (L11, L12), MacRobert (M2), Magnus and Oberhettinger
(M3), McLachlan (M5), Ryshik and Gradstein (R2), Smirnov (S6, Vol. III,
Pt. 2), Snow (S12), Watson (W4), and Whittaker and Watson (W8).

2. Some Expansions in Series of Orthogonal Functions

Q0

{ Zsin(nﬂ:x/a):’_‘»'(l_f) 0<x<a
.n=l n 2 a ’ h

5 i cos (nmx/a) _ i (

n=1 n

2sin"—"), 0<x<a
2a
2 21 Sin (nmtx/a X
3. Z(_l) 1_%_)="_
=1

s 0<x<a.
2a

4. Z(—l)"—lw=ln (ZCos;—x), 0<x<a.
n a
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&sin [(2n 4+ Dmxf2a] =
5. =-, 0<
,Z, 2n 41 4 x<a
& cos [(2n 4+ Dnx/2a] 1 X
6. = —Incot—, 0< .
g‘, 2n+1 2 ce 2a x<a
"° o 8in [(2n + l)rrx/2a] 1 X
7. 1 —Intan —, 0 .
Zf ) w1 2 sx=a
8. S (—1y cos [(2n + 1)nx/2a) _T , 0< x<a
= 2n + 1 4

0s (n'rcx/a) 2(1 x xz)
9. -— =4+ =], 0 < a.
,,é “\6 2 T aa sx<d

c
n—1 €08 (nmtx/a) (nn:x/a)
10. D (—1) -

n=1

of 1 x’)
- — ), 0<x<a.
" (12 aa <<

1 icos [(2n+l)nx/2a]=12(1 _J—‘) 0O<x<a
. < (2" + 1)2 8 a ’ S S a.

2 8in [(2n + Drx/2a]  =°x

12. =T 0 ~x <
g 2n + 1)% a sx<a
=) 2 3
13. sin (nmx/a) 3(1 s x_), 0<x<
Zl P \ea 4 2a <x<a
14. Z( = sin (’mx/a) = -n—( 5-) 0<x<a
n=1 2 a
sin [(2n + 1)1tx/2a] 7 ( x)
15. =—\1— — 0<
Zo @n + 1 16a\" 2 x<a
& ncos [(2n + Dnx/2a] _ m ( )
16. — A )
2.1 @+ 18 R sx<d

iJo(Y,.r/a) 1
n=1 YnJI(Yn) 2
where the vy, are the positive roots of the equation Jy(y) = 0.

2

ZJO(Y‘nr/a) 1(1 _ %)’ O<r < a,
n= lYnJI(Yn) 8 a

where the vy, are the positive roots of the equation Jy(y) = 0.

9. ZJO(an/a)_l(rz 1

— ==, 0<r<a,
'n=1YnJ0(Yn) 4 az 2)

where the vy, are the positive roots of the equation J;(y) = 0.

s O<r<a,
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20' x2m — Po(x)
2m + 1
Z 2m(2m — 2) - - (2m — 2n + 2)
4 1 P;,(x),
+§l("+ Y omt ham +3) - @mt o+ =™
m=1,2,...
21 x2m+l___ 3Pl(x)
2m + 3
T 2m(2m — 2)---(2m — 2n + 2)
4 3 P, ,
F2 Y am + 5~ am + 2n 43 ®
m=12,...
22, _—_"t i"P,,(x), —1<x<1, It|<1.

\/l — 2tx + x n=0

For various other expansions in orthogonal functions (and series of a

different kind), we refer to the handbooks by Jolley (J5) and Ryshik and
Gradstein (R2).

3. Some Definite Integrals Frequently Encountered
in the Applications

o v—1
1.f X _dx=—"—, O0<Rev<l.
o 1+x sin v

) f‘” x" dx Tt sin(w — @)v
' ol—2xcosq>+x  siny sin ¢

, —1 < Rev<l,

0< o <2m

f smaxdx=7_2r, a> 0.

w

4. f °°S‘”‘_°°Sb"d —m2,  a=0, b>o0.
0 a

sf COsbX 4o Tpwm  as0 b>0.
0 2+x 2a

(=)

fe-“ =1 gy P("), a>0, Rev>0.
a
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11.

12.

13.

14.

15.

16.
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.J.e % cos bx dx = —2 , a>0.
° 2+b2
ao—aa: b
e *sin bx dx = ———, a>0.
a2+b2
f‘”_” N
e dx = ~*—, a>0.
)

. _
T 32,2
fe ’cosbxdx~\/ et > 0.
0 2a

® Jr
f P Ll =N" g2ab a>0, b>0.
0 2a

J sin x dx=f cos x2dx = IA/W.
2N 2

. h“_" . TP
® sinh px T SN a5 24

. sinrxdx = - —————, 0<p<a
cosh gx g coshn—r+cosn—p
q q
hm-
© sinh —
f gsinrxdng————q—— 0< p<yq
¢ sinhgx 9 cosh ™~ + cos T2
q q
. Tp
© - sin —
f %ﬂcosrxdxzf————i——— 0< p<yqg
o sinhgx 9cosh = + cos Z2 P
q q
h-rcr p
w cos cos -
2
f M;l—‘picosrxdx=7—r———q—ﬁ—, 0< p<gq.
¢ Ccoshgx T cosh =0 4 cos ZP
q q

- F(q er p)F(q;p)
J cosh px ,_ nea . 0<p<q
0

387



388 MATHEMATICAL APPENDIX

18. f eI (bx) dx = ———,  a> 0.
0 N,

a2+b2

19. f e J (bx)x"+! dx = a l;)m e’ p 50, Rev> —1.
0 a

© x"+1J (bx) .= a’ *b*
o (x*+ a®*! 20w + 1)
a>0, b>0, —1<Rev<2Rep+ %

20.

Kv—u.(ab)’

a1, J‘ K(a\,/x +y)

Z)u/ 2

J(bx)x"* dx
bv 2 b2 ©u—v—1
= ;(_\/_ay_i__.) u_v_l(y\/a + b9,
a>0, b>0, y>0, Rev>—1.

Among the handbooks on definite integrals, we cite those by Dwight (D2)
and Ryshik and Gradstein (R2), as well as the celebrated compendium of
Bierens de Haan (B4).

4. Expansion of Some Differential Operators in Orthogonal
Curvilinear Coordinates

General formulas

Let (9,1, 92, 95) be a system of orthogonal curvilinear coordinates related
to Cartesian coordinates (x, y, z) by the formula

x = x(q1, 92 93)s Y = Y91, 92.95)s Z = 2(q1, 92 Ga)-
Suppose the square of the element of arc length in the given system is
ds* = hi dgy + hj dq; + h; dgs,

where the A, are the metric coefficients

ox\? oyY [0z .
AEF G
dq, * 0q; * 9q; '

Then the differential operators (grad u),, div A,-Au, (curl A),, [where u and
A are given functions of the coordinates, and the index ¢, denotes the
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corresponding vector component] take the form

=
QD

(grad u),, = L

k)

q;

=
v

1

{ (hahdy) + = (hhAq,)+ (h thq,>}

|2 (e 20) (20 +_3_(Mi)}
hyhyhs\0 h, 0q, 0q;\ hy 0qy 095\ hs 0q, ’

1
(curl A),, = —h{a - (isAe) a(thq)},
(curl Ay = (2 (hite) — Ly,
hgh,\0g, 04,
(corl W), = 2 () — 2 (i)
hyhy\0q, 09,

Cylindrical coordinates
X=rcosqp, y=rsing, z=z,
O<r<ow, —rnm<p<n, —0<z< 0),
ds® = dr? + r? de? + dz?, h.=1, h,=r, h,=1,

rad ), = 2, (gradw, =12, (grad w), — 2
or rde

%’
dlvA—l—(rA,)—i-la—A—‘p-i—aA )
ro 0¢ 0z
13( au) 1 %
Ay =-— - — R
! ror 8r+28<p+232
104, 04
14), =-— — —2,
(curl A). r de 0z
0A 0A
1A), = Zr — %4,
(curl A), 0z or
(curl A),— (A laA
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The coordinates of the vector AA = grad div A — curl curl A are:

(AA)r = AAr - lz r 2 aA
r r acp
1 2 04,
(AA)cp = AA‘P - K a(p
(AA), = Ad,,

Spherical coordinates
x=rsinfcosq, y=rsinOsing, z=rcosH,
O<r<om, 0<l<n, —T<o9<mn),
ds®* = dr® + r? d6% + r? sin? 0 do?, h,=1, hy=r, h,=rsinb,

ou 1 0u 1 Ou
d = d =" %a° d = 70
(grad u), or (grad u)g - 29 (grad u), rsin 6 do
div A = 1; 0 (r*A,) + ——= 2
r°or r

or
2,
Auziéa—(r”é!i)+ 1 a(mea—l-‘)%— 1_2u

r*or\" or/  r*sin 626 00/ = r*sin®0 d¢?’
(curl A), = —1_6 ™ (A4, sin 6) — rsiln 5 %1—0,
(curl A)y = ﬁ %% )
(curl A), = 1 a&;:) ,
(AA),=AA,—%A,—rz—;n—e%mesine)— ﬁ%%’
1 204, 2cosb 04,

AAYy = Ady — ——— Ay 4 2% £€08D 04,
(G4 * y*sin6 +r 20  r®sin?0 d¢

1 2 0A,  2cosb 04,

AA), = A4, — '
( )‘P @ r?sin%0 ¢ r¥sin 6 a(p r®sin® 0 aCP

Expressions for the above differential operators in other special orthog-
onal curvilinear coordinate systems can be found in Chapter 7 of this book,
and in the handbook by Magnus and Oberhettinger (M3).



Supplement

VARIATIONAL AND RELATED
METHODS'

Many, and perhaps most, mathematical problems encountered in science
and engineering are difficult or impossible to solve by analytical methods. It
is also found that explicitly obtained exact solutions are often too cumber-
some for interpretation and numerical evaluation. Therefore, in these in-
stances, it is either necessary or convenient to employ approximate methods
which yield accurate numerical estimates of the solution. The recent develop-
ment of high speed electronic digital computers has made practical the success-
ful application of many of these methods to complex problems.

This supplement contains a collection of typical problems that illustrate
a special class of approximate methods. They are related either directly or
indirectly to the variational formulation of physical problems. Almost all
of the examples are concerned with boundary value problems for ordinary or
partial differential equations. However, with suitable and sometimes trivial
modifications, the methods presented can often be applied to other situations,
e.g., eigenvalue problems or problems involving integral equations or integro-
differential equations.

The selection of problems was, in large measure, influenced by the amount
of computational work necessary to obtain a solution. Hence, by necessity,
they are essentially “simple.” However, the methods employed can usually be
applied directly to more complicated problems, the only additional difficulty
being that the calculations are more involved.

The supplement is independent of the main body of the book in the sense

1 This supplement was written by Edward L. Reiss, Courant Institute of Mathematical
Sciences, New York University.
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that all equation and problem numbers refer only to those in the supplement,
Literature references, indicated in brackets, are to items in the references
section on p. 412.

I. Variational Methods

I.I. FORMULATION OF VARIATIONAL PROBLEMS?

Physical probleths can frequently be formulated mathematically as
minimum problems, as well as in terms of differential or integral equations.
The solution is then a function, selected from a certain class called admissible
Junctions, which minimizes a specified functional® with respect to all admis-
sible functions. For example, Hamilton’s principle is an alternative to New-
ton’s equations of motion as a formulation of the laws of mechanics. It
states that if u(x, ¢) is a vector describing the motion of a mechanical system,*
then between any two times #, and ¢,, the actual (stable) motion is an admis-
sible vector which coincides with the actual motion at t = ¢, and ¢t = ¢, and
makes the functional

f:(T— U) dt

a minimum. Here T and U are the kinetic and potential energy functionals of
the system. The admissibility conditions usually take the form of boundary
conditions and of continuity requirements on u and its derivatives. If the
mechanical system is in equilibrium, so that 7= 0 and u is independent of ¢,
then Hamilton’s principle becomes the principle of minimum potential energy:
the actual (stable) displacement of the system is an admissible vector that
minimizes the potential energy functional.

It is usually not difficult to show that the admissible function (or vector)
that minimizes the functional is the solution of a system of differential
equations (or sometimes integro-differential equations, or integral equations)
called the Euler equations for the functional. Thus in mechanics we obtain

* For a fuller discussion of the calculus of variations and its applications, see [3, 4, 8].
? Here we use the general term functional to denote any mapping of a set of functions
(e.g., admissible functions) into real numbers. Thus, for example,

F= f: [ dx

is a functional, where f(x) is any piecewise continuous function on the unit interval, In
our applications, the domain of the functional is the set of admissible functions.

* We use bold face to indicate a vector, and x = (x,, x, . . . , X,) is the vector of p
independent variables. The function u is a vector-valued function of p + 1 variables.
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the equations of motion as the Euler equations for Hamilton’s principle and
the equilibrium equations as the Euler equations for the principle of minimum
potential energy.

To illustrate these remarks, consider the functional

1) =[ Tpow™® + qCeu® + 2/ (x)ul dx W

for the scalar function u(x) of the single variable x. Here a prime is used
to denote differentiation. The admissibility conditions are the following:
u(x), u'(x) and u"(x) are continuous functions in the closed interval [a, b]
which satisfy the boundary conditions

u(a) = Uy, u(b) = U, (2)

where u, and u, are prescribed numbers. The prescribed functions p(x), p’(x),
q(x) and f(x) are continuous in [a, b]. We shall now show that if the admis-
sible function u(x) minimizes I, i.e., I[u] < I[v] for all admissible functions v,
then u is a solution of the Euler equation

Lu=@u) —qu=f, a<x<b. (3)

To see this, we introduce #(x), the variation of u, namely a function defined in
the interval [q, b], which has a continuous second derivative and satisfies the
homogeneous boundary conditions (2) [i.e., vanishes at the end points a and
b], but is otherwise arbitrary. Consider the admissible function v = u + ¢,
where the real number ¢ is a parameter. Then

J(&) = I[v] = I[u + «if)

is a quadratic function of ¢, given by

J@=nﬂ+mmm+§uﬂ @
where
I, = dJ(0) L L= (V)] ,
de de?

It is easy to show, by using integration by parts and the conditions #(a) =
u(b) = 0, that

1 = 2f " (u'it + qui + fit) dx = —2["(Lu — i dx. )
Since I[v] is minimized when € = 0 and hence J(¢) is a minimum at € = 0, it

follows from (4) that 7,[u, 4] = O for all variations @#(x). Thus we conclude
from (5) that u satisfies the Euler equation (3).
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1.1.1. Determine the Euler equation corresponding to the functional (1)
if u(a) = uy and no conditions are specified at x = 5. Determine the bound-
ary conditions that # must satisfy at x = b in order to minimize 7 (they are
called natural boundary conditions.)

Ans. Lu = f, u'(b) =0.

Hint. Let i(a) = 0 and () be arbitrary.®

1.1.2. Let F(x,u,u’) be a specified twice continuously differentiable

function of its arguments x, » and »’. Determine the Euler equation of the
functional

1] = ["F(x, u, w) dx,

assuming as admissibility conditions that u, »’ and u” are continuous in
[a, b] and satisfy (2).

Ans.
(EE) _9F _,
ou’ du
1.1.3. Let F(x,u, ', ..., u™) be a specified twice continuously differen-

tiable function of its arguments, where u(™ = d"u/dx". Determine the
Euler equation of the functional

I[u] =fabF(x, w,u'y ..., u'™) dx,

assuming as admissibility conditions that u, ', ..., '™ are continuous in
[a, b] and have prescribed values at x = q, b.

Ans.
oF ( aF)' ( aF)” ( oF )"0
— | = _ .. _1 n = 0
ou ou’ + ou” +=D ou'™

1.1.4. Determine the Euler equation of the functional

1) = [ 2 + u2 +2/(x, y)u] dx dy
D
for the functions u(x, y) defined on the domain D in the xy-plane bounded by
the contour C (the subscripts denote the corresponding partial derivatives,
e.g., U, = 0u/0x). The admissibility conditions are that  and its first and
second partial derivatives be continuous and that u satisfy the boundary

condition 4 = o(s) on C, )

where s is arc length along C and ¢ is a specified function on C. The function
fis prescribed and continuous on C.

Ans. Au = uy, + u,, = f(x, ).

® For a discussion of more general boundary conditions, see [1], pp. 203-207.
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1.1.5. In Prob. 1.1.4, alter the admissibility conditions so that (6) is
satisfied on a subarc C; of C. On C, = C — C,, there are no specified
boundary conditions. Determine the Euler equation and the natural bound-
ary condition that must be satisfied on C, in order that # minimize 1.

Ans. Au = f(x, y), u, =0 on C,,

where the subscript n denotes differentiation with respect to the unit outward
normal n to D.

1.1.6. Determine the Euler equation of the functional
1 =] [laCx, )t + blx, yu + c(x, yout -+ 2f(x, Y)ul dx dy,
D

using the admissibility conditions of Prob. 1.1.4. Here a, b, ¢ and f are pre-
scribed continuous functions on D, and a and b have continuous first partial
derivatives.
Ans.
(auy), + (bu,), — cu = f.
1.1.7. Determine the Euler equation and natural boundary condition for
the functional

1 =] [laCe, y)u2 + u) + e(x, p)u® + 20 (x. y)u] dx dy
D

+ ], alx(s), YOMAG)® — 29(sIul ds,

where C is the contour bounding D, the functions a, ¢ and f are prescribed
and continuous on D, and a has continuous first partial derivatives. The
prescribed functions A(s) and ¢(s) are continuous on C.

Ans.
(aua:)z + (auy y T cu =_f, un + Au = o.

1.1.8. Determine the Euler equation of the functional
11l = [ [1(Awy* — 2f(x, yyul dx dy,
D

where f'is a prescribed continuous function on D. The admissible functions
u(x, y) have continuous partial derivatives up to and including the fourth
order, and satisfy the boundary conditions

u=o(), u=Us) onC. )
Ans.
A% = Upgag + 2Ugeyy + Uy =f(x: »-

Hint. Let # = 4, = 0 for x, y on C.
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1.1.9. Determine the Euler equation of the functional
1) = [ [[(Au)* — 201 — V)(upaty, — u2,) — 2fu] dx dy,
D

where the admissible functions have the same continuity properties as in
Prob. 1.1.8 and the condition (7) is satisfied on the subarc C; of C. The
remaining part of the boundary C, = C — C, is “free,” i.e., no conditions
are specified on C,. Determine the natural boundary conditions on C,. When
C, = 0, compare the results with those obtained in the previous problem.
The constant v is a specified number in the range 0 < v < .

Ans.
A = f, vAu + (1 — V)(ugen? + 2ug,niny + uy,ng) =0,
(Au)n + (1 - V)[(uuy - uzr)nlnz + umv(nf - ng)]s’
where n, and n, are the x and y-components of the outward unit normal to D,
and the subscript s denotes differentiation with respect to arc length s along C.

Hint. On C,, @ and 4, are arbitrary.

1.1.10. Determine admissibility conditions and a functional whose Euler
equation and natural boundary condition ‘yield the following boundary
value problem for the region D in the xu-plane with contour C:

A% = f(x, y) for x, y in D,

u=0, vAu+ (1 — v)(Uuyeh? + 2uznn, + u,n3) =0  for x,yonC.

Ans. The functional is given in the preceding problem. The admissible
functions have the same continuity properties as in Prob. 1.1.8, and in addi-
tion, u = 0 on C.

1.2. THE RITZ METHOD [14]

The minimum property of the solutions of boundary value problems
suggests a method for their approximate determination. Suppose that a
sequence of admissible functions is constructed whose limit minimizes an
appropriate functional. Then the function obtained by truncating the se-
quence after a finite number of terms may provide an approximation to the
minimizing function. The approximation is presumably more accurate
when more terms in the sequence are retained. Specifically, we select a
family of admissible functions

u = U(x;c) (8)
depending on n (unknown) parameters ¢ = (c;, ¢y, . . . , C,). Inserting these
functions into the functional and performing the necessary integrations, we
obtain

1[U(x; ¢)] = ®(c), ®
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where @ is a function of the n parameters c. Necessary conditions for ® to be
a minimum are that

QCL):O, i=12,...,n (10)
oc;
The m solutions ¢ = ¢/, j = 1,2, ..., m of the algebraic equations (10) give

the stationary points of ®. Let ¢ = ¢° be a stationary point which also fur-
nishes a minimum of ®. Then we expect that the function u = U(x; ¢%),
which is called a Ritz approximation and which minimizes I with respect to
all admissible functions of the form (8), is an approximation to an admissible
function that minimizes /.8

In practice, the family of admissible functions is usually formed by taking
a linear combination

i(x; ) = u’(x) + 2 c;#(x), (11)
i=1
where u° is an admissible function and the #’ (j = 1, 2, .. ., n) are variations.

We shall refer to U in the form (11) as a trial solution. For linear problems,
the functional 7 is quadratic in » and its derivatives. Then substitution of (11)
into the equations (10) leads to a system of linear algebraic equations for c.
Naturally, we should try to choose the functions #° and # so that they
approximate the solution as closely as possible. However, there are several
practical considerations governing their selection. First of all, they should be
chosen so that the integrals necessary to obtain @ are “easy” to evaluate.
Furthermore, the #’ must be sufficiently different. If, for example, two of the
functions are identical, then the resulting system of linear algebraic equations
for ¢ will have a zero determinant. If two or more of the functions @’ differ
only slightly, then the determinant may be small and it will be difficult to
solve the algebraic equations accurately. If natural boundary conditions are
to be satisfied on some portion of the boundary, then, as we have seen in
Sec. 1.1, it is not necessary to impose them as part of the admissibility con-
ditions, since the solution of the minimum problem automatically satisfies
them. However, if it is easy to select u, and @&’ which satisfy the natural
boundary conditions, then it is advantageous to do so in the Ritz method.
To illustrate the application of the Ritz method, consider the boundary
value problem consisting of the differential equation (3) and the boundary
conditions (2), where the associated functional is (1). For simplicitly, we
take uy; = u, = 0, so that u®= 0.7 Then substituting (11) into (1) and

¢ Convergence properties and the sense of approximation afforded by the Ritz method
have been established in special cases (see [S5, 11]).
7 For the variations we may take, for example,
W=(0b—-x)a—x)x), j=12,...,n
or
Jr(x — a)

W’ = sin
b—a ’

J=1L2...,n
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performing the necessary differentiations, we obtain /[u] = ®(c). Applying
the stationary conditions (10), we find that the parameters c; satisfy the system
of algebraic equations

> Aye;+B=0, i=12...,n (12)
where =

Aji= Ay =Lb(pﬁ,fﬂ,f + qu,4,) dx,
Bi:f:faidx, Lj=12,...,n

1.2.1. Prove that if the #’ are linearly independent functions and the
coefficients p(x) and g(x) satisfy the conditions p(x) > 0, g(x) > 0 for all x in
[a, b], then the system (12) has a unique solution.

Hint. Show by contradiction that the homogeneous form of the system
(12), i.e., with B; =0 (i =1, 2,.. ., n), has only the solution ¢ = 0.

1.2.2. Use the Ritz method to obtain an approximate solution of the
boundary value problem

W +u+x=0, u(0)=u(l) =0
for each of the following trial solutions:
a) U=cx(1 — x); b) U= cx(1 — x) 4+ cx*(1 — x);
©) U=cx(1 — x)+ c(1 — x?).
Why are these legitimate trial solutions? Compare the approximations so
obtained for u and u’ with the exact solution.

Ans.

5 17 7 8 7
a) 0_1—8’ b) 6‘1—@, szz-l ; © Cl——ﬁ, C‘z—"ﬁ
(see [11], p. 269 and [1], p. 220).

1.2.3. Use the Ritz method to obtain an approximate solution of Bessel’s
equation
X" +xu' +(x2—Du=0
in the interval 1 < x < 2, where u(1) = 1, u(2) = 2. Compare the result
with the exact solution.
Hint. First write Bessel’s equation in the form (3).

1.2.4. Use the Ritz method to obtain an approximate solution of the
boundary value problem
(xu') +u=x, u0) =0, u(l)=1,
of the form U = x 4+ x(1 — x)(c; + ¢px).
Ans. 85 35

Cl—

see [91).) % T
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1.2.5. Use the Ritz method to obtain an approximate solution of the
boundary value problem
W+ +xu+1=0, u-—1)=ul)=0
of the form
a) U=c (1 —x%) + c(1 — x%;
b) U= c,(1 — x4 cx(1 — x*) + c5(1 — x8).
Ans.
2) ¢ _ 1050 o 231
11063’ T 4252
b) ¢; ~ 0.966, ¢, ~ —0.00474, ¢, ~ —0.0297.
(see [1], p. 209).
1.2.6. Obtain a Ritz approximation to the solution of the boundary value
problem
[(2— x®u"]" + 40y =2 — x2,  y'(£1) =y"(4+1) =0,
of the form U = ¢; 4 cpx% 4 x4,
Ans.
143363 953 189
1= T o s C= — y C3 = _———
40 - 79301 79301 79301

(see [1], p. 219).

Hint. UseProb. 1.1.3 to formulate the functional. Note thattheboundary
conditions are natural boundary conditions. Determine how accurately the
boundary conditions are satisfied by the approximate solution.

1.2.7. Use the Ritz method to obtain an approximate solution of the
Poisson equation
Au = u, + u,, = —2,
subject to the condition u = 0 on the boundary of the rectangle |x| < g,
|y] < b, where the trial solution is of the form
a) U= c(x* — a®)(y* — b%);
b) U = (x* — a®)(y® — ad[cyx + co(x® + y?)] (for the square b = a).

Ans.
5 5259 15 35
a =—"—: b) a¥, ===, a'c
)T k@ry D i T 4a
(see [11], p. 281).
Hint. Use Prob. 1.1.4.
1.2.8. Solve Prob. 1.2.7, using the Ritz method with

16277

00 00
mmnx nr
U= Z Z c,,mcos——cos——y.
m=1,3,6,... n=1,3,6,. .. 2a 2b



400 SUPPLEMENT PROB. 1.2.9

Show that the constants c,,, so obtained coincide with those found by the
method of separation of variables.

Ans.

Cn = 128774a2b%(— 1) 4™+ =1 [mn(b*m? + a?n?)]~
(see [11]. p. 282).

1.2.9. Apply the Ritz method to construct a solution of Au = —1 satis-
fying the boundary condition u,, + u = 0 on the sides of the square |x| < 1,
[y] < 1 (see Prob. 1.1.7), where the trial solution is of the form

a) U=c; + c(x? + yB); b) U=c; + c(x® + y?) + czx%2

Note that the trial solutions need not satisfy the boundary conditions,

since they are natural conditions.

Ans.
2) 3 o — 15'b) 139 o — 15 C_S
T T e T8 PT 160 © T 56
(see [1], p. 429).
1.2.10. Solve Prob. 1.2.9 by the Ritz method, selecting trial solutions that
satisfy the natural boundary conditions. Make use of the symmetry of the
solutions in x and y. Compare with the answer to Prob. 1.2.9.

1.2.11. Find Ritz approximations to the solution of
3
5—v
on the rectangle |x| < 4, [y| < 1, where u = 0 on the edges of the rectangle.
As trial solutions, use

a) U=c(l —y3(1 — 4x3)(5 — )%
b) U= (¢, + coy)(1 — yA)(1 — 4x3)(5 — y)%.
Ans.

Au +

u, +1=0

a) ¢
(see [1], p. 459).
Hint. Use Prob. 1.1.6.

1.2.12, Obtain a Ritz approximation to the solution of the biharmonic
equation A% = 0, satisfying the following boundary conditions on the edges
of the square |x] < I, |y| < 1:

U, =0 for x= 41, y= 41,
Uy,=1—y* for x4 1,

7
= 7h ; b) 10%c, &~ 10.185, 10%, ~ 4.84

U, =20 for y=+1.
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As trial solutions, use
a) U=3y*(1 — 3% + c(x* — 1*(y* — 1);
b) U=2y%(1 — &y») + (x® — D*(y2 — 1)%(cy + cox® + c5)?).

Ans.
a) ¢, ~ 0.0425; b) ¢; ~ 0.0404, ¢y = ¢y &~ 0.0117

(see [17], p. 167).

Hint. Transform the boundary conditions into the form (7), and then use
Prob. 1.1.8.

1.2.13. Determine a Ritz approximation to the solution of A%y = f(x, y)
in the rectangle 0 < x < a, 0 < y < b, satisfying the boundary conditions
of Prob. 1.1.10 on the edges of the rectangle. Use a trial solution of the form

U= Z Z Cun SIN m sin n:y

m=1 n=1

mY¥  (nV]7E(e[? . mmx . nmy
el 1 GIT L e sin ™22 sin =2
(see [16], p. 345).

1.2.14. Use the Ritz method to obtain an approximate solution of the
clamped rectangular plate problem A%z = f where f is a constant (see
Prob. 1.1.8), subject to the conditions u = u,, = 0 on the boundaries of the
rectangle 0 < x < g, 0 < y < b. Use a trial solution of the form

U= (1 - cosZT")(1 - cosz"Ty).
)

1.3. KANTOROVICH'S METHOD?

Ans.

Conn =

Ans.

(see [18], p. 288).

Kantorovich’s method, which is sometimes called the mixed Ritz method

or the method of reduction to ordinary differential equations, is essentially a

generalization of the Ritz method. More “freedom” is permitted in the selec-

tion of the trial solutions (8) and (11) by allowing the parameters ¢ to be

functions of one of the independent variables x, say x. The functional 7 then
reduces to a functional

I[U(x; e(x))] = ¥[e(x)] (13)

of n functions ¢;(x), which are determined so as to furnish a minimum of V',

® For a general description and analysis of this method, see [11].
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Thus the ¢;(x) are solutions of a system of n ordinary differential equations
which are the Euler equations of V. The solutions of these equations subject
to appropriate boundary conditions yield the approximation U(x; ¢(x)).

For simplicity, we shall consider Kantorovich’s method only for a
rectangular region g, < x < ay, by, < y < b, in the xy-plane. However, the
method can be applied to regions of more general shape (see [11]). We shall
employ trial solutions of the form

U(x, y; e(x)) = u%(x, y) + > c(x)i(x, y), (14)

J=1
where u° satisfies inhomogeneous boundary conditions and the # homo-
geneous boundary conditions on y = b, ;. The boundary conditions on x =

ay, a, yield the values of ¢;(ap) and ci(ay), j=1,2,...,n.
As an example (see [11], p. 304), consider the problem of solving the
equation Au = —1 for x, y in the square |x| < 1, [y] < 1, subject to the

boundary condition.# = 0 on the edges of the square. As a trial solution, we
take U = (I — y?)c(x), which satisfies the boundary conditions on y = 4-1.
To make the trial solution satisfy the conditions on x = -1, we require that
¢(—1) = ¢(1) = 0. Then the associated functional (see Prob. 1.1.4) reduces to

ITu] = Ye(x)] = gfl (3 ¢ et — c) dx.

-1\5
The Euler equation of ¥ is obtained by using (1) and (3), and is given by
o S5 5
2¢7 73
Solvingthisequation and applying the boundary conditions ¢(—1) = ¢(1) =0,
we obtain 5
c(x):.l.(lﬁm)f)’ k =,\/-5_’
2 cosh k 2
1 cosh kx
=L (1 - k),
2( Y cosh k

1.3.1. Solve the above boundary value problem by Kantorovich’s method,
using the trial solution
U= — yHles(x) + co(x)y?).
Compare with the result of the Ritz approximation obtained in Prob. 1.2.7.
Ans.
cosh o, x

— 0.0156 ——,
cosh a_ cosh a,

&ix) ~ —]5 +0.516 oshe-x

cosha_x | cosh a+x)
cosh a_ cosh «,

where a, = (14 4 \/B—S)W are the roots of the characteristic equation
€4 — 28E% + 63 = 0 (see [11], p. 317).

co(x) ~ 0.114(——
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1.3.2. Solve the above boundary value problem by Kantorovich’s
method, using the trial solution

U= Z ci(x)cos (j + §)ry.
=0

Verify that this yields the infinite series representation of the exact solution.
Ans.

(x) = (— 1) 37 — _S[I_M}’ i=1,2,...
¢(x) = (=127 — b cosh (J — 3)m Y

(see [11], p. 320).

1.3.3. Use Kantorovich’s method to solve the clamped rectangular plate
problem, i.e., A%« = 1 in the rectangle |x| < a, |y| < b, with boundary con-
ditions u = u,, = 0 on the edges of the rectangle. Use U = (y2 — b?)%c(x)
as a trial solution.

Ans.
24c¢(x) = A cosh «f cos B + Bsinh £ sin € + 1,

where § = x/b, A = d,/dy, B = d,|d,,
dy = B sinh ar cosh ar 4- o sin Br cos Br,
—d, = «a cosh ar sin fr + B sinh ar cos Br,
d, = o sinh ar cos Br — B cosh ar sin Br,
r=alb, « ~ 2.075 and B ~ 1.143 (see [11], p. 322).

1.3.4. Use Kantorovich’s method to obtain an approximate solution of
A%y = 0 on the semi-infinite strip 0 < x < oo, |y| < 1, subject to the follow-
ing boundary conditions:

Ug(x, £1) = uy(x, £1) =0, u,,(0,y) =)»*— %, u,0,y) =0,

limu,(x, y) = hm uw(x y) = O uniformly in y.

Use the trial solution

U= (1 _1 Yz) C(X)

(note that U satisfies the boundary conditions on y = +1).
Ans.

c(x) = e‘“'(cos Bx + g sin Bx),

where y = a + Bi ~ 2.075 + 1.143iis a root of y* — 6y + &2 = 0 (see [10]).



404 SUPPLEMENT

2. Related Methods

The application of the Ritz method to the solution of boundary value
problems requires a variational principle. However, in some problems there
is no such principle, while in others, it is difficult to determine the proper
functional or cumbersome to evaluate the integrals needed in the Ritz method.
Thus, in this section, we shall discuss three procedures for obtaining approxi-
mate solutions which do not require a variational functional, although they
lead to approximations related to those obtained by the Ritz method.

For simplicity, consider the following boundary value problem involving
a single function u(x):

Lu=f for xinD, Bu=g for xonC. (15)

Here L is a differential operator defined in a domain D, B is a boundary
operator defined only on the boundary C of D, and f and g are prescribed
functions. Thus Bu = g is the boundary condition for the single differential
equation Lu = f.

As in the Ritz method, we seek an approximate solution of (15) of the form

u = U(x;¢),

depending on n parameters ¢ = (cy, €y, - . . , ¢,). We shall assume, unless it
is otherwise specified, that ¢ is independent of x. In general, the approximate
solution U does not satisfy the differential equation and the boundary con-
dition, and in fact

LU — f=e(x;¢) for xinD,

(16)
BU — g = E(x;¢) for xon C,

where e and E, called the interior error and the boundary error, are algebraic
functions of x and c. If ¢ is a function of one independent variable, then e will
be an ordinary differential operator acting on ¢, and E will contain initial or
boundary conditions for ¢. If the function U is selected so that E = 0 for all
x on C, the procedure used to determine c is called an interior method, while
if e = 0 for all x in D, the procedure is called a boundary method.

We wish to determine ¢ so that the errors are, in some sense, as small as
possible. Essentially, each of the methods described below amounts to
ascribing a definite meaning to the term “small.”

2.1. GALERKIN'S METHOD [7]

In Galerkin’s method, the n parameters are chosen to make the errors
orthogonal to a set of »n independent functions w!(x), w¥(x), ..., w*(x),
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usually taken to be orthogonal. This gives n conditions of the form

fD e(x; e)wi(x) dx + fc E(x;cw'(x)ds =0, j=1,2,...,n (17

where ds is an element of area on C. These are n algebraic equations for
determining the n parameters c. In fact, the equations are linear if L and B are
linear operators and U is chosen in the form

U=u'+ D ci, (18)
i=1

as is customary in practice. The interior Galerkin method® corresponds to
choosing u® and &, j = 1, 2, .. ., n to satisfy the inhomogeneous and homo-
geneous boundary conditions, respectively. In the applications, it is custom-
ary (but not essential) to set w = @, j = 1,2, ..., n, and we shall do so in
all the problems that follow. If, as n — co, the w’ form a complete set of
functions, then e — 0 as n — oo (being orthogonal to every function of a com-
plete set). Some convergence properties of Galerkin’s method are discussed
in [12].

Practical selection of the functions # and w' is governed by the same
considerations as in the Ritz method, i.e., they should make evaluation of
the integrals in (17) easy and they should be sufficiently dissimilar (say
orthogonal) to lead to a “well-conditioned” system of algebraic equations.

If the boundary value problem (15) can be derived from a variational
principle, then, in many cases, it can be shown that Ritz’s method coincides
with Galerkin’s. If the parameters c; in (18) are permitted to be functions of
one variable, we obtain the Galerkin-Kantorovich method. The conditions
(17) then give ordinary differential equations and boundary conditions for
determining c.

2.1.1. Given the differential equation (3) and the boundary conditions
(2), with uy = u; = 0, show that the Ritz and Galerkin methods lead to the
same system of algebraic equations (12) for determining the coefficients c.

Hint. Use integration by parts.
2.1.2. Given the differential equation

(auz)z + (buy)y —cu :f

(see the answer to Prob. 1.1.6) and the boundary condition ¥ = 0 on C, show
that the Ritz and Galerkin methods lead to the same system of algebraic
equations for the coefficients c.

® The expression Galerkin’s method conventionally denotes the interior Galerkin
method.
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2.1.3. Solve Prob. 1.2.3 by Galerkin’s method without transforming
Bessel’s equation into the form (3). Compare with the exact solution, and
also with the Ritz approximation using the same number of parameters.

2.1.4. Use Galerkin’s method to obtain an approximate solution of the
boundary value problem
W'+ xu +u=2x u0) =1, u(l) =0,
choosing a trial solution of the form
U= (1—x)(1 4 c;x + c3x% + c3x3).
Ans.
g~ —0209, c,~ —0.789, ¢, ~ 0.209

(see [13], p. 115).
2.1.5. Solve Prob. 1.2.4 by Galerkin’s method, using the same trial

solution. Verify that ¢; and ¢, satisfy the same algebraic equations as in the
Ritz method.

2.1.6. Use Galerkin’s method to solve the boundary value problem
u™® 4oy =1, u(0) = u"(0) = u(l) = u"(1) = 0,
choosing a trial solution of the form
U = ¢, sin tx + ¢, sin 3mx.
= 4n Y (rt + 1)L, ¢, = 4[3n(81x=t 4 1)]?
(see [6], p. 233).
2.1.7. Solve Probs. 1.2.7 and 1.2.12 by Galerkin’s method, using the same

trial solutions. Verify that the coefficients c; satisfy the same algebraic
equations as in the Ritz method.

Ans.

2.1.8. Use Galerkin’s method to solve Prob. 1.2.9, choosing the following
trial solutions which satisfy the (natural) boundary conditions:
a) U=c[9 — 3(x* + ¥ + x¥H?];
b) U= a9 — 3(x* + )% + x¥7]
+ c2[30 — 5(x2 + y?) — 3(x* 4 y%) + x¥(x? + yH)].
Ans.
5
a) c = 5 ; b) 10%; ~ 73.3, 10%, ~ 5.38
(see [1], p. 413).

2.1.9. Use the Galerkin-Kantorovich method to obtain an approximate
solution of the heat equation u,, = u, in the semi-infinite strip 0 < x < 1,
t > 0. The boundary and initial conditions are

u(0, t) — u,(0, 1) — u,(1,¢) =0, t>0,
u(x, 0) = 1, 0<x<1,
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and u must remain bounded as  — c0. Use a trial solution of the form
2 3
U= cl(t)(l + x — x;) + cz(l)(l + x — x?),
which satisfies the boundary conditions but not the intial conditions.
Ans.
¢,(t) ~ 0.586¢~0-740! | 2 45¢-11-8¢ c(1) &~ 0.144¢70:740t — 2 30g11-86¢

(see [6], p. 372).
Hint. Inapplying (17), set the area integral over the strip and the boundary
integral over the initial line separately equal to zero.

2.1.10. Use the Galerkin-Kantorovich method to obtain an approximate
solution of the wave equation u,, = u,, in the semi-infinite strip 0 < x < 1,
t > 0, where the boundary and initial conditions are

u(0,1) = u(l,1) =0, t>0,
u(x, 0) = x(1 — x), u(x,0)=0, O0<x< 1.

Use a trial solution of the form

U= x(1 = x)[ey(t) + eo()x(1 — x)].
Ans.
¢, ~ 0.804 cos at + 0.197 cos B¢,

cy &~ 0.911(cos az — cos Bt),

where a ~ m, B &~ 10.11 (see [6], p. 375).

22. COLLOCATION

Of all the approximation procedures under consideration, the collocation
method is perhaps the simplest to apply. In this method, the n parameters are
determined by requiring the errors in (16) to vanish at n points xy, X, . . . , X,
in D + C called the collocation points. Of course, these points must be chosen
so that the resulting system of equations has a solution, say ¢%(x;). The ideal
collocation points are those for which ¢%(x;) minimizes the maximum error
forall x in D 4 C. For example, if we define

E(x;) = max [e(x; )l + max | E(x; (x))l, (19)

then as the collocation points we should take the values x;, j = 1,2,...,n
for which & is a minimum. However, no general procedures are presently
available for a priori selection of points satisfying this criterion; in fact, they
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are usually determined by intuition or by practical considerations such as
computational simplicity. Only interior or boundary points need be con-
sidered as collocation points, depending on whether interior or boundary
collocation is employed.

A disadvantage of collocation is that the approximate solution may vary
considerably with the position of the collocation points. One way to minimize
this is to take a sufficient number of points and distribute them over the
domain and the boundary.

An obvious generalization of the collocation method is to allow the
parameters to be functions of one variable, say x. Then the errors will
depend on ¢(x) and its derivatives, and collocation may yield a system of
differential equations and boundary conditions for determining the param-
eters.

2.2.1. Solving Prob. 1.2.2 by interior collocation, using U = cx(1 — x)
as a trial solution and the following collocation points:
a) x=4 b)x=14 o x=1i
Compare with the Ritz approximation and the exact solution. In each ease,
evaluate

& = max |e|
0<z<1

[cf. (19)]. Does the approximation with smallest & have the smallest deviation
from the exact solution?

Ans.

E ; © ¢ :IE
7 29
2.2.2. Solve Prob. 1.2.5 by interior collocation, using
U= (1— x¥(c; + cox* + c3x%)
as a trial solution and the following collocation points:

4
=—: b)c=
a) ¢ 55 ) ¢

a) x=14,% (setc;=0); b) x=14%,43.
Ans.
a) 6 ~ 0.929, ¢, ~ —0.0512; b) ¢; ~ 0.932, ¢, ~ —0.0341, ¢; ~ —0.0302
(see 1], p. 182).
2.2.3. Solve Prob. 2.1.6 by interior collocation, using the same trial

solution and x = §,  as collocation points. Compare with the approxima-
tion obtained by Galerkin’s method.

Ans.
=2+ 1027w+ 1), o= (V2 — 1)278lnt + 1)
(see [6], p. 233).
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2.2.4. Solve Prob. 1.2.7 for the square b = a by interior collocation, using
the same trial solutions. For the trial solution a, use x =y =0 as the
collocation point, and for the trial solution b, use the points x = y = 0 and
x =y = af2. Compare with the Ritz approximation and the infinite series
solution.

Ans.

1 25
P 2 . 2 — 4 —
d)ac—z, b)ac,—42, a‘c, o
(see [15], p. 437).

2.2.5. Use boundary collocation to solve Prob. 1.2.7 for the square b = a.
To select trial solutions, it is convenient to introduce polar coordinates

P + yz, 0 = tan™* 4 .
X
Then the function
2
U= _'5 + ¢, + ¢or* cos 40 + cgr® cos 86

is a solution of the differential equation. Determine the parameters c,, ¢,
and c;, using the collocation points

r=a,0=0, r=\/§§, tanﬁzé, r=y2a, 6=

N |

Compare with the solutions obtained by interior collocation (Prob. 2.2.4)
and by the Ritz method (Prob. 1.2.7). Also compare with the infinite series
solution (Prob. 1.2.8).

Ans.
¢, ~ 0.590a2, a’c, ~ —0.0924, abc, ~ 0.00254
(see [2]).
2.2.6. Use boundary collocation to determine an approximate solution
of Au = —2 where u = 0 on the boundary of a regular hexagon with sides

of length 2a/\/§ whose vertical sides lie on x = +a. As a trial solution, use

the function
2
U= — 'E + ¢; + cpr® cos 60 + cyr'? cos 126,

which solves the differential equation. Choose polar coordinates with respect
to the center of the hexagon, and use the collocation points

r=a, =0, ,._E’_ 6= r=l l—3a, tan(‘)=L

T
V3 6’ 2N 2 2J/3°

¢ ~ 0.541a%, a'c, ~ —0.0445, a'°c, ~ 0.00363
(see [2]).
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2.2.7. Solve Prob. 1.2.9 by interior collocation, using the trial solutions
of Prob. 2.1.8. For the one-parameter approximation, use the collocation
points

) x=y=0;, bx=y=4; c)x=y=4%

For the two-parameter approximation, use the collocation points

dx=3% y=% x=1 y=4
) x=4% y=4% x=i y=4
Compare these approximate solutions with those obtained by the Ritz and

Galerkin methods.

Ans.
) L b) ¢ : c)
= —, = — cC= —;
V=R 1 2
446 32
d) ¢, = g5z ~ 0,074, € = = ~ 0.00528;

e) 103%¢c; ~ 74, 10%, ~ S.15
(see [1], p. 411).

2.2.8. Solve Prob. 1.2.9 by boundary collocation, using the following trial
solutions and collocation points:

a) U=—}(*+ ) +e x=1, y=14

b) U=—i(x2+y2)+61+62(x‘—6x2y2+y4),
x=1, y=1% x=1, y=4

(Both trial functions are solutions of the differential equation.) Compare with
the results of Prob. 2.2.7.

Ans.
a) ¢ ~ 0.813; b) ¢, ~0.821, c,~ —0.0144

(see [1], p. 413).

2.2.9. Use boundary collocation to solve Prob. 1.2.14 for the square
b=a. Let r and 6 be polar coordinates with respect to the center of the
square, and use the trial solution

4
U= —éz + ¢, + car® + (cgr* + c4r®) cos 49 + (czr® + cg'°) cos 86

and the collocation points

Yy =

FNE

/
2 0=0 r=212, tanﬁ:-l—
2 4 2

faln
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Verify that U is a solution of the differential equation. Compare with the
approximate solution obtained by the Ritz method in Prob. 1.2.14.

Ans.
¢, ~ 1.296F, ac, ~ —2.256F, a‘c; ~ —0.3603F,

abc, ~ 0.3078F, abcy ~ 0.01074F, a'®cg &~ 0.00207F,
where F = fa'/64 (see [2]).

2.3. LEAST SQUARES

In the method of least squares we seek an approximate solution in the
form u = U(x; c), as before, but the parameters ¢ are determined to minimize
the “mean square error” of the errors e and E in (16), i.e.,

fD w(x)éi(x; ¢) dx + fc' Q(x)E*(x; ¢) ds = minimum, (20)

where the weighting functions w(x) > 0 for x in D and Q(x) > 0 for x on C
are at our disposal. Usually it is convenient to take w = Q =1, and we
shall do so in the problems below. Necessary conditions for the mean square
error (20) to be a minimum are obtained by differentiating (20) with respect
to each c;:

f e—dx+fQE——ds—0 j=12,...,n. 21)
D

This gives n algebraic equatjons for determining the n parameters c; by the
method of least squares.

The method of least squares is usually less convenient than collocation,
since the additional integrals in (21) may be difficult to evaluate. On the other
hand, the method of least squares is more systematic than collocation, since
there is no arbitrariness corresponding to the selection of collocation points.

2.3.1. Solve Prob. 1.2.2 by interior least squares. As the trial solution,
use the function

U=cx(1 —x)+ cx(1 — x2%),

which satisfies the boundary conditions. Compare the results with the Ritz
and collocation approximations (see Prob. 2.2.1).

Ans.
4448 c 413
101 - 2437° 27 2437

Cl:

(see [1], p. 220).
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2.3.2. Use interior least squares and the trial solution
U= c(x*— a®)(y* — a?
to solve Prob. 1.2.7 for the square 6 = a. Compare the resulting approxima-
tion with those obtained by the Ritz and collocation methods (Probs. 1.2.7
and 2.2.4). Also compare with the infinite series representation of the solu-

tion obtained by separation of variables.
Ans.

(see [15], p. 436).

2.3.3. Solve Prob. 1.2.9 by interior least squares, using the trial solution
U=c[9 — 3(x* + y%) + x*] which satisfies the boundary conditions.
Compare with the approximations obtained by the Ritz, Galerkin and
collocation methods (Probs. 1.2.9, 2.1.8 and 2.2.7).

Ans.

15
‘= Tel

(see [1], p- 414).

2.3.4. Solve the equation Au = x2 — 1 in the rectangle |x| < 1, [yl < }
by the boundary least squares method, where u = 0 on the edges of the rec-
tangle. Use the trial solution

x2 x2 2 2\ 1 4 2. 2 4
=S\ 1) Fal =) 4 el —6xyt 4y,
which is a solution of the differential equation.
Ans.
16643 848
€= ——", Cy = ——
60 - 2443 2443

(see [1], p. 417).
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SUBJECT INDEX

A

Abel’s equation, 253

Acoustic resonator, 46

Addition theorem for Hankel functions,
378

Admissible functions, 392

B

Boundary error, 404

Boundary method, 404

Boundary value problems of potential
theory, 27

C

Cauchy problem, 20

Collocation, 407

Collocation points, 407

Complex potential, 34

Conformal mapping, method of, 33

Continuous spectrum, 59, 143

Curvilinear coordinates, 203

Cutoff wavelength, 50

Cylinder functions of imaginary order,
integral transforms involving, 194

D

Definite integrals encountered in applica-
tions, 386

Degenerate bipolar coordinates, 247

Diffraction theory, 254

Diffusion equation, 11

Dirichlet conditions, 146

Dirichlet problem, 27

Discrete spectrum, 58

Distribution of d-c current, equations for,
12

E

Eigenfunction method, 103
Eigenfunctions, 58
orthogonality of, with weight r(x), 58

Eigenvalues, 58

Electromagnetic oscillations, 49

Electron-optical device, 131

Electrostatic problems, solution by in-
tegral equations, 259

Electrostatics, equations of, 11

Elliptic coordinates, 204

Elliptic equations, 27

Euler equations, 392

Expansions in series of orthogonal func-
tions, 384

Expansion of differential operators in
curvilinear coordinates, 388

F

Flamant'’s problem, 158

Forced oscillations of elastic bodies, 46
Fourier method, S5

Fourier-Bessel integral, 160
Fourier-Bessel series, 292
Fourier-Mellin theorem, 170

1 Because of the contents of this book (problems and their solutions), the subject
index is necessarily eclectic, consisting mainly of first occurrences of key terms.
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Fourier cosine transform, 144 Laplace’s equation, 8

Fourier integral theorem, 147 Laplacian operator, 5

Fourier sine transform, 144 Least squares, method of, 411

Fourier transform, 144, 146 Longitudinal oscillations of a rod, equa-
Fourier's equation, 9 tion for, 4

Free oscillations of elastic bodies, 43
Functional, 392

M
G Maxwell’s equations, 12
. . Mean square error, 411
Galerk!n-KantorOVICh method, 405 Mehler-Fock theorem, 221
Galerkin's method, 404 Mehler-Fock transform, 144
Green’s function, 28 Mellin transform, 144, 189
Grinberg's method, 105 Minimum potential energy, principle of,
392

H Mixed problem, 19
Hamilton's principle, 392
Hankel transform, 144, 160 N
Hankel's integral theorem, 160
Harmonic function, 27 Natural boundary conditions, 394
Helmbholtz's equation, 28 Nernst's law, 11
Hertz vector, 16 Neumann problem, 27
Hyperbolic equations, 19 Newton's law, 9
I P
Images, method of, 29 Parabolic coordinates, 210
Inhomogeneous boundary conditions, 103 Paraboloidal coordinates, 231
Integral equations, 253 Poisson’s equation, 8, 28
Integral transform, 143

kernel of, 143 R

Interior error, 404

Interior method, 404

Inverse transform, kernel of, 145
Inversion formula, 145
Inversion, method of, 29

Riemann's method, 19
Ritz approximation, 397
Ritz method, 396

Robin problem, 27

J
S
Jet flow, 36
Scalar potential, 13
K Schlomilch’s integral equation, 376
Schwarz-Christoffel transformation, 34
Kantorovich’s method, 401 Separation of variables, general theory of,
Kirkhhoft’s method, 37 247
Skin effect, 53, 237
L Singular end points, 59
Sommerfeld problem, 255
Lamé functions, 219 Special functions, glossary of, 381

Laplace transform, 144, 169 Spectrum, 58



Spheroidal coordinates, 219

oblate, 221

prolate, 220
Spheroidal wave functions, 220
Steady-state harmonic oscillations, 42
Stream function, 34
Streamlines, 34
Sturm-Liouville problem, 58
Superposition principle, 50

T

Thermal capacitance, 174
Three-dimensional bipolar coordinates,
242

Toroidal coordinates, 233
Transmission line equations, 16
Transverse electric wave, 50
Transverse electromagnetic wave, 50
Transverse magnetic wave, 50
Transverse oscillations:

of a plate, equation for, 4

of a rod, equation for, 4

SUBJECT INDEX 429

Trial solution, 397

Twisting of a prismatic rod, equation for,
5

Two-dimensional bipolar coordinates, 212

A%

Variation, 393

Variational and related methods, 391

Variational problems, formulation of,
392

Vector potential, 12

Vibrating membrane, equation for, 4

Vibrating string, equation for, 4

Volterra’s equation, 253

W

Waveguide problems, 50
Weber transform, 340
Weber's integral, 161
Wiener-Hopf method, 253
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